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J'KLJ % 0EMn^Oa7N=O�PQMn`ba10 KRKSKRKRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK U
J'K o % 0EMO2_^n57a13 e8Mn`ba105NI2TV e8W�^ eg01W 2 KRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK X

J'K o KLJ Y ^n`60�P_`657298 KRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK X
J'K o K o Z e+[ a1^ e8Mn`ba105NI2"3]\ 2_^n^O2QOI^^N_\ `60EMO2_^n57a13 e8Mn`ba10`NI2RV e8W�^ eg01W 2 KRKSKRKRKSKRKSKTKSKRKRKSK a
J'K o K q b 2cPO,I0I`ed%O/298fNI2RP9a10/8gMn^hO�PQMn`ba105N=O 57a13Li�0/.1d 2RN_\ `60%MO2_^n5 a13 e8Mn`ba10`NI2SV e8W�^ eg01W 2 KRKSK a
J'K o K U j M e8kI`636`LMOc�2QM^P9a10�l 2_^hW 2_0�P92/NI2"3]\ eg5I5I^Oacl `6d e8Mn`ba10mNI2SV e8W�^ eg01W 2 KRKSKRKSKTKSKRKRKSK n
J'K o KoX % 0EMO2_^n57a13 e8Mn`ba10Ue8O=l 57a1`60EMO8pNI2/q ,/2Qk%im8O,/2_l KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK J o

J'K q % 0EMO2_^n57a13 e8Mn`ba105NI2Tr42_^nd�`LMO2 KTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK JQU
J'K U % 0EMO2_^n57a13 e8Mn`ba10 5feg^ps a10�PQMn`ba10/8-8O5I36`60/298 KSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK J(a

J'K U�KLJ Y ^n`60�P_`657298 KRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK J(a
J'K U�K o q eg^ etPQMOc_^n`b8 e8Mn`ba10`NI298-8n5I36`60/298^PQO1kI`edEO/298 KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK J>u
J'K U�K q q a10/8hMn^hO�PQMn`ba10mN_\ OI0/2
8n5I36`60/2RN_\ `60%MO2_^n5 a13 e8Mn`ba10 KRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK J>u
J'K U�K U v 0M^Oc98hOI3LM e8M^NI2SP9a10�l 2_^hW 2_0�P92 57atOI^�3b298-8n5I36`60/298fPQO1kI`edEO/298 KSKRKRKSKRKSKTKSKRKRKSK J(n

J'KoX w lm`b8hMO2_0�P92TN_\ OI0M5 a13Lim0/.1d 2RNI2id 2_`6363b2QOI^O2�eg5I5I^Oacl `6d e8Mn`ba10 KxKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o�p
J'KoX=KLJ q e18^W c_0/c_^ eg3 KSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o�p
J'KoX=K o w lI2_d�5I3b2TP_3 e18 8n`edEO/298^N_\ 298n5fetP92RNI2ys a10�PQMn`ba10 E KRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSK o�p

J'Koa ZU2_`6363b2QOI^O2 eg5I5I^Oa(lm`6d e8Mn`ba10U5 a13Lim0/a1d�` eg3b2 e8O 8 2_0/8pNI298�d a1`60�N ^O298^P eg^n^Oc98 KSKRKSKTKSKRKRKSK o�o
J'Koa=KLJ q e18),I`63Lk 2_^hMn`b2_0 K�Y a13Lim0/.1d 2984a1^hMn,/atW a10fe8O=l KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o�o
J'Koa=K o *45I5I^Oacl `6d e8Mn`ba10mP9a10%Mn`60EO/2�e8O 8O2_0/8pNI2id a1`60�N ^O298fP eg^n^Oc98 KzKSKRKRKSKRKSKTKSKRKRKSK o U
J'Koa=K q *45I5I^Oacl `6d e8Mn`ba10mN `b8{P_^g|QMO2�h}Z cQMn,/a7NI298pNI298�d a1`60�N ^O298yP eg^n^Oc98 K�KRKSKRKSKTKSKRKRKSK o X

-/.��10��2&()+#m~��c?D&(�E�@)+�=&>��;@?�?_�:<3�E)t������# ~D�
o KLJ % 0EMn^Oa7N=O�PQMn`ba10 KRKSKRKRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o'�
o K o ZUcQMn,/a7NI298pN_\ `60EMOcQW�^ e8Mn`ba10U0EOId c_^n`ed%O/2TP9a1d�57a�8Oc9298 KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o'�

o K o KLJ Y ^n`60�P_`6572 2QM-2�lI2_d�5I3b298pO/8gO/2_3b8 KSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK o'�
`6`6`



o K o K o Y ^n`60�P_`6572RW c_0/c_^ eg3�NI2SP9a10/8gMn^hO�PQMn`ba10 KRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q�p
o K o K q b ,/c9a1^g|_d 2TNI2TP9a10�l 2_^hW 2_0�P92TNI298-d cQMn,/a%NI298fNI2RdEOfetN ^ e8MhOI^O2TP9a1d�5 a�8Oc9298 K KTKSKRK q J
o K o K U V 298)d cQMn,/a%NI298pNI2 &42 � MOa10�� q atMO298 KSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q�o

o K q � MhO�NI2RW c_0/c_^ eg3b2TNI2i3]\ 2_^n^O2QOI^fN_\ `60%MOcQW�^ e8Mn`ba10 0%OId c_^n`edEO/2 KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q�o
o K q KLJ � ^gN ^O2
2QM)2_^n^O2QOI^fN_\ OI0/2"d cQMn,/a%NI2TN_\ `60EMOcQW�^ e8Mn`ba10U0EOId c_^n`ed%O/2 KSKRKRKSKRKSKTKSKRK q�q
o K q K o &�a(i�e8O 2QMpMn,/c9a1^g|_d 2/NI2 Y 2 eg0/a KRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q�q
o K q K q q e18pNI298)d cQMn,/a%NI298pNI2TdEOfetN ^ e8MhOI^O2/P9a1d�5 a�8Oc9298 K�KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q a

o K U ZUcQMn,/a%NI298^N_\ `60EMOcQW�^ e8Mn`ba10U0EOId c_^n`ed%O/2TNI2��"e8O/8 8 KTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q'�
o K U�KLJ Y ^n`60�P_`6572 KRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q'�
o K U�K o q e18 W c_0/c_^ eg3 KRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK q'�
o K U�K q ZUcQMn,/a%NI298pNI2��"e8O/8O8 O/8hO/2_363b298 KSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK U p
o K U�K U ZUcQMn,/a%NI298pNI2��"e8O/8O8	� V atkfe8MhMOa KSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK U q
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q KLJ % 0EMn^Oa7N=O�PQMn`ba10 KTKSKRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK UEa
q K o v 0/2id cQMn,/a%NI2RMOa15 a13batW�`ed%O/2��/3 e�d cQMn,/a7NI2RNI2RN `eP ,/atMOa1d�`b2 KRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK UEa
q K q b ,/c9a1^g|_d 2/N=O 5 a1`60%M��1l 2 2QM)eg5I5I36`eP e8Mn`ba10/8fP9a10%Mn^ etPQM eg0EMO298 KRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK U%u

q K q KLJ *45I5I36`eP e8Mn`ba10/8^P9a10EMn^ etPQM eg0%MO298i2QM-5 a1`60%M��1lI2 KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK U%u
q K q K o b ,/c9a1^g|_d 2TN=O 5 a1`60%M��1l 2 KRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK U �
q K q K q w 8hMn`6d e8Mn`ba10mNI2"3 e�lm`LMO298O8O2SNI2SP9a10�l 2_^hW 2_0�P92 KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK UEn
q K q K U Y ^n`60�P_`6572TNI2SP9a10/8hMn^hO�PQMn`ba10mNI298�d cQMn,/a7NI298-`LMOc_^ e8Mn`6l 298-d cQMn^n`ed%O/298 KRKSKRKSKTKSKRK UEn

q K U ZUcQMn,/a%NI298-`LMOc_^ e8Mn`6l 298-d cQMn^n`ed%O/298 h q e18
f : IR 7→ IR

KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRK UEn
q K U�KLJ Y a1`60EMO8��1l 298�^Oc_51OI3b8O` s 8-2QM)5 a1`60%MO8��1l 2984e8MhMn^ etPQMn` s 8 KRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X p
q K U�K o ZUcQMn,/a%NI2RNI2i3 e�P9a1^gNI2 KTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X=J
q K U�K q ZUcQMn,/a%NI2RNI2"&�2 � MOa10 KTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X o
q K U�K U ZUcQMn,/a%NI2RNI2i3 e 8OccP eg0EMO2RNI2 j MO2��72_0/8O2_0 KTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X8U

q KoX ZUcQMn,/a%NI298-`LMOc_^ e8Mn`6l 298-d cQMn^n`ed%O/298 h q e18
f : IRn 7→ IRn KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X'X

q KoX=KLJ ZUcQMn,/a%NI2
&�2 � MOa10�� (4eg5I,/8 a10 KRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X'X
q Koa q e18�5feg^hMn`ePQOI36`b2_^O8�a��

f
298hM OI0M57a13Li�0/.1d 24h (4etP_`60/298pN_\ OI0M57a13Lim0/.1d 2 KSKRKRKSKRKSKRKSKTK X'a

q Koa=KLJ Y ^Oa7P9ccNIcRNI2"3ba7P eg36`b8 e8Mn`ba109NI2 j MhOI^nd KRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X'a
q Koa=K o ZUcQMn,/a%NI2RNI2���eg`6^O8hMOa � KTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK XBu
q Koa=K q ZUcQMn,/a%NI2RN_\ *4`LM�� 2_0 KSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK X'n
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U�KLJ % 0EMn^Oa7N=O�PQMn`ba10 KTKSKRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK a o
U�K o b 2_^nd�`60/a13batW�`b2�2QMpNIc��/0I`LMn`ba10 KSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK a o

U�K o KLJ j i 8hMg|_d 2RN `6�$c_^O2_0EMn`b2_3*N=O 5I^O2_d�`b2_^�a1^gN ^O2 KTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK a o



U�K o K o V 2
5I^OatkI3e|_d 2TNI2Tq e8O�PO,%i KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a o
U�K o K q j i 8hMg|_d 2RN `6�$c_^O2_0EMn`b2_3:N=O 8O2cP9a10�N a1^gN ^O2 KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a q
U�K o K U j i 8hMg|_d 2RN `6�$c_^O2_0EMn`b2_3:N_\Ia1^gN ^O2

m
KRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSK a8U

U�K q b ,/c9a1^g|_d 298yN_\ 2�l `b8hMO2_0�P92
2QMpN_\ OI0I`eP_`LMOc KSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a'X
U�K q KLJ j a13LO1Mn`ba10/843ba%P eg3b298�� d e+lm`6d eg3b298���W�3batkfeg3b298 KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a'X
U�K q K o b ,/c9a1^g|_d 2/N_\ 2�lm`b8hMO2_0�P92TNI2/q e8O�PO,%i � Y 2 eg0/a KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK aBu
U�K q K q b ,/c9a1^g|_d 2/N_\ OI0I`eP_`LMOcTNI2Tq e8O�PO,%i � V `65/8gPO,I`LM�� KSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a �
U�K q K U % 0���O/2_0�P92TNI298�572_^hMhOI^hkfe8Mn`ba10/8)8gOI^�3b298^NIa10I0/c9298 KRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK a'n
U�K q KoX (4cQW'OI3 eg^n`LMOcTNI298-8Oa13LO1Mn`ba10/8 KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK u p

U�K U ZUcQMn,/a7NI298-2�lm5I36`eP_`LMO298fNI2"^Oc98Oa13LO1Mn`ba10 KRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK u7J
U�K U�KLJ �Fd%Ofe8Mn`ba10/8yN `6�7c_^O2_0%Mn`b2_363b298)36`60/c eg`6^O298fN=O 5I^O2_d�`b2_^4a1^gN ^O2 KRKSKRKRKSKRKSKTKSKRKRKSK u7J
U�K U�K o �Fd%Ofe8Mn`ba10/8yN `6�7c_^O2_0%Mn`b2_363b298)36`60/c eg`6^O298fN=OM8O2cP9a10�NMa1^gN ^O2 KSKRKSKRKRKSKRKSKTKSKRKRKSK u7J
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X=KLJ % 0EMn^Oa7N=O�PQMn`ba10 KRKSKRKRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK u+U
X=K o w l 2_d�5I3b298fNI2"d cQMn,/a%NI298-0EOId c_^n`ed%O/298fP_3 e18O8O`edEO/298 KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK utX

X=K o KLJ Y ^n`60�P_`6572TNI2SP9a10/8gMn^hO�PQMn`ba10 KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK utX
X=K o K o V e�d cQMn,/a%NI2RN_\ w OI3b2_^)5I^OatW�^O298O8n`6l 2 atO 2�lm5I36`eP_`LMO2 KRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK utX
X=K o K q V e�d cQMn,/a%NI2RN_\ w OI3b2_^)^OcQMn^OatW�^ etNI2 atO `6d�5I36`eP_`LMO2 KRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK uta
X=K o K U V e

θ
h�d cQMn,/a%NI2 KRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSK uta

X=K q �FMhO�NI2RW c_0/c_^ eg3b2RNI298�d cQMn,/a7NI298
	 OI0 5fe18 KTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK uta
X=K q KLJ q a10/8n`b8gM eg0�P92��f8hM e8kI`636`LMOc
2QMpP9a10�l 2_^hW 2_0�P92 KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK uta
X=K q K o q a10�N `LMn`ba10mNI2RP9a10�l 2_^hW 2_0�P92 NI298�d cQMn,/a7NI298�	 OI0 5fe18 K KSKRKSKRKRKSKRKSKTKSKRKRKSK u �
X=K q K q � ^gN ^O2/N_\ OI0/2"d cQMn,/a%NI2
	 OI0M5fe18 KTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK utn

X=K U V 298-d cQMn,/a7NI298pNI2RNIc_l 2_3ba15I572_d 2_0EM NI2Sb ecim3ba1^ KRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK ��p
X=KoX V 298-d cQMn,/a7NI298pNI2
(pOI01W 2 h�� O1MhM e KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK ��o

X=KoX=KLJ Y ^n`60�P_`6572TNI2SP9a10/8gMn^hO�PQMn`ba10 KSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK ��o
X=KoX=K o w lI2_d�5I3b298 KRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � U
X=KoX=K q j M e8kI`636`LMOc/NI298�d cQMn,/a%NI298fNI2
(pOI01W 2 h �7O1MhM e KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � u
X=KoX=K U � ^gN ^O2/NI298�d cQMn,/a%NI298fNI2"(pOI01W 2 h �7O1MhM e KSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � u

X=Koa q a10%Mn^O.13b2TN=OM5fe18^NI2SMO2_d�5/8 KRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � n
X=Koa=KLJ Y ^n`60�P_`6572RW c_0/c_^ eg3b2TN=O9P9a10EMn^O.13b2 KRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � n
X=Koa=K o *45I5I36`eP e8Mn`ba10/8�e8O=l d cQMn,/a7NI298-5I^Oc98O2_0%MOc9298 K KRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK � n

-/.��10��2&()+# 5 , #.' 1 4��B&>.*;�
:#E�}?_�:<3�%)8�����*#E����0:�1�C<`�*!2&>��0:!�#%� �_,
a=KLJ % 0EMn^Oa7N=O�PQMn`ba10 KRKSKRKRKSKRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK n o
a=K o w l 2_d�5I3b298fP_3 e18O8n`ed%O/298 KRKSKTKRKSKRKSKRKSKRKTKSKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRKRKSK n o



lm`

a=K o KLJ V e�d cQMn,/a7NI2RNI2
&fi 8hMn^��1d KRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK n o
a=K o K o V e�d cQMn,/a7NI2RNI2RZ `6360/2 KTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK n q

a=K q � MhO�NI2RW c_0/c_^ eg3b2TN_\ OI0/2RP_3 e18O8 2SNI2"d cQMn,/a%NI298
	�5fe18�dTOI3LMn`65I3b298 KSKTKSKRKSKRKRKSKRKSKTKSKRK n q
a=K q KLJ w ^n^O2QOI^yNI2SP9a10/8n`b8hM eg0�P92
2QM)a1^gN ^O2 KRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK n q
a=K q K o j M e8kI`636`LMOc KRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK n q

a=K U V 298-d cQMn,/a%NI298fN_\ * N/egd 8	� ��e18n,=s a1^hMn, 	
r + 1

5fe18
(ABr+1)

KRKSKRKSKTKSKRKRKSKRKSKRKSKTK n8U
a=K U�KLJ Y ^n`60�P_`6572 KRKSKRKRKSKRKSKTKSKRKRKSKRKSKRKSKTKRKSKRKSKRKRKSKTKSKRKSKRKRKSKRKSKTKSKRK n8U
a=K U�K o w ^n^O2QOI^yNI2SP9a10/8n`b8hM eg0�P92
2QM)a1^gN ^O2TNI298�d cQMn,/a%NI298

ABr+1
KSKRKSKRKRKSKRKSKTKSKRK n'a

a=K U�K q j M e8kI`636`LMOcTNI298-d cQMn,/a%NI298
ABr+1
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pn

NI298"2_^n^O2QOI^O8
8gOI^
3b298�l�eg3b2QOI^O8

f(xi)
K

% 0EMn^Oa7N=OI`b8Oa10/8-3]\ a157c_^ e8MO2QOI^^N_\ `60EMO2_^n57a13 e8Mn`ba10`NI2SV e8W�^ eg01W 2��

Ln : C([a, b]) 7−→ Pn
& J'K o KLJ(n (

f −→ pn
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q a10/8n`eNIc_^Oa10/8^NI298-l1eg3b2QOI^O8)eg5I5I^Oa7PO,/c9298yNI2
f(xi)

0/atMOc9298
f̂i
�Ia10 e

pn(x) =

n∑

i=0

f(xi)Li(x)
& J'K o K o�p�(

p̂n(x) =

n∑

i=0

f̂iLi(x)
& J'K o K o J (

pn(x)− p̂n(x) =
n∑

i=0

(f(xi)− f̂i)Li(x)
& J'K o K o�o�(

2QMfNIa10�P

|pn(x)− p̂n(x)| ≤
n∑

i=0

|Li(x)| max
0≤i≤n

|f(xi)− f̂i|
& J'K o K o�q�(

# � 1�?:�2&>��;@? , � ~ � � V 2
0/a1dTkI^O2
^Oc92_3 �

Λn = ‖
n∑

i=0

|Li(x)|‖∞,
& J'K o K o U (

8>\ eg5I5 2_363b2"3 e (�V�P '�R
X�PHR(S�%AS 8 S;?�S=' :�d S�e18O8 a%P_`bc92
e8O=l 5 a1`60%MO8 {xi}i=0,...,n
2QM�3]\ `60%MO2_^nl1eg363b2

[a, b]
K

❏

� 0 5 2QO1M-d a10%Mn^O2_^fd%O/2

Λn = max
g∈C0([a,b])

g 6≡0

‖Ln(g)‖∞
‖g‖∞

& J'K o K o X (

P92TdEOI`$^O2_5I^Oc98O2_0%MO2
3 e�0/a1^nd 2TNI2i3]\ a15 c_^ e8MO2QOI^yN_\ `60EMO2_^n57a13 e8Mn`ba10
Ln
K

�T)+;@0F; �>�2&>��;@? , � ~ �eI V e 8gM e8kI`636`LMOc NI2�3]\ `60EMO2_^n57a13 e8Mn`ba10 NI2 V e8W�^ eg01W 2 298hM NIa10I0/c92 5feg^�3 e s a1^ndTOI3b2 8hOI`6�
l�eg0EMO2��

|pn(x)− p̂n(x)| ≤ Λn max
0≤i≤n

|f(xi)− f̂i|
& J'K o K o a (

V eTP9a10/8hM eg0%MO2fNI2fV 2Qk7298hW'O/248>\ `60EMO2_^n5I^g|QMO2 NIa10�P^P9a1d�d 243b2^P9am2?>CP_`b2_0EM N_\ egd�5I36`6� P e8Mn`ba10 NI298 2_^n^O2QOI^O8�N/eg0/8
3b2
5I^Oa%P9ccNIcRN_\ `60%MO2_^n5 a13 e8Mn`ba10 K

*6TgS?d<+\S -)% d�d ccN ` e8MO2
	�5feg^hMn`6^^NI2 & J'K o K o�q�(�2QM^NI2i3 e NIc��/0I`LMn`ba10 J'K o K U�K
❏

V e P9a10/8gM eg0EMO2 NI2CV 2Qk7298hW'O/2 298gM�cQW�eg3b2_d 2_0EM�36`bc92 	 3]\ 2_^n^O2QOI^ N_\ `60EMO2_^n57a13 e8Mn`ba10 P9a1d�d 2�3b2�d a10%Mn^O2�3b2
Mn,/c9a1^g|_d 2�8hOI`6l�eg0EM �
" .��%; )@#%<H#3, � ~��LI ∀f ∈ C0([a, b])

� a10 e

‖f − pn‖∞ ≤ (1 + Λn)En(f)
& J'K o K o u (

e9l 2cP
En(f) = d(f,Pn) = inf

q∈Pn

‖f − q‖∞
& J'K o K o'��(

❏
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* T�S?d,+�S.- ∀q ∈ Pn
�Ia10Ue

f − pn = f − q + q − pn = f − q + Ln(q − pn) = f − q + Ln(q − f)
& J'K o K o n (

N_\ a��

‖f − pn‖∞ ≤ ‖f − q‖∞ + ‖Ln(f − q)‖∞ ≤ ‖f − q‖∞(1 + Λn)
& J'K o K q�p�(

w 0M5I^O2_0feg0%M-3 e k7a1^n0/2"`60=s c_^n`b2QOI^O2TNI2 ‖f − q‖∞
5 atOI^

q ∈ Pn
�Ia10 atk1Mn`b2_0EM)3b2i^Oc98gOI3LM e8M K

❏

# �21 ?*�2&>��;@? , � ~ � � V eMl�eg3b2QOI^
En(f)

298hM�eg5I5 2_3bc92 %ASF:�T � % 5 XfUAU�T V�h�N*]iXYR�NkV�P NI2 3 e s a10�PQMn`ba10
f
5feg^ 3b298

5 a13Lim0/.1d 298pNI2 Pn
e8O 8O2_0/8 NI2"3 e P9a10�l 2_^hW 2_0�P92/OI0I` s a1^nd 2 K

❏

w l/egd�`60/a10/8 NI2 5I3LO/8 5I^g|98 3b298 N `6�$c_^O2_0EMO89MO2_^nd 298 NI2 3 e d e+[ a1^ e8Mn`ba10 & J'K o K o u ( K V e P9a10/8hM eg0EMO2HNI2
V 2Qk7298hW'O/2�0/2yNIc_572_0�N dEO/2 N=O PO,/a1` l NI298 5 a1`60%MO8 {xi}0≤i≤n

N/eg0/8
[a, b]

M eg0�N `b8 dEO/2�3b2 NI2QW�^Oc N_\ eg5I5I^Oacl `6�
d e8Mn`ba10 �

En(f)
0/2TNIc_5 2_0�N d%O/2SNI2

f
K

*��/0}NI24d�`60I`6d�`b8O2_^ 3]\ 2_^n^O2QOI^�N_\ `60EMO2_^n57a13 e8Mn`ba10 57atOI^ OI0/240/a1dTkI^O2 NI2-57a1`60EMO8��1lIc�� 0/atO/8 e9l a10/8 `60EMOc_^O2QM
	9P ,/a1`b8n`6^�3b298�5 a1`60%MO8 {xi}0≤i≤n

d%OI` d�`60I`6d�`b8O2 3 e5P9a10/8gM eg0EMO2 NI2 V 2Qk 298gW'O/2 K &�atO/8�e9l a10/8 MOatO1MO2�s a1`b8�3b2
^Oc98hOI3LM e8M)8hOI`6l�eg0EM �
�R)8; 0F;@�>�2&>�2;D? , � ~��6� j ` 3]\ a10 0/atMO2

Λ̄n
3 e l�eg3b2QOI^"`60=s c_^n`b2QOI^O2�NI2

Λn
57atOI^SMOatO/8"3b298RP ,/a1` lU57a�8O8n`LkI3b298TNI2

5 a1`60%MO8 {xi}0≤i≤n
N/eg0/8

[a, b]
�/a10 e

Λ̄n ∼
n→+∞

2

π
ln(n)

& J'K o K q J (

% 3 298gM k a10 NI2"^O2_d eg^gd%O/2_^^d%O/2SP92"^Oc98hOI3LM e8M4e�57atOI^pP9a10/8Occd%O/2_0�P92Td%O/2

lim
n→+∞

Λn = +∞,
& J'K o K q�o�(

P92 dEOI`fe�57atOI^FP9a10/8Occd%O/2_0�P92pd%O�\ `63/2�lm`b8hMO2_^ eyMOatOt[natOI^O8FOI0/2 s a10�PQMn`ba10CP9a10%Mn`60EO/2pMO2_3�d%O/2
Ln(f)

0/2 P9a10�l 2_^hW 2
5fe18 OI0I` s a1^nd c_d 2_0%M l 2_^O8

f
d%Ofeg0�N

n → +∞ K:w 0 N_\ e8O1Mn^O298 MO2_^nd 298�� e8O�PQOI0/2 W�eg^ eg0EMn`b2M0/2�572QO1M AQMn^O2NIa10I0/c92
8hOI^�3 e P9a10�l 2_^hW 2_0�P92TNI2"3]\ `60%MO2_^n5 a13 e8Mn`ba10`NI2SV e8W�^ eg01W 2 d A_d 2"5 atOI^fNI298�s a10�PQMn`ba10/8^P9a10EMn`60EO/298 K

�T.*�%?*;@<�#7?�# 
:# � �:?��@# � 0 NIa10I0/2�N/eg0/8 P92 5feg^ e8W�^ eg5I,/2�OI0�2�lI2_d�5I3b2 P_3 e18O8n`ed%O/2 NI2 s a10�PQMn`ba10 eg0feg3Li �
Mn`edEO/2 57atOI^ 3 etd%O/2_363b2<3]\ `60%MO2_^n5 a13 e8Mn`ba10�NI2 V e8W�^ eg01W 2 0/2 P9a10�l 2_^hW 2 5fe18 K q 2 5I,/c_0/a1d�|_0/2 298gM:P9a1d�d/OI0/c_d 2_0EM
eg5I5 2_3bci3b2
5I,/c_0/a1d�|_0/2TNI2"(pOI01W 2 K

q a10/8n`eNIc_^Oa10/8)3 e/s a10�PQMn`ba10 �

fα(x) =
1

x2 + α2 , x ∈ [−1; 1]
& J'K o K q�q�(

a��
α > 0

298hM OI0 5feg^ egd�|QMn^O2 K
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� 0 `6363LO/8hMn^O2"8hOI^ 3 e���W'OI^O2 J'K o�3b2i^Oc98hOI3LM e8MpNI2i3]\ `60%MO2_^n5 a13 e8Mn`ba10mNI2SV e8W�^ eg01W 2"57atOI^
α = 0.45

2QM
n + 157a1`60EMO84ccdEOI`eN `b8gM eg0EMO8 �

xi = a +
(b− a)

n
i

& J'K o K q U (
� 0�P9a10/8hM e8MO2}dEO/2 5I3LO/8
3b2 0/a1dTkI^O2 NI2 57a1`60EMO8�e8O1W�d 2_0EMO2 5I3LO/8
3b2 5 a13Lim0/.1d 2CN_\ `60%MO2_^n5 a13 e8Mn`ba10 a�8gP_`6363b2 K

0

2

4

6

8

10

-1 -0.5 0 0.5 1

fα(x), α = 0.45

x

n = 5
n = 10
n = 20
n = 30

� �! �� J'K o h * 
 �?P�V�]��?P�S�%AS��DdeP,:eS

V \ `60EMO2_^n57a13 e8Mn`ba10 0/2/P9a10�l 2_^hW 2�l�`b8O`LkI36d 2_d 2_0EMi5fe18 KDv 0/2�cQMhO�NI2 5I3LO/8-�/0/2�5 2QO1M�d a10EMn^O2_^Rd%O/2 8gOI`6l1eg0%M�3 e
l�eg3b2QOI^4e �$2cPQMOc92 	

α
3]\ `60EMO2_^n57a13 e8Mn`ba10 572QO1MpP9a10�l 2_^hW 2_^�atOM0/a10 K

7 ������� �|!"#%$F4_0t���3.J#_23��! .1' � 0t�"2�!"#2 (/$ �¼,/$�
��  5,/$ �
� \ OI0/2 d eg0I`e|_^O2 W c_0/c_^ eg3b2�� `63�0/2�s e8O1M$5fe18 8(\ e8MhMO2_0�N ^O2 	 P92 dEO/2k3]\ `60%MO2_^n5 a13 e8Mn`ba10 NI2FV e8W�^ eg01W 2 P9a10�l 2_^hW 2 K

q 2_572_0�N/eg0EM���`63f298hM<5 a�8O8O`LkI3b2 N_\ egd c_36`ba1^O2_^ 8Oa10�P9a1d�57a1^hMO2_d 2_0EM�2_0CP ,/a1`b8n`b8O8 eg0%M<3b298 57a1`60EMO8 N_\ `60EMO2_^n57a13 e8Mn`ba10
&6d%Ofeg0�N P92_3 e�298gM�5 a�8O8O`LkI3b2�� (�NI2ys e
	9a10 	�d�`60I`6d�`b8O2_^-3 e P9a10/8hM eg0%MO2TNI2SV 2Qk7298hW'O/2 K
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Y eg^)2�l 2_d�5I3b2�� 57atOI^pNI298�57a1`60EMO8pN_\ `60%MO2_^n5 a13 e8Mn`ba10UccdEOI`eN `b8gM eg0EMO8��I3b2SP9a10/8gM eg0EMO2RNI2SV 2Qk7298hW'O/2"298hM-298gMn`6�
d c92 	��

Λn ∼
n→+∞

2n+1

en ln(n)
,

& J'K o K q X (

P92SdEOI` 298gM�3ba1`609N_\BAQMn^O2
a151Mn`6dTOIdV5feg^�^ eg5I57a1^hM
	�3]\ 298hMn`6d e8Mn`ba10 & J'K o K q J ( K
� 0M572QO1MpP eg^ etPQMOc_^n`b8O2_^)3b298-5 a1`60%MO8^d%OI`�NIa10I0/2 	�3 e P9a10/8hM eg0%MO2TNI2SV 2Qk7298hW'O/2
8 e�l1eg3b2QOI^�d�`60I`6d eg3b2

Λ̄nd eg`b8�3b2RP eg3ePQOI3 298gM Mn^Oa159P9a1d�5I36`edEO/c
5 atOI^ AQMn^O2"2?>CP etP92 0EOId c_^n`ed%O/2_d 2_0EM K
v 0/2�8 a13LO1Mn`ba10`P9a10/8O`b8hMO2 	}P ,/a1`b8n`6^"57atOI^�57a1`60EMO8SN_\ `60%MO2_^n5 a13 e8Mn`ba10 3b298 � c_^Oa�8SNI298457a13Lim0/.1d 298SNI2 q ,/2��

kEi 8n,/2_l NI2RNI2QW�^Oc
(n + 1)

�feg5I5 2_3bc98^P9a1d�dTOI0/c_d 2_0EMi3b298 U�V�N*P�R)' %eS�� 
�S;??[@' 
 S +��/8Oa1`LM �

x
(n)
i =

a + b

2
+

b− a

2
cos

(
(2i + 1)π

2n + 2

)

, i ∈ {0, . . . , n} & J'K o K q a (

�"eg0/8pP92RP e18��Ia10 e�P92_^hMO298
Λn > Λ̄n

d eg`b8-a105P9a10/8O2_^nl 2"3 e�5I^Oa15I^n`bcQMOc��

Λn ∼
n→+∞

2

π
ln(n)

& J'K o K q u (
v 0M^Oc98hOI3LM e8M)`60%MO2_^O298O8 eg0%M P9a10�P92_^n0feg0%M43]\ `60%MO2_^n5 a13 e8Mn`ba10�NI2/V e8W�^ eg01W 2�e8O=l 57a1`60EMO8yNI2 q ,/2Qk%im8n,/2_lM298gM

dEO�\ 2_363b2yP9a10�l 2_^hW 2"8O`
f ∈ C1([a, b])

& (4c98hOI3LM e8M NI2 � 2_^n0/8hMO2_`60�( K � 0�`6363LO/8gMn^O2yP924^Oc98hOI3LM e8M 8hOI^ 3 e j `LW'OI^O2 J'K q
2_0 ^O2_5I^O2_0feg0EM�3b2i5I^OccP9ccNI2_0EM�2�l 2_d�5I3b2 K
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 S;?�[$' 
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BDC�� E :F5��&G��"3���785�9�3;: I4�����&G�� 9g5��

�T)8�6?*$E��0F# � VF\ `60%MO2_^n5 a13 e8Mn`ba10 NI2mr42_^nd�`LMO2`P ,/2_^gPO,/2 	3s eg`6^O2mP9a�� 0�P_`eNI2_^ 0/a10 8O2QOI3b2_d 2_0%M
f
2QM

pn
e8O=l

57a1`60EMO8
xi
d eg`b8-e8O/8O8n` 3b2QOI^O8�NIc_^n`6l c9298:[ O/8{dEO�\ 	 3]\ a1^gN ^O2

αi
K � 0 8hOI5I57a�8O2_^ e NIa10�P dEO/2

f
298hM 8hO > 8 egd�d 2_0%M

NIc_^n`6l�e8kI3b2 K
" .��%; )@#%<H#3, �eI���, � M eg0EMpNIa10I0/c98 {xi}i=0...k

�
(k +1)

5 a1`60%MO8�N `b8hMn`60�PQMO8�NI2
[a, b]

2QM {αi}i=0...k (k +1)2_0%Mn`b2_^O8)0fe8MhOI^O2_3b8��/a10 5 a�8 2
n = k + α0 + · · ·+ αn

K
� M eg0EMRNIa10I0/c92 OI0/2 s a10�PQMn`ba10 0EOId c_^n`ed%O/2

f
NIc��/0I`b2�8hOI^

[a, b]
etN d 2QMhM eg0EMTNI298RNIc_^n`6l c9298SN_\ a1^gN ^O2

αie8O=l 57a1`60EMO8
xi
� `63 2�lm`b8hMO2 OI09OI0I`edEO/2"57a13Lim0/.1d 2

pn ∈ Pn
MO2_3�dEO/2

∀(i, l), 0 ≤ i ≤ k, 0 ≤ l ≤ αi, p(l)
n (xi) = f (l)(xi),

& J'K q KLJ (
a��

f (l)(xi)
NIc98n`LW�0/2"3 e NIc_^n`6l c92RN_\ a1^gN ^O2

l
NI2
3 e/s a10�PQMn`ba10

f
e8O 57a1`60EM

xi
K

❏

*6TgS?d<+\S -^V 298�ccd%Ofe8Mn`ba10/86& J'K q KLJ (Fs a1^nd 2_0%M OI0 8gim8hMg|_d 2436`60/c eg`6^O2SNI2
(n + 1)

ccdEOfe8Mn`ba10/8 	
(n + 1)

`60�P9a10��
0%O/298 K1Y atOI^ 5I^OatOIl 2_^�3b2fMn,/c9a1^g|_d 2 J'K q KLJ �m`63$8hO >�M NI2 P9a10/8n`eNIc_^O2_^ 3b2i8hi 8hMg|_d 2436`60/c eg`6^O24,/a1d atWB|_0/2
e18 8Oa%P_`bc
2QMfNI2id a10EMn^O2_^fd%O�\ `63 0�\ e d%O/2i3b2il 2cPQMO2QOI^)0%OI3 57atOI^-8Oa13LO1Mn`ba10 ��P'\ 298hM
	 N `6^O2TdEO/2

pn ∈ Pn,∀(i, l), 0 ≤ i ≤ k, 0 ≤ l ≤ αi, p(l)
n (xi) = 0,

& J'K q K o�(
2_0%Mn^ e��b0/2Td%O/2

pn ≡ 0
K

V 298�ccd%Ofe8Mn`ba10/8	& J'K q K o�(�2_0EMn^ e��b0/2 d%O/2�� 5 atOI^
i ∈ {0, . . . , k} �k3b2�57a1`60EM xi

298gM/OI0/2 ^ etP_`60/2 N_\ a1^gN ^O2
αi + 1

NI2
pn
K V 2"57a13Li�0/.1d 2

pn
572QO1M^NIa10�P
8(\ ccP_^n`6^O2��

pn = q(x)

k∏

i=0

(x− xi)
αi+1,

& J'K q K q�(

a��
q
298hM OI0 57a13Li�0/.1d 2 K q a1d�d 2 ∑k

i=0(αi + 1) = n + 1
2QM 3b2yNI2QW�^OcSNI2

pn
298hM `60=s c_^n`b2QOI^�atO cQW�eg3b2 	

n
�

0/ccP9298 8 eg`6^O2_d 2_0EM
q ≡ 0

�1NIa10�P
pn ≡ 0

K
❏

# � 1�?:�2&>��;@? , �eI��6, V 2 5 a13Lim0/.1d 2
pn

eg`60/8n`:NIc��/0I` 8(\ eg5I572_363b2"3b2ZU VYWj[�P�3�]cS&%65 NQPHR(S?T(U V�W�XYR�N�VYP %eS�� S?T?]^NQR(S
e18 8Oa%P_`bc
e8O=l 57a1`60EMO8 {xi}i=0...k

2QM4e8O=l 2_0EMn`b2_^O8 {αi}i=0...k
K

❏

# � 1�?:�2&>��;@? , �eI�� ~ � 0�eg5I572_363b2 U VYWj[�P�3�]cS='9%eS ?�X@' S %AS���S?Tf]^N�R(S�^O2_3 e8Mn` s 8 e8O=l�57a1`60EMO8 {xi}i=0...k
2QM e8O=l

2_0%Mn`b2_^O8 {αi}i=0...k
3b298�57a13Li�0/.1d 2984eg5I5feg^hMO2_0feg0EM Pn

NIc��/0I`b8^NI2"3 e�d eg0I`e|_^O2�8hOI`6l1eg0%MO2��

∀(i, l), 0 ≤ i ≤ k, 0 ≤ l ≤ αi,







pil(xi) = 1

pjm(xi) = 0,∀(j,m) 6= (i, j)

& J'K q K U (

❏

*+5feg^hMn`6^yNI2SP9298�5 a13Lim0/.1d 298��I3b2i57a13Lim0/.1d 2RN_\ `60EMO2_^n57a13 e8Mn`ba10mNI2Sr�2_^nd�`LMO2
8(\ ccP_^n`LM

pn(x) =
k∑

i=0

αi∑

l=0

f (l)(xi)pil(x)
& J'K q KoX (
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-T;@?*�c&()t��$'&>��;D?�
:#E� 0F;D! G�?��@<H#E�$
:# �:�1�(# 
:#�� #E)t<H�2&(# Y a�8Oa10/8

qi(x) =

k∏

j=0,j 6=i

(
x− xj

xi − xj

)αj+1

,
& J'K q Koa (

a10 l c_^n`6�f2Rd%O/2"3b298�57a13Li�0/.1d 298pNI2Rkfe18O2"8Oa10EM�eg3ba1^O8^NIc��/0I`b8�5feg^-3b298-^O2_3 e8Mn`ba10/8^NI2"^OccPQOI^n^O2_0�P92�8hOI`6l1eg0%MO298 �
57atOI^

αi, piαi
(x) =

(x− xi)
αi

α− i!
qi(x)

& J'K q K u (
2QM��

57atOI^
l = αi − 1, . . . , 1, 0, pil(x) =

(x− xi)
l

l!
qi(x)−

αi∑

j=l+1

C l
jq

(j−l)
i (xi)pij(x)

& J'K q K ��(

�}#7<3�1)8����#%� VF\ `60%MO2_^n5 a13 e8Mn`ba10 NI2 V e8W�^ eg01W 2 298hMSOI03P e18i5feg^hMn`ePQOI36`b2_^ NI2�3]\ `60%MO2_^n5 a13 e8Mn`ba10 NI2 r42_^nd�`LMO2
5 atOI^

k = 0
2QM

αi = 0, i = 1, . . . , k

4����Q; )8�=&>��;@?4
*#5! 
L#%)+)8#%�*) 
�
e��?D&(#%)+0 ;@!��=&>��;@?
" .*�E;@)$#7<3#3, �eI�� ~ � 0M8hOI5I57a�8O2Sd%O/2

f ∈ Cn+1([a, b])
� eg3ba1^O8

∀x ∈ [a, b],∃ξx ∈]min(x, xi),max(x, xi)[
& J'K q Kon (

MO2_3�d%O/2
f(x)− pn(x) =

1

(n + 1)!
πn+1(x)f (n+1)(ξx)

& J'K q KLJ p�(
a�� 3]\ a10 e�57a�8Oc

πn+1 =

k∏

j=0

(x− xj)
αi+1 & J'K q KLJ'J (

❏

* T�S?d,+�S.--\]a1`6^ & �*� �@�$��������� ���! #"$��% � J(n'n o�( K
❏

�;B
Cp

n =
n!

p!(n − p)!



J(a ���������
	���
�������
�������
�����
������������ ��!"�#	����%$�
�	&��$�	'
��(�)�%�*�#	����%$+�,�%�.- $/�%!0�*�1��


BDC�� E :F5��&G��"3���785�9�3;: �=7;G�� 3;:=LM5�9�3;:=< <0�&��9�:��)<

V 298�`60�P9a10�l c_0I`b2_0EMO8 NI2"3]\ `60EMO2_^n57a13 e8Mn`ba105NI2TV e8W�^ eg01W 2 8Oa10%M-3b298-8hOI`6l�eg0EMO8 �
h d eg0�d%O/2^NI2^P9a10�l 2_^hW 2_0�P92SNI2-3]\ `60%MO2_^n5 a13 e8Mn`ba10 3ba1^O8gd%O/2-3]\ a10 e8O1W�d 2_0EMO2�3b2-0/a1d/kI^O2yNI2)5 a1`60%M��%P92fdEOI`
8O2 Mn^ etN=OI`LM-3b2
5I3LO/8-8OatOIl 2_0EM)5feg^^NI2 s a1^hMO298-a�8gP_`6363 e8Mn`ba10/8^N=O 57a13Lim0/.1d 2RN_\ `60EMO2_^n57a13 e8Mn`ba10 �

h 3]\ eg5I5I^Oacl `6d e8Mn`ba10U0�\ 298hM�5fe18pNIc_^n`6l�e8kI3b2 8n`73]\ a10 2��$2cPQMhO/2SOI0/2"`60%MO2_^n5 a13 e8Mn`ba10 5feg^-d a1^gP92 e8O=l K
Y atOI^�5feg36`b2_^ 	mP9298 NI2QO=l `60�P9a10�l c_0I`b2_0EMO8��]0/atO/8 eg363ba10/8�d eg`60EMO2_0feg0%M}NIccP_^n`6^O2 OI0/2 `60EMO2_^n57a13 e8Mn`ba10 NI2

r�2_^nd�`LMO2"5feg^-d a1^gP92 e8O=l kI`b2_0M5feg^hMn`ePQOI36`e|_^O2 K qy\ 298hM�3]\ `60%MO2_^n5 a13 e8Mn`ba10U5feg^ ��VYP�( R�NkV�P ' '
U�W.NQP�S=' K
� 0 8O2 k7a1^n0/2_^ e 	�3 e�5I^Oc98 2_0EM e8Mn`ba105NI29848n5I36`60/298pPQO1kI`ed%O/298 )I57atOI^-5I3LO/8^NI2TNIcQM eg`63b8��/a10 8O2i^O2_57a1^hMO2_^ e 	

& 7:9<;<.=% �2-/.�" �7o�p�p J ( 2QM &��,�<.@��% ��� �@"$� �$o�p�p�p�( K

7 � 
 ��7 � 4X2�! ��2�0t$! 
� 0�8O2^NIa10I0/2^OI0/2)0/atOIl 2_363b2ps a1`b8FOI0 2_0/8O2_dTkI3b2 NI2

n+1
5 a1`60%MO8 N `b8hMn`60�PQMO8�N_\ OI0�`60EMO2_^nl�eg363b2

[a, b] ⊂ IR2QM^OI0/2 s a10�PQMn`ba10
f : [a, b] 7→ IR

K � 0 0/atMO2
f(xi) = yi

K
V 2�5I^n`60�P_`65 2 NI2 3]\ `60%MO2_^n5 a13 e8Mn`ba10 5feg^�8n5I36`60/298�298hM�8n`6d�5I3b2 K VF\ `eNIc92 298hM N_\ O1Mn`636`b8 2_^ OI0/2�`60EMO2_^n57a13 e8Mn`ba10

5feg^ d a1^gP92 e8O=l 8hOI^ P ,fetdEO/2i8hO1k N `6lm`b8n`ba10
[xi, xi+1]

2QM�NI2ps a1^gP92_^ 3b2)^ etPcP9a1^gN NI298�NIc_^n`6l c9298-e8O=l 57a1`60EMO8
xi
K

Y 3LO/8�5I^OccP_`b8Oc_d 2_0%M��@NIa10I0/a10/8)3 e NIc��/0I`LMn`ba10 8hOI`6l�eg0EMO2��
# � 1�?:�2&>��;@? , � ���6, v 0/23s a10�PQMn`ba10

σ
298hM eg5I5 2_3bc92�OI0/2 8O5I36`60/2HN_\ `60EMO2_^n57a13 e8Mn`ba10P^O2_3 e8Mn`6l 2 e8O=l+5 a1`60%MO8

{xi, 0 ≤ i ≤ n} 8n` 2_363b2il c_^n`6�f2��J'K
σ
298hMpNI2RP_3 e18O8 2 C1 8gOI^ [a, b]

� NIa10�P

σ′(x+
i ) = σ′(x−

i ),∀i = {1, . . . , n− 1}, & J'K U�KLJ (
o K

σ
298hMpNI2RP_3 e18O8 2 C∞ 8gOI^

[xi, xi+1],∀i = {0, . . . , n− 1},
q K

σ
P9a�� 0�P_`eNI2�e l 2cP

f
e8O=l 57a1`60EMO8

xi
8Oa1`LM

∀i = {0, . . . , n}, σ(xi) = yi
& J'K U�K o�(

❏

� #%<H�1)+���*# � 0 572QO1M�cQMO2_0�N ^O2SP92QMhMO2yNIc��/0I`LMn`ba10M2_0 8hOI5I57a�8 eg0%M�d%O/2
σ
298hM NI2 P_3 e18O8O2 Ck 8hOI^ [a, b]

K � 0
N `LM�eg3ba1^O8 dEO/2

σ
298hMROI0/2 8n5I36`60/2CN_\ a1^gN ^O2

k
K q 2QMhMO2 NIc��/0I`LMn`ba10 0/2}NIcQMO2_^nd�`60/2�5fe18/NI2 d eg0I`e|_^O2COI0I`ed%O/2

OI0/2^s a10�PQMn`ba10 8n5I36`60/2457atOI^<3 eRNIa10I0/c92 NI298 P9atOI5I3b298 {(xi, yi)}
K7Y atOI^�P92_3 e���`63 s e8O1M e+[natO1MO2_^ OI0/2fP9a10�N `LMn`ba10

8gOI5I5I3bc_d 2_0EM eg`6^O2 K q 2QMhMO2RP9a10�N `LMn`ba10 298hM�3 e 8hOI`6l1eg0%MO2��
# � 1�?:�2&>��;@? , � ��� ~ � 0�N `LMFd%O�\ OI0/2�8n5I36`60/2

σ
e18O8Oa7P_`bc92-e8O=l�57a1`60EMO8 {(xi, yi)}

e NI298 a�8{P_`6363 e8Mn`ba10/8 d%OI` 8 a10EM
d�`60I`6d eg3b298�8n`

∫ b

a
σ′′(t)2 dt

298hM�d�`60I`6d eg3b2 K & J'K U�K q�(

❏
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�}#7<3�1)8����# V 2SMO2_^nd 2Z` 8O5I36`60/2 a 8O`LW�0I`6�f2Z` 3 e8MhMO2 a 2_0 eg01W�3 eg`b8 K�v 0/2"3 e8MhMO2RNI2Sk7a1`b8-8OatOI5I3b2 cQM eg`LM)2_0 2��$2QMO1Mn`636`b8Oc9245feg^ 3b298�NI298O8O`60fe8MO2QOI^O8 `60�N=O/8gMn^n`b2_3b8 5 atOI^ Mn^ etP92_^ NI298 P9atOI^hk7298�NIc_^n`6l1e8kI3b298 5fe18 8 eg0EM 5feg^ NI298 57a1`60EMO8
NIa10I0/c98/& 3b2 NI298O8n`60 NI298 P9a101W c98 5feg^ 2�lI2_d�5I3b2 ( K V e dEOfeg0%Mn`LMOc�`60EMOcQW�^Oc92 N/eg0/8 & J'K U�K q�( 5 2QO1M AQMn^O2 l7O/2 P9a1d�d 2
3]\ c_0/2_^hW�`b2
c_3 e18hMn`ed%O/2RNI2 �f2�l `ba109NI2"3 e�3 e8MhMO2 K

7�� 
 �)� � .14_.��	#��F462  U.H#_2���! (�$!  U0 ��2�!�$! ��' 
*2 ��'�$! 
V 2SMn,/c9a1^g|_d 2 8hOI`6l1eg0%M-572_^nd 2QM^NI2RP eg^ etPQMOc_^n`b8O2_^pOI0/2 8n5I36`60/2"5feg^hMn`ePQOI36`e|_^O2��

" .*�E;@)$#7<3#3, � ���6, % 3m2�l `b8hMO2 OI0/2�OI0I`ed%O/2 8O5I36`60/2 N_\ `60EMO2_^n57a13 e8Mn`ba10CNIa10EM 3b298 a�8gP_`6363 e8Mn`ba10/8<8Oa10EM d�`60I`6d eg3b298 K
q 2QMhMO2
8n5I36`60/2il c_^n`6�f2��
J'K 3 e�^O298hMn^n`ePQMn`ba10mNI2

σ
	

[xi, xi+1]
298hM OI0 57a13Lim0/.1d 2RNI2RNI2QW�^Oc ≤ 3

� ∀i = {0, . . . , n− 1},
o K

σ(x0) = y0, σ(xn) = yn
�

q K
σ(x+

i ) = σ(x−
i ) = yi,∀i = {1, . . . , n− 1},U�K

σ′(x+
i ) = σ′(x−

i ),∀i = {1, . . . , n− 1},X=K
σ′′(x0) = M0, σ

′′(xn) = Mn, (M0,Mn) ∈ IR2 PO,/a1`b8n`b8�eg^hkI`LMn^ eg`6^O2_d 2_0EM��
a=K

σ′′(x+
i ) = σ′′(x−

i ),∀i = {1, . . . , n− 1}.

❏

* T�S?d,+�S.--\]a1`6^ & 7:9<;<.=% �2-/.�" �7o�p�p J ( K
❏

q 2QMhMO2
8n5I36`60/2TN_\ `60EMO2_^n57a13 e8Mn`ba10 298hMpP9a1d�d/OI0/c_d 2_0EM
eg5I5 2_3bc92�` 8n5I36`60/2RPQO1kI`ed%O/2 a K

7�� 
 � � � �"!  |#%46' �	#_23�"! ( �;'�!�$  |0 ��2~!/$�( �;2�!"#%$F4_0t���3.J#_23��!
Y a�8Oa10/8

Mi = σ′′(xi)
K_j etP ,feg0EMRd%O/2

σ ∈ P3
� a10 e

σ′′ ∈ P1
� 2QM NIa10�P�3 e s a1^ndTOI3b2 N_\ `60%MO2_^n5 a13 e8Mn`ba10

NI2SV e8W�^ eg01W 2
0/atO/8fNIa10I0/2��

σ′′(x) = Mi
x− xi+1

xi − xi+1
+ Mi+1

x− xi

xi+1 − xi

& J'K U�K U (
V 2i5fe18^NI2i3 e 8hO1kDN `6lm`b8n`ba10 N_\ `60%MO2_^n5 a13 e8Mn`ba10 8O2_^ e�0/atMOc

hi = xi+1 − xi
K

w 0M`60%MOcQW�^ eg0EMyNI2QO=l s a1`b8-8hOI^�3]\ `60%MO2_^nl1eg363b2
[xi, xi+1]

�Ia10 atk1Mn`b2_0EM �

σ(x) = −Mi
(x− xi+1)

3

6hi
+ Mi+1

(x− xi)
3

6hi
+ Ci(x− xi) + Ĉi

& J'K U�KoX (

a��
Ci

2QM
Ĉi

8Oa10%M/NI2QO=l3P9a10/8hM eg0%MO298 N_\ `60%MOcQW�^ e8Mn`ba10"NI2QMO2_^nd�`60/c9298�5feg^
σ(xi) = yi

2QM
σ(xi+1) = yi+1

�
8Oa1`LM �

Ĉi = yi + Mi
(xi − xi+1)

3

6hi
= yi −Mi

(hi)
2

6

& J'K U�Koa (

Ci =
yi+1 − yi

hi
− hi

6
(Mi+1 −Mi)

& J'K U�K u (
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j OI^)3]\ `60EMO2_^nl�eg363b2
[xi, xi+1]

�I3 e�8n5I36`60/2 298hM)eg3ba1^O8^NIa10I0/c92"5feg^ �

σ(x) =
1

6

(xi+1 − x)(x− xi)(x− 2xi+1 + xi)

hi
Mi

−1

6

(xi+1 − x)(x− xi)(x− 2xi + xi+1)

hi
Mi+1

yi+1 − yi

hi
x +

yixi+1 − xiyi+1

hi

& J'K U�K ��(
2QM48O298pNIc_^n`6l c92984e8O=l k7a1^gNI8pNI2i3]\ `60EMO2_^nl�eg363b2��

σ′(xi) = −1

3
Mi(xi+1 − xi)−

1

6
Mi+1(xi+1 − xi) +

yi+1 − yi

hi

& J'K U�Kon (

σ′(xi+1) = −1

6
Mi(xi+1 − xi) +

1

3
Mi+1(xi+1 − xi) +

yi+1 − yi

hi
.

& J'K U�KLJ p�(
V 2"^ etPcP9a1^gN9NI298pNIc_^n`6l c9298)5I^O2_d�`e|_^O2984e8OM57a1`60EM

xi
`6d�5 a�8O2��

1

6
Mi+1(hi) +

1

6
Mi−1(hi−1) +

1

3
Mi(hi + hi−1) =

yi+1 − yi

hi
− yi − yi−1

hi−1

& J'K U�KLJ'J (
Y atOI^48O`6d�5I36`6�f2_^��fa10M8hOI5I57a�8O2Sd%O/2i3b2"5fe18pNI2"3 e�8hO1k N `6lm`b8n`ba10M298hMpP9a10/8hM eg0%M�� P'\ 298hM�	 N `6^O2

h = xi+1 − xi =
b− a

n
,∀i = {0, . . . , n− 1} & J'K U�KLJ o�(

V 2"8hi 8hMg|_d 2SN_\ ccd%Ofe8Mn`ba10/8�& J'K U�KLJ'J (�298gM)eg3ba1^O8)ccd%OI`6l1eg3b2_0%M4e8O 8hi 8hMg|_d 2 Mn^n`eN ` e8W a10feg3b2 8gOI`6l1eg0%M �














2/3 1/6

1/6 2/3 1/6 (0)

1/6

K K K K K K
K K K K K K K K K

(0)

K K K K K K
1/6

1/6 2/3




























M1

M2

KKK

Mn−1














=
1

h2















y2 − 2y1 + y0 + M0h
2

y3 − 2y2 + y1KKK
KKK

yn−1 − 2yn−2 + yn−3

yn − 2yn−1 + yn−2 + Mnh2















& J'K U�KLJ q�(

4��B&>.*;�
:# 
:#�$B;@?*�c&()t��$B&>�2;D? V eid cQMn,/a%NI2^NI2pP eg3ePQOI3 NI298]8n5I36`60/298 PQO1kI`edEO/298<^O2_l�`b2_0%M NIa10�P�	"ccP_^n`6^O2pP92
8gim8hMg|_d 2yMn^n`eN ` e8W a10feg3b2�� 	 3b2�^Oc98OatO�N ^O2"2QM�	�^Oc_`60t[n2cPQMO2_^�3b298 l1eg3b2QOI^O8�Mn^OatOIl c9298-5 atOI^

Mi
N/eg0/8 3]\ 2�l 5I^O298O8n`ba10

NI2
3 e�8n5I36`60/2RNIa10I0/c92"5feg^-3]\ ccd%Ofe8Mn`ba10�& J'K U�K ��( K

� #%<H�1)+���*# v 0/2i8O2cP9a10�NI2�d cQMn,/a%NI2SNI2 P9a10/8hMn^hO�PQMn`ba10 NI298 8n5I36`60/298 572QO1M?AQMn^O2yO1Mn`636`b8Oc92i2_0 P9a10/8O`eNIc_^ eg0EM
OI0/2^kfe18O2pNI2�3]\ 2_0/8 2_dTkI3b2yNI2�s a10�PQMn`ba10/8 8n5I36`60/298 NIc��/0I`b298<5feg^]3b2pMn,/c9a1^g|_d 2 J'K U�KLJ'K�� 0CP9a10/8n`eN1|_^O2-57atOI^ P92_3 e
n + 3

s a10�PQMn`ba10/8pNI2Skfe18 2
ϕi
NI2
8hOI5I57a1^hM

[a, b]
NIc��/0I`b298^NI2"3 e�d eg0I`e|_^O2�8hOI`6l1eg0%MO2��

ϕi(xj) = δij , ϕ′
i(x0) = ϕ′

i(xn)= 0, ∀i, j = {0, . . . , n} & J'K U�KLJQU (
ϕn+1(xj) = 0, ϕn+2(xj) = 0, ∀j = {0, . . . , n} & J'K U�KLJ(X (
ϕ′

n+1(x0) = 1, ϕ′
n+1(xn) = 0,

& J'K U�KLJ(a (
ϕ′

n+2(x0) = 0, ϕ′
n+1(xn) = 1

& J'K U�KLJ>u (
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V e�8O5I36`60/2SPQO1kI`edEO/2
298gM)eg3ba1^O8^NIa10I0/c92"5feg^-3 e/s a1^ndTOI3b2�8hOI`6l�eg0EMO2��

σ(x) =
∑

i=0

kyiϕi(x) + y′0ϕn+1(x) + y′nϕn+2(x)
& J'K U�KLJ ��(

a��
y′0, y

′
n

8Oa10%M^NI2QO=l l1eg3b2QOI^O8pNIa10I0/c9298 K

7�� 
 ��
 � ! 4 �! 5' � #%.J#§(/$��@��!���$&4 �j$&!��@$�0t��'�4 �3$!  U0 ��2�!�$! ��' 
*2 ��'�$! 
" .*�E;@)$#7<3#3, � ��� ~ j a1`LM OI0/2Ts a10�PQMn`ba10

f ∈ C4([a, b])
�$a10 0/atMO2

h = maxi hi
2QM

β = h/mini hi
K j a1`LM

σ
3 e�8n5I36`60/2RPQO1kI`ed%O/2"`60EMO2_^n57a13 eg0EMfs )/eg3ba1^O8

‖f (r) − σ(r)‖∞ ≥ Crh
4−r‖f (4)‖∞, r = 0, . . . , 3

& J'K U�KLJ(n (
e9l 2cP

C0 = 5/384, C1 = 1/24, C2 = 3/8, C3 = (β + β−1)/2
& J'K U�K o�p�(

❏

* T�S?d,+�S.-)&�atO/8 ^O2_0�l a>i a10/8 	 & 7:9:;���-/.���� � � J(n � J ( K
❏

q 2pMn,/c9a1^g|_d 2�572_^nd 2QM NI2fP9a10�P_3LOI^O2 dEO/2
σ
2QM 8 298 NIc_^n`6l c9298 5I^O2_d�`e|_^O2�2QM 8O2cP9a10�NI2yP9a10�l 2_^hW 2_0%M OI0I` s a1^	�

d c_d 2_0EM4l 2_^O8
f
2QM48O298pNIc_^n`6l c9298^d%Ofeg0�N

h
MO2_0�N l 2_^O8

0
K
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BDC�� ��� 9�<�5��):=L � I��
K=: � 3����J:
	 � �4I���� �)9 � � �)K�G�� 7��4�=G�3 � 9 � 765�9�3D: C

q a1d�d 24a10 3]\ e/N `LM N/eg0/8 3]\ `60EMn^Oa7N=O�PQMn`ba10 NI2fP92yPO,feg5I`LMn^O2��7OI0/2ie8O1Mn^O2�d cQMn,/a%NI245 atOI^ s eg`6^O2-3]\ eg5I5I^Oacl `6�
d e8Mn`ba10"N_\ OI0/2}s a10�PQMn`ba10 0%OId c_^n`edEO/2 P9a10/8O`b8hMO2 	5PO,/2_^gP ,/2_^ OI0 57a13Lim0/.1d 2i` 5I^Oa7PO,/2 a NI2�3 e s a10�PQMn`ba10 e8O
8 2_0/8/N_\ OI0/2 0/a1^nd 2 NIa10I0/c92 K �"eg0/8 P92CM i�572 NI2 d cQMn,/a7NI2�� a10 ^O2_3 e+lI2 3 e5P9a10�N `LMn`ba10 NI2Cs eg`6^O2CP9a�� 0�P_`eNI2_^
3b2 5 a13Lim0/.1d 2 2QM 3 e s a10�PQMn`ba10 2_03OI0 0/a1dTkI^O2 NI2 57a1`60EMO8TNIa10I0/c98�e8O 5I^Oa)��M N_\ OI0/2 d�`60I`6d�`b8 e8Mn`ba10 NI2 3 e
N `b8gM eg0�P92 2_0EMn^O2
3b2 W�^ eg5I,/2TN=O 57a13Li�0/.1d 2
2QMfNI2i3 e s a10�PQMn`ba10 K

7 ������7 � .� � �&! �F46.��
Y 3 e
	9a10/8]0/atO/8 N/eg0/8 P92 5feg^ e8W�^ eg5I,/2^N/eg0/8 OI0�P etN ^O2�^O2_3 e8Mn`6l 2_d 2_0EM W c_0/c_^ eg3 K � 0}P9a10/8n`eN1|_^O2 OI0 298n5fetP92

l 2cPQMOa1^n`b2_3 E NI2ys a10�PQMn`ba109NIc��/0I`b298)8hOI^^OI0M8OatO/8-2_0/8O2_d/kI3b2TNI2 IR
�IdTOI0I`*N_\ OI0M0/a1^nd 2 ‖.‖E K � 0 8gOI5I5 a�8O2��NI2
5I3LO/8��1dEO/2 Pn ⊂ E �� 0 e�3b2 Mn,/c9a1^g|_d 2Ss a10�N/egd 2_0EM eg3 8hOI`6l�eg0EM �

" .��%; )@#%<H#3, � ����, Y atOI^fMOatO1MO2 s a10�PQMn`ba10
f ∈ E � `63 2�lm`b8gMO2 e8O d a1`60/8pOI0 57a13Li�0/.1d 2 pn ∈ Pn

MO2_3�d%O/2

‖f − pn‖E = inf
q∈Pn

‖f − q‖E
& J'KoX=KLJ (

❏

*6TgS?d<+\S --l a1`6^�& ����������������� �5�! @"���% � J(n'n o�( K
❏

# � 1�?:�2&>��;@? , � � �6, v 0 57a13Li�0/.1d 2
pn

l c_^n`6� eg0%M & J'KoX=KLJ ( 298hM�eg5I572_3bc^U�V�Wj[�P�3Y]iS %ASc]cS?NQW*W_S?d#TgS XfU�U�TgV%h�N
�
]iXYR�NkV�P`NI2

f
N/eg0/8 E 5feg^pOI0M57a13Lim0/.1d 2RNI2SNI2QW�^Oc n

K
❏

7 ������� � ��$ �80 �3$ � �3.�  52 ��'/$! §(��¨$! U0*. �@$Ä(�$�����!��	#_23��! E
4�#%�6!6!�#%�*)+#m�10:0*)8;7 ���<H�=&>��;@? Lp, 1 ≤ p ≤ ∞ �

�"eg0/8^P92TP e18��/3]\ 298n5fetP92/NI2Ss a10�PQMn`ba10 E P ,/a1`b8n`k298hM-3]\ 2_0/8O2_d/kI3b2 Lp(a, b)
NI298ps a10�PQMn`ba10/84d 298hOI^ e8kI3b298

f8gOI^
(a, b)

MO2_363b298^d%O/2��

‖f‖Lp(a,b) =

(∫ b

a
|f(x)|p, dx

)1/p

<∞,
57atOI^

p 6=∞ & J'KoX=K o�(

‖f‖L∞(Ω) = sup
x∈ω

298O8 K |f(x)| <∞ & J'KoX=K q�(
" .��%; )@#%<H#3, � ���e~ Y atOI^

p < +∞ 2QM
[a, b]

OI0�`60%MO2_^nl1eg363b2�s 2_^nd c k a1^n0/c NI2
IR
�g3 e�8hOI`LMO2

pn
NI2 57a13Li�0/.1d 2

NI2
d 2_`6363b2QOI^O2�eg5I5I^Oacl `6d e8Mn`ba105P9a10�l 2_^hW 2
l 2_^O8
f
8Oa1`LM
�

∀p, 1 ≤ p < +∞, lim
n→+∞

‖f − pn‖Lp = 0
& J'KoX=K U (

*6TgS?d<+\S -yq 2cP_`f298hM OI0/2 P9a10/8 ccdEO/2_0�P92pN=OCMn,/c9a1^g|_d 2pNI2�� 2_`b2_^O8hMn^ e18O8 K V eSP9a10�N `LMn`ba10 8hOI^ 3]\ `60%MO2_^nl1eg363b2
[a, b]298gM)298O8O2_0%Mn`b2_363b2 K�Y atOI^45I3LO/8pNI2RNIcQM eg`63b8��/l a1`6^ & ��� �@�$�������5���5�1 #"$��% � J(n'n o�( K

❏
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❏

q 2fMn,/c9a1^g|_d 24572_^nd 2QM NI2)d a10%Mn^O2_^ dEO�\ 2_0 e8O1W�d 2_0EM eg0%M-3b2fNI2QW�^Oc N=O 5 a13Lim0/.1d 2��ma10 298hM�e18O8hOI^OcyNI243 e
P9a10�l 2_^hW 2_0�P92TOI0I` s a1^nd 2/N=O 5I^Oa%P9ccNIcRN_\ eg5I5I^Oa(lm`6d e8Mn`ba10 K

j `LW�0feg3ba10/8SMOatO1MSNI2�d A_d 2 dEO/2�3]\ OI0I`eP_`LMOc�0�\ 298hMi5fe18 MOatOt[natOI^O8 W�eg^ eg0EMn`b2 K q a10/8O`eNIc_^Oa10/8"3b298"2�l 2_d�5I3b298
8hOI`6l�eg0EMO8 �
J'Kfj a1`LM E = L1(−1, 1)

�fa109P9a10/8O`eN1|_^O2"3 e/s a10�PQMn`ba10mNIc��/0I`b2"5feg^ �






f(x) = 1, x > 0

f(x) = −1, x ≤ 0

& J'KoX=KoX (

� 0 l c_^n`6�f2fs etP_`63b2_d 2_0%MpdEO/2
f ∈ L1(−1, 1)

2QM d%O/2 ∀α ∈ [−1, 1]
�
p0(x) = α

298hM OI0 57a13Li�0/.1d 2 NI2
d 2_`6363b2QOI^O2�eg5I5I^Oacl `6d e8Mn`ba103NI2

f
N/eg0/8 L1(−1, 1)

NI2/NI2QW�^Oc
0
2QM dEO/2 ‖f − p0‖L1(−1,1) = 2

K q 2QM
2�lI2_d�5I3b2
298hM�`6363LO/8hMn^Oc
	�3 e���W'OI^O2 J'K U & e�( K

o Kfj a1`LM E = L∞(−1, 1)
� P9a10/8n`eNIc_^Oa10/8}OI0/2M0/atOIl 2_363b2 s a1`b8�3 e�s a10�PQMn`ba10

f
NIc��/0I`b2 5feg^ & J'KoX=KoX ( K V 2

57a13Li�0/.1d 2
p1(x) = αx,∀α ∈ [0, 2]

^Oc eg36`b8O2<3 e�d 2_`6363b2QOI^O2 eg5I5I^Oacl `6d e8Mn`ba10 NI2
f
N/eg0/8 L∞(−1, 1)

NI2
NI2QW�^Oc

1
K &4atMOa10/8 NI2 5I3LO/8 d%O/2 ‖f−p0‖L∞(−1,1) = 1

K q 2QM]2�l 2_d�5I3b2�298gM `6363LO/8gMn^Oc 	)3 e���W'OI^O2 J'K U &�k�( K

−1

−1

1

1 f(x)

p0

p1

α

���
	���� D L1(−1, 1)

−1

−1

1

1 f(x)

p0

p1

α

��
�	���� D L∞(−1, 1)

� �1 �� J'K U h �)V�PHR�T�S � S�hAS?]FU�W_S��iW 5 deP NF(�N�R ��%AS WOXc]cS?N*WQW_S?deT�S^XfU�U�T V%hYN*]iXYR�NkV�P

Y atOI^
p = 1

� a10�atk1Mn`b2_0EM OI0 P e18�5feg^hMn`ePQOI36`b2_^ Mn^g|98�`60EMOc_^O298O8 eg0%M�N/eg0/8�3 eM5I^ e8Mn`ed%O/2 K � 0 3b2 P9a10I0fe��eM
d�`b2QO=l 8 atO/8 3b2i0/a1d NI2id 2_`6363b2QOI^O2 eg5I5I^Oacl `6d e8Mn`ba10Ue8OM8O2_0/8 NI2id a1`60�N ^O298fP eg^n^Oc98 K &�atO/8 ^O2_l�`b2_0�N ^Oa10/842_0
NIcQM eg`63 8hOI^pP92SP e18�e8O l J'Koa=K



o�o ���������
	���
�������
�������
�����
������������ ��!"�#	����%$�
�	&��$�	'
��(�)�%�*�#	����%$+�,�%�.- $/�%!0�*�1��


4�#%�6!6!�#%�*)+# �10:0:)+;7 ��6<3�=&>��;@?`�:?*��� ; )t<3# * ���`�>#%?*�-
:#}-/.�# � G��>.�#E� / E = C0([a, b])
d/OI0I`1NI2 ‖.‖∞V e�d 2_`6363b2QOI^O2 eg5I5I^Oacl `6d e8Mn`ba103OI0I` s a1^nd 2���N `LMO2�e8O/8O8n`]e8O 8O2_0/8SNI2Cq ,/2QkEi 8n,/2_lU298hMi^Oc eg36`b8Oc92�2_03PO,/a1`6�

8O`b8O8 eg0EM)5 atOI^-3]\ 298O5fetP92RNI2ys a10�PQMn`ba10 E 3]\ 2_0/8O2_dTkI3b2/NI2 s a10�PQMn`ba10/8^P9a10EMn`60%O/29848gOI^pOI0 `60EMO2_^nl�eg363b2 [a, b]
� 8Oa1`LM

C0([a, b])
dTOI0I`*NI2"3 e�0/a1^nd 2TNI2i3 e P9a10�l 2_^hW 2_0�P92ROI0I` s a1^nd 2 ‖.‖∞ K&4atO/8 0�\ 2_0EMn^O2_^Oa10/8 5fe18�N/eg0/8 3b29NIcQM eg`63fNI2 P92 M i�572 N_\ eg5I5I^Oacl `6d e8Mn`ba10 K �ia10I0/a10/8 8n`6d�5I3b2_d 2_0%M�3b298

^Oc98gOI3LM e8M)8hOI`6l�eg0EMO8 �
" .��%; )@#%<H#3, � ���LI Y atOI^SMOatO1M

f ∈ C0([a, b])
�7`63k2�lm`b8gMO2TOI0mOI0I`edEO/2�57a13Li�0/.1d 2

qn ∈ Pn
d%OI` ^Oc eg36`b8 2�3b2

d�`60I`6d/OId NI2SN `b8gM eg0�P92
8hOI`6l�eg0EM �

‖f − qn‖∞ = d(f,Pn) = d(f,Pn) = inf
q∈Pn

‖f − q‖∞
& J'KoX=Koa (

j `*NI2i5I3LO/8
[a, b]

298hM OI0M`60%MO2_^nl1eg363b2Rk a1^n0/cRNI2
IR

eg3ba1^O8

lim
n→+∞

‖f − pn‖∞ = 0
& J'KoX=K u (

❏

BDC�� � �)9 � � �)K�G�� 7 ���=G�3 � 9 � 765�9�3;: � 3����J:�3 � 9�7�� � 7;K <!�):=< I��)< � 3;9�:=I G �)<
L 78G�G��)<

7 ������7 � .� §,*2 � 
t$F4%#_23$&!�� ���	���/! �	�8$! -�j4%#_,/�	�j��!/.À' �
�"eg0/8fP92 5feg^ e8W�^ eg5I,/2�� 0/atO/840/atO/8�5I3 e
	9a10/8fN/eg0/8�3b2/P etN ^O2TW c_0/c_^ eg3ka�� E 298hM^OI0 298n5fetP92TNI2 r4`63Lk 2_^hMNI2Ss a10�PQMn`ba10/8fNIc��/0I`b298)8hOI^ OI0M8OatO/8�� 2_0/8O2_dTkI3b2/NI2

IR
d%OI`$`60�P_3LO/8 Pn

K

� �10:0F#%!�� 14,f�>0*�1$B# 
*# � �6!��F#%)>& v 0�SC'
U X2(fS %AS ��NQW ?�S?T?R�298hMyOI0U298O5fetP92�l 2cPQMOa1^n`b2_3 0/a1^nd c P9a1d�5I3b2QM
NIa10%M)3 e�0/a1^nd 2 ‖.‖ 298gMpNIccN=OI`LMO2RN_\ OI0M5I^Oa7N=OI`LM)8gP eg3 eg`6^O2 〈., .〉 NI2i3 e�d eg0I`e|_^O2 8hOI`6l1eg0%MO2 �

‖.‖ =
√

〈., .〉 & J'Koa=KLJ (
� 0 ^ eg5I572_363b2 dEO�\ OI0/2 P�V�T?]cS 8hOI^TOI0�298n5fetP92�l 2cPQMOa1^n`b2_3 E 298hM/OI0/2 eg5I5I36`eP e8Mn`ba10 ‖.‖ : E → IR

dEOI`
l c_^n`6�f2 3b298 Mn^Oa1`b8�5I^Oa15I^n`bcQMOc98�8hOI`6l�eg0EMO298 �
& & J ( ‖x‖ ≥ 0& ‖x‖ = 0⇔ x = 0& &io�( ‖λ.x‖ = |λ|‖x‖& &iq�( ‖x + y‖ ≥ ‖x‖+ ‖y‖ & `60/cQW�eg36`LMOcRN=O Mn^n` eg01W�3b2 (v 0 U�TgV;%�d#N�R ' (�X�W�X�N*T�S�298hM OI0/2
eg5I5I36`eP e8Mn`ba10 〈., .〉 : E × E → IR

dEOI` l c_^n`6�f2��
& Y jDJ ( 〈x, x〉 ≥ 0& 〈x, x〉 = 0⇔ x = 0

&6NIc��/0I`b2
57a�8n`LMn`6l 2 (
& Y j o�( 〈x, y〉 = 〈y, x〉 & 8gi�d cQMn^n`ed%O/2 (& Y j q�( 〈λx1 + µx2, y〉 = λ 〈x1, y〉+ µ 〈x2, y〉

& 36`60/c eg`6^O2 (
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 �#� ��
�$�� ��
	�8! �%��$ ����
	� �?�1�g���	� � �

�f;D!2G�? �D<3#E� ;@)>&>.*; �@;@?*���� 
" .*�E;@)$#7<3#3, � 5��6, % 3$2�lm`b8hMO2ROI0/2"8hOI`LMO2RNI2i57a13Li�0/.1d 298

p0, p1, . . . , pn
2QMpOI0/2
8O2QOI3b2il c_^n`6� eg0%M �







3b2RNI2QW�^OcRNI2
pn = n

pn
298gM�d a10I`edEO/2 & ` K 2��/3b2RP9a�2?>CP_`b2_0%MfNI2

xn 298hM
1
(

∀q ∈ Pn−1, 〈q, pn〉 = 0

& J'Koa=K o�(

❏

* T�S?d,+�S.-^V e"5I^O2QOIl 2^NI2)3]\ 2�lm`b8gMO2_0�P92)298hM kfe18Oc92)8hOI^<3b2-5I^Oa7P9ccNIc^N_\ a1^hMn,/atW a10feg36`b8 e8Mn`ba10 NI22��^ egd�h j PO,Id�`eN=M
8hOI^ 3 e9kfe18O2}P eg0/a10I`edEO/2 NI298�5 a13Lim0/.1d 298��

1, x, x2, . . . , xn K*Y atOI^�5I3LO/8/NI2 NIcQM eg`63b8�l a1`6^ & ��������������� �
�5�1 #"$��% � J(n'n o�( K

❏

q a10/8n`eNIc_^Oa10/8)3b298�5 a13Lim0/.1d 298 �

p̂n =
pn

‖pn‖
& J'Koa=K q�(

V 298�57a13Li�0/.1d 298 {p̂n}
s a1^nd 2_0EMfOI0/2Skfe18O2"a1^hMn,/a10/a1^nd c92TNI2
3]\ 298n5fetP92RNI2i57a13Li�0/.1d 298 K

# �21 ?*�2&>��;@? , � 5��6, V 298457a13Lim0/.1d 298 {pn}, ({p̂n})
8(\ eg5I572_363b2_0EM�3b2988U�V�Wj[�P�3Y]iSC'=V�T�R�
#V :�V�P�X�d�h & ^O298n5 2cPQMn`6�

l 2_d 2_0EM�a1^hMn,/a10/a1^nd e8O=l�(�5 atOI^�3b2"5I^Oa7N=OI`LM)8gP eg3 eg`6^O2 〈., .〉 K
❏

�C0:0:)+;7 ��6<3�=&>��;@? 
:��?�� �*?*# �*�1�(# 
:#�0F;@!2G�?��@<3#%� ; )+&>.*; � ;D?����� VF\ `60%MOc_^ AQM5NI298 57a13Li�0/.1d 298
a1^hMn,/atW a10fe8O=l N/eg0/8-3b298-298n5fetP9298^NI2Rr)`63Lk72_^hM�^Oc98n`eNI2RN/eg0/8-3b2SMn,/c9a1^g|_d 2 8hOI`6l�eg0EM �
" .*�E;@)$#7<3#3, � 5�� ~ % 3$2�lm`b8hMO2ROI0 OI0I`edEO/2"57a13Lim0/.1d 2

qn ∈ Pn
MO2_3�dEO/2��

‖f − qn‖ = inf
q∈Pn

‖f − q‖ & J'Koa=K U (
q 2i5 a13Lim0/.1d 2
298hMpNIa10I0/c
5feg^

qn(x) =

n∑

i=0

〈f, pi〉
〈pi, pi〉

pi(x)
& J'Koa=KoX (

2QMpP'\ 298hM-3]\ OI0I`ed%O/2"57a13Li�0/.1d 2 MO2_3�d%O/2��

∀q ∈ Pn, 〈q, qn〉 = 〈f, q〉 & J'Koa=Koa (

❏

* T�S?d,+�S.--l a1`6^ & �*� �@�$��������� ���! #"$��% � J(n'n o�( K
❏

q 2yMn,/c9a1^g|_d 2SNIa10I0/2i3]\ OI0I`eP_`LMOcSN=O 5 a13Lim0/.1d 2 NI24d 2_`6363b2QOI^O2
eg5I5I^Oa(lm`6d e8Mn`ba10 2QM 8 eTP9a10/8hMn^hO�PQMn`ba10 5feg^
5I^Oa8[ 2cPQMn`ba10 8hOI^�3 e kfe18O2SNI2"57a13Lim0/.1d 298-a1^hMn,/atW a10fe8O=l K
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7 ������� �[0�0*4_� ��2��8.H#_2���! �@��!"#_2�!�'�$�.À'  U$&!  ·(/$ �8��2�!*(/4_$� �@.J464 �! <�
,y�(0:�1$B# 
:# � ;@?*$'&>��;@? L2

ω

q ,/a1`b8n`b8 8Oa10/8 d eg`60EMO2_0feg0%M457atOI^-298n5fetP92SNI2ys a10�PQMn`ba10 �I3]\ 2_0/8O2_dTkI3b2/NI2ys a10�P��
Mn`ba105NI2RP eg^n^Oc98�d 298hOI^ e8kI3b298��@P'\ 298hM�	 N `6^O2��

L2 = {f MO2_3�d%O/2 ‖f‖L2(a,b) =

(∫ b

a
|f(x)|2, dx

)1/2

<∞} & J'Koa=K u (

Y atOI^-5I3LO/8 NI2yW c_0/c_^ eg36`LMOc��/a10Me+[natO1MO2fOI0/2ys a10�PQMn`ba10 5 a1`eNI8 N/eg0/8 3]\ `60%MOcQW�^ e8Mn`ba10
ω(x)

N/eg0/8 3]\ `60EMOcQW�^ e8Mn`ba10 �

L2
ω = {f MO2_3�d%O/2 ‖f‖L2(a,b) =

(∫ b

a
|f(x)|2ω(x) dx

)1/2

<∞} & J'Koa=K ��(

� 0 dTOI0I`LM43]\ 298n5fetP92
L2

ω

N_\ OI0 5I^Oa%N=OI`LM)8{P eg3 eg`6^O2��

〈f, g〉 =

∫ b

a
f(x)g(x)ω(x) dx

& J'Koa=Kon (

VF\ 298n5fetP92
L2

ω

298hM^OI0 298n5fetP92 NI2/r4`63Lk72_^hM�a�� 3]\ a10 572QO1MyP9a10/8gMn^hOI`6^O2/OI0/2/kfe18O2/NI2 57a13Li�0/.1d 298ia1^hMn,/a)�
W a10fe8O=l K q 2QMhMO2/P9a10/8hMn^hO�PQMn`ba10 298hM kfe18Oc92 8hOI^�3b2SMn,/c9a1^g|_d 2
8hOI`6l�eg0EM �
" .��%; )@#%<H#3, � 5��LI Y atOI^ E = L2

ω

�]3 e 8hOI`LMO25NI2 57a13Li�0/.1d 298 a1^hMn,/atW a10fe8O=l l c_^n`6�f2U3b298 ccdEOfe8Mn`ba10/8 NI2
^OccPQOI^n^O2_0�P92�8hOI`6l�eg0EMO298 �

pn(x) = (x− λn)pn−1(x)− µnpn−2(x)
& J'Koa=KLJ p�(

e l 2cP

µn =
‖p2

n−1‖
‖p2

n−2‖
, λn =

〈xpn−1, pn−1〉
‖p2

n−1‖
& J'Koa=KLJ'J (

❏

b 2_^nd�`60/a10/8 2_0��/0 5feg^ OI0 ^Oc98hOI3LM e8M d%OI`/0/atO/8<5 2_^nd 2QM NI2^P9a10�P_3LOI^O2)8gOI^]3 eSP9a10�l 2_^hW 2_0�P92yOI0I` s a1^nd 2^NI298
57a13Lim0/.1d 298^N_\ eg5I5I^Oacl `6d e8Mn`ba10Ul 2_^O8�3 e s a10�PQMn`ba10

f
�

" .��%; )@#%<H#3, � 5��6� j `
[a, b]

298hM OI0�`60%MO2_^nl1eg363b2yk7a1^n0/c���8n`
qn

298hM<3b245 a13Lim0/.1d 2yNI2)d 2_`6363b2QOI^O2"eg5I5I^Oacl `6d e �
Mn`ba10Ue8O 8O2_0/8pNI2id a1`60�N ^O298fP eg^n^Oc98^NI2RNI2QW�^Oc

n
eg3ba1^O8

lim
n→+∞

‖f − qn‖ = 0
& J'Koa=KLJ o�(

❏

,f �#%<H0:!�#%��$E!��1�(�>�����*#E� 
:#90F;D!2G�? �D<3#E� ;@)>&>.*; �@;@?*���� �
J'K

[a, b] = [−1, 1], ω(x) = (1−x)α(1+x)β e9l 2cP α > −1
2QM

β > −1
K V 298 5 a13Lim0/.1d 298ka1^hMn,/atW a10fe8O=l

pn
8(\ eg5I5 2_363b2_0%M-3b298 U VYWj[�P�3�]cS='4%eS��#X2(�V ?�N K � 0 e�3b298pP e18�5feg^hMn`ePQOI36`b2_^O8�8hOI`6l1eg0%MO8 �

& e�(
α = β = 0

�I3b298�57a13Li�0/.1d 298)8(\ eg5I5 2_363b2_0%M)3b298 U�V�Wj[�P�3Y]iSC' %eS 8�SF:AS?P�%�TgS K
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	� �?�1�g���	� �,�

&�k�(
α = β = −1/2

� 3b298�57a13Li�0/.1d 298�8(\ eg5I572_363b2_0EM�3b298 U VYWj[�P�3�]cS=' %AS � 
 S;?�[$' 
 SC+ %AS U�T�S?]^N ��TgS
S='(U � (�S K

&6P (
α = β = 1/2

�13b298 5 a13Lim0/.1d 298 8(\ eg5I572_363b2_0EM 3b298 U V�W.[�P�3�]cS='�%AS � 
 S;??[@' 
�SC+ %eS>'%S (�V�P�%eSZSC'
U � (fS K
o K

[a, b] = [0,+∞], ω(x) = exp(−x)
K V 298<57a13Lim0/.1d 298 a1^hMn,/atW a10fe8O=l

pn
8>\ eg5I5 2_363b2_0%M 3b298,U V�W.[�P�3�]cS='

%AS 8 X;:�d S?TfT�S K
q K

[a, b] = [−∞,+∞], ω(x) = exp(−x2)
K V 298457a13Lim0/.1d 298"a1^hMn,/atW a10fe8O=l

pn
8>\ eg5I5 2_363b2_0%M�3b298DU VYWj[ �

P�3Y]iSC' %eS ��S?T?]=N�R(S K

7������ � �[0*0�4_� �/2 �8.J#%2���! (*2  �@4���#%$�� � ��#_,/��(/$! ·(/$! �8��2�!*(/4_$! �@.J464 �! <�

V a1^O8gd%O/2�3 e s a10�PQMn`ba10
f
298gMfNIa10I0/c92�5feg^fOI0U2_0/8O2_dTkI3b2

yi = f(xi)
NI2 & 0�� J ()l1eg3b2QOI^O8�atOU3ba1^O8gdEO�\ a10

a109NIa10I0/2�8n`6d�5I3b2_d 2_0EMyOI0+` 0%Ofe8W 2TNI2
57a1`60EMO8 a yi, xi
�/a10 0/2
572QO1M^P eg3ePQOI3b2_^yOI0/2
0/a1^nd 2TP9a10%Mn`60EO/2�2_0EMn^O2

OI0 57a13Li�0/.1d 2fN_\ eg5I5I^Oacl `6d e8Mn`ba10 2QM P9298 5 a1`60%MO8 K � 0�5I^Oc�s6|_^O2ieg3ba1^O8<^Oc eg36`b8 2_^ OI0/24eg5I5I^Oa(lm`6d e8Mn`ba10 N `b8gP_^g|QMO2
NI298�57a1`60EMO84e8O=l d a(i 2_0/8fN_\ OI0/2"d cQMn,/a7NI2 e8O=l d a1`60�N ^O2RP eg^n^Oc98 K

V 245I^n`60�P_`65 2i298hM MOatOt[ atOI^O8 s a10�NI2_^�8hOI^ OI0/2�d�`60I`6d�`b8 e8Mn`ba10 N_\ OI0/2 N `b8hM eg0�P92�2_0EMn^O2 P92)0%Ofe8W 2SNI2)57a1`60EMO8
2QM OI0M57a13Li�0/.1d 2

pp
NI2TNI2QW�^Oc

p
K

V 2 5I^Oa7N=OI`LM 8gP eg3 eg`6^O2 8O2 NIc��/0I`LM 2_0%Mn^O2 NI2QO=l l 2cPQMO2QOI^O8
x
2QM

y
N/eg0/8 OI0 P e18�5I3LO/8 W c_0/c_^ eg3 � 8n`�3]\ a10

e �72cPQMO2SNI298)5 a1`eNI8
ωi

e8O=l N `6�$c_^O2_0EMO8)5 a1`60%MO8 �

〈y, x〉 =
n∑

i=0

ωiyixi
& J'Koa=KLJ q�(

V e d cQMn,/a7NI2�NI298"d a1`60�N ^O298/P eg^n^Oc98
572QO1M6AQMn^O2�l7O/2 P9a1d�d 2 OI0/2�5I^Oa8[n2cPQMn`ba10 a1^hMn,/atW a10feg3b2 atO eg3ba1^O8
P9a1d�d 2yOI0/2)d�`60I`6d�`b8 e8Mn`ba10 N_\ OI0/2 N `b8hM eg0�P92��=P92ydEOI`7298hM kI`b2_0 8hOI^ ccd%OI`6l1eg3b2_0%M�NI298�d%O/2)3]\ a10 N `b8n57a�8O2^N_\ OI0
5I^Oa%N=OI`LM-8{P eg3 eg`6^O2 K q ,/a1`b8n`b8O8Oa10/8^NI2i3 e�5I^Oc98O2_0EMO2_^48OatO/8 OI0/2
eg5I5I^Oa7PO,/2TNI2id�`60I`6d�`b8 e8Mn`ba10 K q a10/8n`eNIc_^Oa10/8)3 e
0/a1^nd 2 	�d�`60I`6d�`b8O2_^�2_0EMn^O2"3b298�57a1`60EMO842QM�3b2"57a13Li�0/.1d 2��

S(a0, a1, . . . , an) =

n∑

i=0

ωi [yi − (a0 + a1xi + . . . + anxp
i )]

2 & J'Koa=KLJQU (

V 2�d�`60I`6dTOId NI2 P92QMhMO2i0/a1^nd 2"298hM-e8MhMO2_`60EM-3ba1^O8gd%O/2�3b298�W�^ etN `b2_0EMO8fNI2
S
5feg^�^ eg5I57a1^hM�	

ak
8(\ eg0I0EOI3b2��

8Oa1`LM �

∂S

∂ak
= 0⇐⇒

n∑

i=0

2ωi [yi − (a0 + a1xi + . . . + anxp
i )] (−xk

i ) = 0, k ∈ 0, . . . , p
& J'Koa=KLJ(X (

8Oa1`LM
[

n∑

i=0

ωix
k
i

]

ao +

[
n∑

i=0

ωix
k+1
i

]

a1 + . . . +

[
n∑

i=0

ωixi0
k+p

]

ap =

[
n∑

i=0

ωiyix
k
i

]

, k ∈ 0, . . . , p
& J'Koa=KLJ(a (
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� 0Matk1Mn`b2_0EMyNIa10/8pOI0M8hi 8hMg|_d 2SNI2
p
ccd%Ofe8Mn`ba10/8�	

p
`60�P9a10I0%O/298)8hOI`6l�eg0EM �















∑n
i=0 ωi

∑n
i=0 ωixi . . .

∑n
i=0 ωix

p
i

∑n
i=0 ωixi

∑n
i=0 ωix

2
i . . .

∑n
i=0 ωix

p+1
iKKK

KKK ∑n
i=0 ωix

2k
iKKK

∑n
i=0 ωix

p
i

∑n
i=0 ωix

p+1
i . . .

∑n
i=0 ωix

2p
i





























a0

a1KKK
KKK
KKK

ap















=















∑n
i=0 ωiyi

∑n
i=0 ωiyixiKKK

KKK
KKK

∑n
i=0 ωiyix

p
i















& J'Koa=KLJ>u (
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RF:SR ÃÄÇU?�
HCFEJT5­OE"¶nLZ=@?BÇ5^XA�Y_?BL;C	=[=�GH¦§Ç|ADL
��GHT�IdC	¦ V�C	­MÇUT5­ :P:N:O:N:O:N:N:O:N:O:N:N: R	�

e%cfe%cgb hjilknm6opknq	rtr>}/rp�%rp�Pq_�grBs��6s~�_rp�Ss cvctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc½e��
e%cfe%cfe hjilknm6opknq	rt�d�Bm_�pi�yK���%r�op{dm6s�}~il�6o>}~kg{dm cuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc �|¾
e%cfe%c � ���_�p{|i~ÊB�Prv�%r�op{dm5�drBi~�|rpm6opr*�%rMs��P�>}l�_{%�%rBs��%r��U�6y|�%i�yD}~�6i~ruo>{|�Nq	{|s~�prMspc�ctcvc �6b
e%cfe%c � �FrMs��N�p}~�_{%�%rMs/�%r��/r���}~{|m��3¡"{d}~rMs ctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc �Ue

RF:g£ �*?BGJEHT¥^	Ç5=HÇUADY_WZT¥EHT]W�¶nTUA�ADTUGHAÌE"¶nL;=@?MÇ5^6ADY%?ML;C	=©=�GJ¦ºÇUADL���GJT :N:O:N:N:O:N:O:N:N: £	R
e%c �_cgb �*il�_i~rvr>}/rBi~ilrp�_i���� �_m_rt�P�p}~�_{%�%r���� kgm|}l�p�|ilyK}~kg{dm«m5�_�P�Bi~kS�U�_r cuctctcuctcuctcvc �|�
e%c �_cfe �/{D�UyK�«rp}�}~�_�B{dilÊp�Prt�%rth1rBydm_{�ctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc �|�
e%c �_c � ¡¯yds��%rMs��P�>}~�6{5�_rBs/�%r��U�6y|�%i�yD}~�6i~ruo>{|�Nq	{|s~�prMspc�ctctcvctcuctcuctctcuctcuctcvc �|�

RF:nQ ÃÄÇU?�
HCFEJT5­OE"¶nLZ=@?BÇ5^XA�Y_?BL;C	=[=�GH¦§Ç|ADL
��GHT�EJT��
Y_GJ­B­�:O:P:N:O:N:O:N:N:O:N:O:N:N: £��
e%c �6cgb hjilknm6opknq	r©cvctcuctcuctctcuctcuctcvctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc ���
e%c �6cfe ¡¯yds��|�pm_�Bilyd�¼cuctcuctctcuctcuctcvctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc ���
e%c �6c � x¥�>}l�_{%�%rBs��%r��uyK�6sls��6s~�_rp�g�nrMs¼cvctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc��U¾
e%c �6c � x¥�>}l�_{%�%rBs��%r��uyK�6sls�� �F{|�6yD}~}~{ cvctctcuctcuctcuctcuctctcvctcuctcuctctcuctcuctcvc��U�
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�JC�B E :F5HG/3JI�K=LM5�9�3;:

q a10/8n`eNIc_^Oa10/8 OI0 `60EMO2_^nl�eg363b2
[a, b]

NI2
IR
��OI0/2Cs a10�PQMn`ba10

f ∈ C0([a, b])
2QM OI0/2}s a10�PQMn`ba10"NI2�5 a1`eNI8

ω(x) > 0
MO2_363b298pd%O/2��

f ω ∈ L1(a, b).
& o KLJ'KLJ (

V 2Sk1O1M^NI298�d cQMn,/a7NI298^N_\ `60%MOcQW�^ e8Mn`ba10 0%OId c_^n`edEO/2�298hMpN_\ eg5I5I^Oa%P ,/2_^)3]\ `60%MOcQW�^ eg3b2 8hOI`6l�eg0EMO2��
∫ b

a
f(x)ω(x) dx,

& o KLJ'K o�(
5feg^^OI0/2Z`]s a1^nd/OI3b2RNI2Rd%OfetN ^ e8MhOI^O2 a NI2"3 e/s a1^nd 2��

k∑

i=0

λif(xi),
e l 2cP

λi, xi
^Oc92_3b8 K & o KLJ'K q�(

V 298"5 a1`60%MO8
xi
8O2_^Oa10EM�eg5I5 2_3bc98i3b298FU VYN*PHR)' %65 N*P�R �F:�TgXYR�N�VYP 2QM"3b298SP9am2?>CP_`b2_0EMO8

λi
3b298FU V�NF%@' %65 NQPHR �F:YT XYR�NkV�P

e18 8Oa%P_`bc98
	 P9298�5 a1`60%MO8 K
&4atO/8^P9a10/8n`eNIc_^O2_^Oa10/8-5I^n`60�P_`65feg3b2_d 2_0%MyNI2QO=l P_3 e18O8O298^NI2id cQMn,/a%NI298fN_\ `60EMOcQW�^ e8Mn`ba10U0EOId c_^n`ed%O/2��
J'K 3b298J]���R�
#V	%AS='4%65 N*P�R �F:�TgXYR�N�VYP (�V�]FU V@'���S='�3ba1^O8gd%O/2

[a, b]
298hM k7a1^n0/c"2QM

ω(x) ≡ 1
�

VF\ `60%MO2_^nl1eg363b2 N_\ `60EMOcQW�^ e8Mn`ba10
[a, b]

298hM eg3ba1^O8 8hO1k N `6lm`b8Ock2_0
k
8OatO/8	� `60%MO2_^nl1eg363b298

[αi, αi+1], i = 0, . . . , k−
1
2QM-3]\ a109P eg3ePQOI3b2RP ,fetdEO/2
`60EMOcQW�^ eg3b2

∫ αi+1

αi

f(x) dx,
& o KLJ'K U (

2_0M8hO1k/8hMn`LMhOfeg0%M
f
5feg^pOI0M57a13Li�0/.1d 2SN_\ `60%MO2_^n5 a13 e8Mn`ba10 K

o K 3b298J]���R�
#V	%AS='�%65 NQPHR �F:�TgXYR�NkV�P�%AS��;X�d '='
5 atOI^pNI298)5 a1`eNI8
ω(x) > 0

2QM^NI298�`60%MO2_^nl1eg363b298
[a, b]

5feg^hMn`6�
PQOI36`b2_^O8 K
� 0 eg5I5I^Oa7PO,/2

f
5feg^pOI0 57a13Li�0/.1d 2TN_\ `60EMO2_^n57a13 e8Mn`ba10 8gOI^-3]\ `60EMO2_^nl�eg363b2

[a, b]
2_09NI298-57a1`60EMO8fPO,/a1`b8n`b8

NI2-d eg0I`e|_^O2 	
atk1MO2_0I`6^ OI0/2^s a1^nd/OI3b2fd%OI` 8Oa1`LM 2�lIetPQMO2)5 atOI^ NI298<57a13Lim0/.1d 298 NI2fNI2QW�^Oc)3b2)5I3LO/8 c_3b2_l c
57a�8O8n`LkI3b2 K V 298 57a1`60EMO8FN_\ `60%MO2_^n5 a13 e8Mn`ba10 8Oa10EM eg3ba1^O8 3b298 � c_^Oa�8FNI298 57a13Li�0/.1d 298 a1^hMn,/atW a10fe8O=l�e18 8Oa%P_`bc98
	 OI0/2 s a10�PQMn`ba109NI2i57a1`eNI8�5feg^hMn`ePQOI36`e|_^O2 K

�"eg0/8 MOatO1M P92pP ,feg5I`LMn^O2���a10�8(\ e8MhM etPO,/2_^ e�e9l�eg0EM MOatO1M 	id a10%Mn^O2_^ P9a1d�d 2_0%M<572QOIl 2_0EM AQMn^O2pP9a10/8hMn^hOI`LMO298
NI298ps a1^nd/OI3b298fNI2TdEOfetN ^ e8MhOI^O2 K V 298^d%O/298hMn`ba10/8fNI2RP9a10�l 2_^hW 2_0�P92 NI298 s a1^ndTOI3b298yN_\ `60EMOcQW�^ e8Mn`ba10U0EOId c_^n`ed%O/2
0/2i8O2_^Oa10%M�5fe18 2_0�lm`b8 e8W c9298 K j 2QOI3b8 d%O/2_3edEO/298 ^Oc98hOI3LM e8MO8�8O2_^Oa10%M NIa10I0/c98pN/eg0/8�NI298 P e18 8O`6d�5I3b298 K ��2�d A_d 2��
`63k2�l `b8hMO2/NI2�0/a1dTkI^O2QO/8 298id cQMn,/a%NI298�5feg^hMn`ePQOI36`e|_^O298SN_\ `60EMOcQW�^ e8Mn`ba10 0%OId c_^n`edEO/2 NIccN `bc9298 	}NI298fP e18�5feg^hMn`6�
PQOI36`b2_^O8 K � 0 5 2_0/8O2
5feg^42�lI2_d�5I3b2�e8O=l s a10�PQMn`ba10/8457c_^n`ba7N `edEO/2984atOUe8O=lM`60EMOcQW�^ eg3b298�`60�NIc��/0I`b298 KDY atOI^45I3LO/8
NI2TNIcQM eg`63b8��/a10 ^O2_0�l a1`b2�e8O=lMatOIl�^ e8W 298��$& �*� �@�$��������� ���! #"$��% � J(n'n o�( 2QM & +,��-/.��102043 � J(n'n'a ( K

�JC
� � � 5���3JI��)< I �(9�:F5 � �8G/765�9�3;: :�K � �&G/9���K�� L�3 � � 3;< � �)<

� ������7 � 4X2�! ��2�0t$ $�#§$ ��$ � 0 �3$! §'  5'/$ �  
q a10/8n`eNIc_^Oa10/8pOI0 `60%MO2_^nl1eg363b2Tk a1^n0/c

[a, b] ⊂ IR
� 0/atO/8pPO,/2_^gP ,/a10/8 	�eg5I5I^Oa7PO,/2_^43]\ `60EMOcQW�^ eg3b2��

∫ b

a
f(x) dx.

& o K o KLJ (



��������� ��	��/�,��
	� ��� ��$�	 � ���f�#	����%$ $���! ���g��� �#
 � �%! �)� � � 
	� � �

V eMd cQMn,/a%NI2}P9a10/8n`b8hMO2 	9NIccP9a1d�5 a�8O2_^�3]\ `60EMO2_^nl�eg363b2
[a, b]

2_0
k
8OatO/8�� `60EMO2_^nl�eg363b298

[αi, αi+1]i=0,...,k−12QM�	 P eg3ePQOI3b2_^fP ,fetdEO/2"`60%MOcQW�^ eg3b2��
∫ αi+1

αi

f(x) dx,
& o K o K o�(

2_0M8hO1k/8hMn`LMhOfeg0%M
f
5feg^pOI0M57a13Li�0/.1d 2SN_\ `60%MO2_^n5 a13 e8Mn`ba10 K

&�atO/8*NIa10I0/a10/8:N/eg0/8 3b298 5feg^ e8W�^ eg5I,/298 d%OI`�8hOI`6l 2_0%M:NI298 2�l 2_d�5I3b298:O/8hO/2_3b8:NI2]d cQMn,/a7NI298:N_\ `60EMOcQW�^ e8Mn`ba10
0EOId c_^n`ed%O/2TP9a1d�57a�8Oc9298 K

~ � ~ �6, � � 4��B&>.*;�
*#%� 
:#E��)8#E$'&(��?*�@!�#%�
� 0 PO,/a1`b8n`LM

ξi ∈ [αi, αi+1]
K�� 0 ^O2_d�5I3 etP92

f
5feg^�3b2�5 a13Lim0/.1d 2 N_\ `60EMO2_^n57a13 e8Mn`ba10 NI2}V e8W�^ eg01W 2 NI2

NI2QW�^Oc
0
�

p0(x) = f(ξi)
& o K o K q�(

� 0 e eg3ba1^O8
∫ αi+1

αi

f(x) dx ≈ (αi+1 − αi)f(ξi)
& o K o K U (

2QM�5feg^)8hOI`LMO2"8hOI^
[a, b]

�

∫ b

a
f(x) dx ≈

k−1∑

i=0

(αi+1 − αi)f(ξi)
& o K o KoX (

dEOI` 298gM OI0/2
8Oa1d�d 2RNI2"()`b2_d eg0I0 K
V 298pP ,/a1` l 3b298�5I3LO/8^P9atOI^ eg0%MO8-57atOI^

ξi
8 a10EM �

J'K
ξi = αi

�/a10Matk1Mn`b2_0%M)3 e ]���R�
 V;%AS�%AS=' T�S ( R
X�P<:�W�SC' ��:�X�d (�
 S0�
∫ b

a
f(x) dx ≈

k−1∑

i=0

(αi+1 − αi)f(αi)
& o K o Koa (

o K
ξi = αi+1

�Ia10Matk1Mn`b2_0%M)3 e ]���R�
 V;%AS�%AS=' T�S ( R
X�P<:�W�SC' � %�T VYNQR(S �
∫ b

a
f(x) dx ≈

k−1∑

i=0

(αi+1 − αi)f(αi+1)
& o K o K u (

~ � ~ �6, � � 4��E&>.�;�
:# 
:#E� &()8�10 #��B#E�
Y atOI^-3 e"] � R�
#V;%AS�%AS=' R�TgXfU ���1S=' �fa10 PO,/a1`b8O`LM-3b2�5 a13Lim0/.1d 2SNI2SV e8W�^ eg01W 2RNI2SNI2QW�^Oc

1
d%OI` `60%MO2_^n5 a13b2

f2_0
αi

2QM
αi+1

K
∫ αi+1

αi

f(x) dx ≈
∫ αi+1

αi

p1(x) dx =
(αi+1 − αi)

2
[f(αi) + f(αi+1)]

& o K o K ��(
8Oa1`LM-8hOI^

[a, b]
�

∫ b

a
f(x) dx ≈ Tk(f) =

k−1∑

i=0

(αi+1 − αi)

2
[f(αi) + f(αi+1)]

& o K o Kon (



q�p ���������
	���
 ��� �($�	 � ���f�#	����%$ $���! ���g�����#


~�� ~ �6, �L$ 4��B&>.*;�
*# 
:�A0F;@�6?D&C<H�6!6��#%�
Y atOI^ 3 e ] � R�
#V;%AS7%�d U V�NQPHRJ]^NQWjN
S?d � a10 P ,/a1`b8n`LM 3b2 57a13Li�0/.1d 2 NI2 r�2_^nd�`LMO2 NI2 NI2QW�^Oc

1
e8O 57a1`60EM

d�`636`b2QOmNI2i3]\ `60EMO2_^nl�eg363b2��f8Oa1`LM �

αi+1/2 =
(αi+1 − αi)

2
, p1(αi+1/2) = f(αi+1/2), p′1(αi+1/2) = f ′(αi+1/2)

& o K o KLJ p�(
� 0Ue�eg3ba1^O8 �

∫ αi+1

αi

f(x) dx ≈
∫ αi+1

αi

p1(x) dx = (αi+1 − αi)f(αi+1/2)
& o K o KLJ'J (

� ������� � 4X2�! ��2�0t$ � �&! �F4_. ��(/$ �@��!� d#%46'��	#_23��!
Y a�8 a10/8

hi = αi+1 − αi
2QM)2��$2cPQMhO/a10/8-3b2SP ,feg01W 2_d 2_0EM NI2"l1eg^n` e8kI3b2
36`60/c eg`6^O2��

ν =
2x− αi − αi+1

hi
.

& o K o KLJ o�(
j ` 3]\ a10M0/atMO2��

ϕi(ν) = f(x) = f

(
αi + αi+1 + νhi

2

)

,
& o K o KLJ q�(

3]\ `60%MOcQW�^ eg3b2/NI2
f
572QO1M)eg3ba1^O8)8(\ ccP_^n`6^O2��

∫ αi+1

αi

f(x) dx =
hi

2

∫ 1

−1
ϕi(ν) dν

& o K o KLJQU (
�i^��tP92 	 P92 8n`6d�5I3b2CPO,feg01W 2_d 2_0EM NI2�l�eg^n` e8kI3b2�� a10 572QO1M 8O2�^ egd 2_0/2_^�e8O3P eg3ePQOI3 8hOI^SOI0 `60%MO2_^nl1eg363b2 �1l 2
[−1, 1]

K
j OI^

[−1, 1]
��a10 8O2 NIa10I0/2

l+1
57a1`60EMO8 {τj}j=0,...,l

2QMk3]\ a10�PO,/a1`b8n`LMFN_\ eg5I5I^Oa7PO,/2_^
ϕ
5feg^ 8Oa10�5 a13Lim0/.1d 2

N_\ `60%MO2_^n5 a13 e8Mn`ba10`NI2RV e8W�^ eg01W 2
pϕ

NI2SNI2QW�^Oc ≤ l
e8O=l 5 a1`60%MO8 {τj}

�f8Oa1`LM �

ϕ(ν) ≈ pϕ(ν) =

l∑

j=0

ϕ(τj)Lj(ν)
& o K o KLJ(X (

a�� 3 e/s a10�PQMn`ba10
Lj

298hM�3 e s a10�PQMn`ba109NI2 kfe18 2RNI2SV e8W�^ eg01W 2��

Lj(ν) =

l∏

k=0,k 6=j

(
ν − τk

τl − τk

) & o K o KLJ(a (

VF\ `60EMOcQW�^ eg3b2/NI2
ϕ
8hOI^

[−1, 1]
298hMpNIa10�P eg5I5I^Oa7PO,/c92 5feg^ �

∫ 1

−1
ϕ(ν) dν ≈ 2

l∑

j=0

ϕ(τj)ωj
e l 2cP

ωj =
1

2

∫ 1

−1
Lj(ν) dν

& o K o KLJ>u (

w 0 eg5I5I36`ed%Ofeg0EM)3 e s a1^nd/OI3b2 & o K o KLJ>u ( 	
ϕi
�Ia10 atk1Mn`b2_0EM43 e/s a1^nd/OI3b2RN_\ `60EMOcQW�^ e8Mn`ba10U57atOI^

f
�

∫ αi+1

αi

f(x) dx ≈ hi

l∑

j=0

ωjf(αij)
e l 2cP

αij =
αi + αi+1 + hiτj

2

& o K o KLJ ��(



��������� ��	��/�,��
	� ��� ��$�	 � ���f�#	����%$ $���! ���g��� �#
 � �%! �)� � � 
	� �A�

� 0Me8OI^ eg`LM-51O Mn^ eg`LMO2_^pN `6^O2cPQMO2_d 2_0EMie9l 2cPi3b2i57a13Li�0/.1d 2SN_\ `60%MO2_^n5 a13 e8Mn`ba109NI2
f
e8O=l�57a1`60EMO8

αij
K VF\ `60��

MOc_^ AQMFNI2 P92QMhMO2-ccP_^n`LMhOI^O2-298hM NI2�8hi 8hMOc_d e8Mn`b8O2_^ 3b2 P eg3ePQOI3�NI298]5 a1`eNI8
ωj

2QMFNI2 d a10EMn^O2_^ dEO�\ `63b8k0/2 NIc_572_0�NI2_0EM
5feg^pNI2

i
K

j ` a10M^O2_lm`b2_0EM
	�3]\ 298hMn`6d e8Mn`ba109NI2"3]\ `60%MOcQW�^ eg3b2 8hOI^
[a, b]

�fa10Matk1Mn`b2_0%M

∫ b

a
f(x) dx ≈

k∑

i=0

hi

l∑

j=0

ωjf(αij) ≡ Tkl(f)
& o K o KLJ(n (

# �21 ?*�2&>��;@? ~ � ~ �6, V e s a1^nd/OI3b2 & o K o KLJ>u ( 8>\ eg5I5 2_363b2`OI0/2 � V�T?]^deW_S�%AS���d�X2%�TgXYR�deT�S �?W �?]cS?PHR
X�NQT�S 2QM 3 e
s a1^nd/OI3b2 & o K o KLJ(n (�8>\ eg5I5 2_363b2 OI0/2 � V�T?]^deW_S�%AS���d X %�T X�R�deT�S.(�V�]FU V '���S

❏

������� � �¼, �F��4�� �8$ (�$��@��!���$F4 �j$H! �@$�(/$! � �F#%,���(/$! ·(/$��¯'�.À(/4_.J#_'/4_$ �@��� 0t�  �&$! <�

v 0�^Oc98gOI3LM e8M NI2�P9a10�l 2_^hW 2_0�P92yNI298kd cQMn,/a%NI298FNI2 d%OfetN ^ e8MhOI^O2pP9a1d�57a�8Oc9298]298hM NIa10I0/c�5feg^ 3b2�Mn,/c9a1^g|_d 2
8hOI`6l�eg0EM �
" .*�E;@)$#7<3#m~�� ~ �6, � 0 8hOI5I5 a�8 2pdEO/2)3 e s a1^ndTOI3b2yNI2^d%OfetN ^ e8MhOI^O24c_3bc_d 2_0%M eg`6^O28& o K o KLJ>u (]298hM �1l c9242QM d%O/2
∀j ∈ {0, . . . , l}, τj ∈ [−1; 1]

) eg3ba1^O8�� 57atOI^FMOatO1MO2 s a10�PQMn`ba10
f
`60EMOcQW�^ e8kI3b2"e8O 8O2_0/8 NI2)(-`b2_d eg0I0 8hOI^

[a, b]
�

a10 e

Tkl(f)
MO2_0�NI8)l 2_^O8 ∫ b

a
f(x) dx

& o K o K o�p�(

3ba1^O8gd%O/2SdEO/2i3 e�3ba101W'O/2QOI^
δk = max0≤i≤k hi

MO2_0�N l 2_^O8
0
K

❏

* T�S?d,+�S.- � 0 e�N_\ eg5I^g|98 & o K o KLJ(n (

Tkl(f) =

l∑

j=0

ωjIkj(f)
e9l 2cP

Ikj(f) =

k∑

i=0

hif(αij)
& o K o K o J (

q a1d�d 2
αij ∈ [αi, αi+1]

� 3 e dEOfeg0%Mn`LMOc
Ikj(f)

298hM OI0/2
8 a1d�d 2RNI2"(-`b2_d eg0I0 2QMfNIa10�P

lim
δk→0

Ikj(f) =

∫ b

a
f(x) dx

& o K o K o�o�(

% 3 8gO >�M-2_0��/09NI2"^O2_d eg^gd%O/2_^^dEO/2 ∑l
j=0 ωj = 1

5 atOI^ MO2_^nd�`60/2_^43 e�5I^O2QOIl 2 K
❏

�}#7<3�1)8����# V 298 s a1^ndTOI3b298CN_\ `60%MOcQW�^ e8Mn`ba10 P9a1d�57a�8Oc9298 8Oa10%M 2�lIetPQMO298 5 atOI^�3b298�57a13Li�0/.1d 298 NI2 NI2QW�^Oc
≤ l

K &4atO/8pN `6^Oa10/8^N/eg0/8-3 e�8hOI`LMO2Rd%O�\ 2_363b298-8Oa10%M^N_\ a1^gN ^O2
l
K



q�o ���������
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� #%<H�1)+���*# � \ OI0/2�d eg0I`e|_^O2�W c_0/c_^ eg3b2�� `63/298hMk`6d�5 a�8O8O`LkI3b2 NI2 NIc_d a10%Mn^O2_^<3 e P9a10�l 2_^hW 2_0�P92^NI298:s a1^ndTOI3b298
NI2CdEOfetN ^ e8MhOI^O2 c_3bc_d 2_0%M eg`6^O2 & o K o KLJ>u (�3ba1^O8{dEO/2

l
MO2_0�N l 2_^O8"3]\ `60��/0I` K q 2cP_` 0�\ 298hM"5fe18 cQMOa10I0feg0EM 51OI`b8{dEO/2

3]\ `60%MO2_^n5 a13 e8Mn`ba10"NI2�V e8W�^ eg01W 2 0/2�P9a10�l 2_^hW 2 5fe18Ss a1^gP9c_d 2_0%M�l 2_^O8
f
2_0 0/a1^nd 2�OI0I` s a1^nd 2 K q 2cP_`�[ O/8hMn`6�f2

3]\ `60%MOc_^ AQMCNI298 s a1^ndTOI3b298�NI2 d%OfetN ^ e8MhOI^O2 P9a1d�5 a�8Oc9298 e l 2cP NI298�`60EMO2_^n57a13 e8Mn`ba10/8�57a13Li�0/a1d�` eg3b298�NI2 NI2QW�^Oc
s eg`LkI3b2 K �i2"5I3LO/8��I2_363b2 8Oa10EMpMn^g|98-`60EMOc_^O298O8 eg0%MO298fN=O 57a1`60EMfNI2"l%O/2SNI2
3 e�d�`b8O2
2_0�� OIlm^O2 K

� ����� 
 
�$� � ��#_,/��(/$� º(/$���$��º#%��!��|� �À#%$! 
�"eg0/8�3 eU5I^ e8Mn`edEO/2��<a10 PO,/a1`b8n`LM 3b2 5I3LO/8�8OatOIl 2_0EM}NI298�5 a1`60%MO8�N_\ `60EMO2_^n57a13 e8Mn`ba10/8 ccdEOI`eN `b8hM eg0%MO8CNI2 3 e

s a1^nd 2��

τj = −1 +
2

l
j, j = {0, . . . , l} & o K o K o�q�(

V 298Rs a1^ndTOI3b298 NI2Cd%OfetN ^ e8MhOI^O2 c_3bc_d 2_0%M eg`6^O2 d%O/2�3]\ a10 atk1Mn`b2_0EM�� 8(\ eg5I5 2_363b2_0%M�3b298 ��VYTf]^d#W�S=' %65 NQPHR �F:YT XYR�NkV�P
%eS���S�
,R
V�P � �)VYR(S=' K

�T)+;@0*)t���B&(�E� � O1Mn^O2/d%O�\ 2_363b298i8Oa1`b2_0EM"2�l/etPQMO298�� 5feg^yP9a10/8hMn^hO�PQMn`ba10 �757atOI^�3b298)57a13Li�0/.1d 298 NI2 NI2QW�^Oc ≤ l
�

2_363b298
5I^Oa)��MO2_0EM/NI2�5I^Oa15I^n`bcQMOc98�8hOI5I5I3bc_d 2_0EM eg`6^O298 K*Y eg^
^ eg`b8Oa103NI2�8himd cQMn^n`b2�� ∀j ∈ {0, . . . , l}, ωlj = ωj
)

`63"2_0 ^Oc98hOI3LMO2mdEO/2U8n`
ϕ
298hM OI0/2 s a10�PQMn`ba10 `6d�5feg`6^O2U8gOI^

[−1, 1]
K Y eg^ P9a10/8Occd%O/2_0�P92�� 3b298}s a1^nd/OI3b298 NI2

&�2 � MOa10�� q atMO298�8Oa10EM)2�l/etPQMO298 �
• 5 atOI^ ϕ ∈ Pl

8n`
l
298gM�`6d�5feg`6^��

• 5 atOI^ ϕ ∈ Pl+1
8n`

l
298gM�5feg`6^ K

,f �#%<H0:!�#%�C���+��#7!2�
J'K

l = 1
)/a10 ^O2QMn^OatOIl 2
3 e�d cQMn,/a7NI2RNI298 Mn^ eg5 | � 298��

o K
l = 2

)I3 e ]���R�
#V;%AS&%eS	��N*]FU!' V�P 298hM^NIa10I0/c92
5feg^
ω0 = ω2 = 1/6, ω1 = 2/3

� 8Oa1`LM
∫ 1

−1
ϕ(ν) dν =

1

3
[ϕ(1) + 4ϕ(0) + ϕ(1)]

& o K o K o U (

q K
l = 4

)-3 e ]���R�
 V;%AS %AS�
FV%V�W_S �
�MN*WQWOXYT (�S�X�d 298hM5NIa10I0/c92 5feg^
ω0 = ω4 = 7/90, ω1 = ω3 =

16/45, ω2 = 2/15
K

� #%<H�1)+���*# V 298kd cQMn,/a%NI298FNI2 &�2 � MOa10�� q atMO298]8Oa10%M:O1Mn`636`b8 c9298 [ O/8{dEO�\ 	 l ≤ 8
K *fO NI2_3 	��13b298 P9a�2?>CP_`b2_0%MO8

ωj
NI2_lm`b2_0I0/2_0EMD` W�^ eg0�NI8 a 2QM^NI2
8O`LW�0/298-d c_3 eg01W c98yP92Td%OI` ^O2_0�N 3b298 s a1^ndTOI3b298fMn^g|98)8 2_0/8n`LkI3b2984e8O=lM2_^n^O2QOI^O8N_\ eg^n^Oa10�N `b8 K

�JC�� � 5�K�I�� � �): �&G�7�� �4I���� � �&G�G��)K�G I �(9�:F5 � �8G/765�9�3;: :�K � �&G/9���K4�

VF\ cQMhO�NI2 W c_0/c_^ eg3b2 NI2 3]\ 2_^n^O2QOI^�N_\ `60%MOcQW�^ e8Mn`ba10 0%OId c_^n`edEO/2M298gM�^Oc eg36`b8 c92Me8O=l d a(i 2_0/8}N=O 0/a(i�e8OANI2
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k∑

i=0

λif(xi)
& o K q K o�(

❏

VF\ 2_^n^O2QOI^�N_\ OI0/2)d cQMn,/a7NI2^N_\ `60%MOcQW�^ e8Mn`ba10M298hM OI0/2ps a1^nd 2)36`60/c eg`6^O2fP9a10%Mn`60EO/2i8hOI^ C0([a, b])
57atOI^<3 e
0/a1^nd 2

‖.‖∞

�������)� ��� �".1' $F#º#_, �F�j4 � �8$�(/$ ��$F.À!/�
�ic��/0I`b8O8Oa10/8"d eg`60%MO2_0feg0EM P92�d%O/2�3]\ a10 eg5I5 2_363b2 3b2�0/a(i�e8OHNI2 Y 2 eg0/a5N_\ OI0/2�d cQMn,/a%NI2CN_\ `60EMOcQW�^ e8Mn`ba10

0EOId c_^n`ed%O/2��
# �21 ?*�2&>��;@? ~ �eI��eI V 2-0/a(i�e8O NI2 Y 2 eg0/a ��0/atMOc

KN
�EN_\ OI0/2�d cQMn,/a%NI2fN_\ `60EMOcQW�^ e8Mn`ba10 0EOId c_^n`ed%O/2fN_\ a1^gN ^O2

N
NIa10I0/c92"5feg^)3 e/s a1^nd/OI3b2 & o K q KLJ ( �I298hMpNIc��/0I` 5feg^ �

KN (t) = E(x 7→ (x− t)N
+ ))

& o K q K q�(
a��

u+
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∀x ∈ [a, b], f(x) =

N∑

k=0

1

k!
f (k)(a)(x− a)k +
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∫ x
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(x− t)Nf (N+1)(t) dt
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d%OI` 572QO1M-8(\ ccP_^n`6^O2��
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1
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∫ b
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(x− t)N

+f (N+1)(t) dt
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E(f) =
1
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E
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x 7→
∫ b
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(x− t)N

+f (N+1)(t) dt
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KN (t) dt

& o K q K ��(
e l 2cP

MN+1 = ‖f (N+1)‖∞
& o K q Kon (
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∃ξ ∈ [a, b], E(f) =
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❏
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ω(x) dx
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∃ξ ∈ [α, β],

∫ β

α
f(x)ω(x) dx = f(ξ)

∫ β

α
ω(x) dx

& o K q KLJ o�(
w 0 eg5I5I36`edEOfeg0%M�P92QMhMO2�s a1^ndTOI3b2 NI2 d a(i 2_0I0/2 57atOI^

ω(x) = KN (t)
& atO

ω(t) = −KN (t))
8n`

KN
298gM

0/cQW�e8Mn` s ( �Ia10 atk1Mn`b2_0EM

E(f) =
f (N+1)(ξ)

N !

∫ b

a
KN (t) dt

& o K q KLJ q�(
q 2QMhMO2RNI2_^n0I`e|_^O2
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x 7→ xN+1 �

E(x 7→ xN+1) = (N + 1)

∫ b

a
KN (t) dt,

& o K q KLJQU (
dEOI`�P9a1d/kI`60/c92�e l 2cP & o K q KLJ q�( NIa10I0/2"3b2
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∫ β

α
f(x) dx ≈ (β − α)f(γ), γ ∈ [α, β]

& o K q KLJ(X (
N/eg0/8<3b2yP e18 a��

γ
0�\ 298hM 5fe18<3b2457a1`60EM d�`636`b2QO K V e
d cQMn,/a7NI24298gM N_\ a1^gN ^O2

0
K V 2)0/a>i�e8O NI2 Y 2 eg0/a�298gM eg3ba1^O8

K0(t) = E(x 7→ (x− t)0+)
& o K q KLJ(a (

� 0 e

∫ β

α
(x− t)0+ dt =







(β − α)
8n`

α ≥ t

(β − t)
8n`

α ≤ t ≤ β

0
8O`

t ≥ β

& o K q KLJ>u (

2QM

(β − α)(γ − t)0+ =
{

β − α
8n`

t ≤ γ0
8n`

t ≥ γ
& o K q KLJ ��(

V 2i0/a(i�e8OmNI2 Y 2 eg0/aCNI2i3 e�d cQMn,/a7NI2
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5feg^ �
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∫ β

α
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& o K q KLJ(n (
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
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t ≤ α
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8O`

α ≤ t ≤ γ

t− β
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γ ≤ t ≤ β

0
8n`

t ≥ β

& o K q K o�p�(

% 3 298hMi^O2_5I^Oc98O2_0%MOc 	�3 e ��W'OI^O2 o KLJ'K % 3 298hM 	�0/atMO2_^Rd%O/2�3b2�0/a>i�e8OHNI2 Y 2 eg0/a 298hMi5fe18RNI2�8n`LW�0/2 P9a10/8hM eg0EM
OI0I`edEO/2_d 2_0%M4atOI^
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2QM dEO/2
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� eg3ba1^O8

|E(f)| ≤ CN (β − α)hN+1MN+1
& o K q K o J (

e l 2cP

MN+1 = ‖f (N+1)‖∞
& o K q K o�o�(

h = max
0≤i≤n

hi
& o K q K o�q�(
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1

22N+2N !

∫ ∞

−∞

|kN (t)| dt
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∫ ∞
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& o K q K o a (

=
1

22N+2(N + 1)!





∫ 1
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
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24
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∫ b
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57a1`60EMO842�l7MOc_^n`b2QOI^O8 	

[a, b]
K � 0 e�3b2SMn,/c9a1^g|_d 2
8gOI`6l1eg0%M �

" .��%; )@#%<H#m~ � � ��, � M eg0EMyNIa10I0/c98 �
h�NI2QO=l 2_0EMn`b2_^O8

k
2QM

l
MO2_3�d%O/2

k + 1 ≥ l ≥ 0
h

k + 1− l
5 a1`60%MO8-2�l=MOc_^n`b2QOI^O8
	

[a, b]
� {xl, . . . , xk}*43ba1^O8�`63 2�l `b8hMO2 OI0/2SOI0I`ed%O/2 s a1^ndTOI3b2RN_\ `60%MOcQW�^ e8Mn`ba10mNI2i3 e s a1^nd 2 & o K U�KLJ ( dEOI` 8Oa1`LMpN_\ a1^gN ^O2

k + l
K

❏

*6TgS?d<+\S -�� PHN (�N�R ��� � 0 8hOI5I57a�8O2Td%O�\ `63 2�l `b8hMO2TOI0/2Rs a1^ndTOI3b2 N_\ `60EMOcQW�^ e8Mn`ba103NI2�3 e s a1^nd 2 & o K U�KLJ (fd%OI` 8Oa1`LM
N_\ a1^gN ^O2

k + l
K q a10/8O`eNIc_^Oa10/8)3b2i57a13Li�0/.1d 2 8hOI`6l1eg0%M �

πk+1(x) =
k∏

i=l

(x− xi)
& o K U�K o�(

q 2-5 a13Lim0/.1d 2�W�eg^gNI2 OI0 8n`LW�0/2 P9a10/8hM eg0%M 8hOI^
]a, b[

51OI`b8gd%O/2pP9298k^ etP_`60/298 8Oa10EM 	�3]\ 2�l=MOc_^n`b2QOI^ K q a10/8n`eNIc_^Oa10/8
3 e s a10�PQMn`ba10 8gOI`6l1eg0%MO2��

θ(x) = εω(x)πk+1(x)
& o K U�K q�(

w 09PO,/a1`b8n`b8 8 eg0EM
ε = ±1

�I3b2"8n`LW�0/2TP9a10/8hM eg0EM^P9a10/8gM eg0EMfNI2
πk+1

5 2_^nd 2QMfN_\ ccP_^n`6^O2Td%O/2

θ(x) > 0,∀x ∈]a, b[
& o K U�K U (

2QMfNIa%P_0 NI2RP9a10/8O`eNIc_^O2_^
θ
P9a1d�d 2SOI0/2 s a10�PQMn`ba109NI2i57a1`eNI8 K

j a1`LM�3b2"57a13Li�0/.1d 2RNI2SNI2QW�^Oc
`60=s c_^n`b2QOI^)atO cQW�eg3b2 	
l
�

pl(x) =

l−1∏

i=0

(x− xi)
& o K U�KoX (



����� ��� ��	��/�,��
	� ��� ��$�	 � ���f�#	����%$ $���! ���g��� �#
4��
��;�#� � � � �

Y atOI^)5 a13Lim0/.1d 2
q
NI2RNI2QW�^Oc"`60=s c_^n`b2QOI^)atOMcQW�eg3b2 	

l − 1
�/a10 e

∫ b

a
pl(x)q(x)θ(x) dx =

∫ b

a
q(x)

k∏

i=0

(x− xi)ω(x) dx =

k∑

i=0

λiq(xi)

k∏

i=0

(xi − xi) = 0
& o K U�Koa (

P eg^]3 e s a1^ndTOI3b2 & o K U�KLJ ( 298hM 2�lIetPQMO2)5 atOI^]3b2)5 a13Lim0/.1d 2
q(x)

∏k
i=0(xi−xi)

�%dEOI`f298gM NI2pNI2QW�^Oc ≤ k+ l−1K
Y atOI^-^Oc98hOId c��/a10 e�3 e s a1^nd/OI3b2
8hOI`6l�eg0EMO2��

∫ b

a
pl(x)q(x)θ(x) dx = 0, θ(x) > 0,∀q ∈ Pl−1

& o K U�K u (

� \ eg5I^g|98,& o K U�K u ( �/3b2�5 a13Lim0/.1d 2
pl(x)

298gM)3b2
(l + 1)

|_d 2�5 a13Lim0/.1d 2�a1^hMn,/atW a10feg3k57atOI^43b2�57a1`eNI8
θ(x)

K % 3
5 a�8 8g|cNI2TNIa10�P

l
^ etP_`60/298 N `b8hMn`60�PQMO8i8hOI^)3]\ `60%MO2_^nl1eg363b2

]a, b[
d%O/2
0/atO/8�0/atMOa10/8 {x0, . . . , xl−1}

2QM dEOI` 8Oa10EM
NIa10�PRNIc��/0I`b298^NI2id eg0I`e|_^O2TOI0I`edEO/2 K

w 0 ccP_^n`6l�eg0EM�d%O/2 3 e9s a1^nd/OI3b2 & o K U�KLJ (�298hM�2�lIetPQMO2 57atOI^�3b298�57a13Li�0/.1d 298 NI2 kfe18O2 NI2 V e8W�^ eg01W 2
LiNIc��/0I`b8-8hOI^-3b298-5 a1`60%MO8 {x0, . . . , xl−1}

�/a10 atk1Mn`b2_0%Mfd%O/2��

λi =

∫ b

a
Li(x)ω(x) dx

& o K U�K ��(

V 298�57a1`eNI8pNI2"3 e/s a1^ndTOI3b2/NI2SdEOfetN ^ e8MhOI^O2�8Oa10EM^NIa10�PTNIc��/0I`b8pNI2"d eg0I`e|_^O2SOI0I`ed%O/2 K
V 298)5 a1`60%MO8fN_\ `60%MOcQW�^ e8Mn`ba10

xi
eg`60/8O`�dEO/2
3b2QOI^O8)57a1`eNI84e18O8 a%P_`bc98

λi
cQM eg0EMyNIc��/0I`b8fNI2"d eg0I`e|_^O2TOI0I`edEO/2��

a10 P9a10�P_3LO1M 	�3]\ OI0I`eP_`LMOc/NI2i3 e�d cQMn,/a%NI2TNI2i3 e s a1^nd/OI3b2RN_\ `60EMOcQW�^ e8Mn`ba10 K
�)h�N�'?R(S�P�(�S���q a10/8n`eNIc_^Oa10/8 	 0/atOIl 2 e8O 3b298

l
^ etP_`60/298TN=O

(l + 1)
|_d 2 5 a13Lim0/.1d 2 a1^hMn,/atW a10feg3<57atOI^"3b2

5 a1`eNI8
θ(x)

8hOI^
]a, b[

K &�atMOa10/8�3b298 {x0, . . . , xl−1}
K1Y a�8Oa10/8

λi =

∫ b

a
Li(x)ω(x) dx

& o K U�Kon (

a10 eg3ba1^O8

k∑

i=0

λif(xi) =

∫ b

a
pf (x)ω(x) dx

& o K U�KLJ p�(

a��
pf

298hM�3b2
57a13Li�0/.1d 2 N_\ `60%MO2_^n5 a13 e8Mn`ba103NI2
f
2_0

xi, 0 ≤ i ≤ k
K V e s a1^ndTOI3b2 & o K U�KLJ (4298hMyNIa10�P�2�l/etPQMO2

5 atOI^�3b298-5 a13Lim0/.1d 298^NI2SNI2QW�^Oc ≤ k
K

j a1`LMFOI0 57a13Lim0/.1d 2
ρ
NI2pNI2QW�^Oc

k+ l
� 2_0�O1Mn`636`b8 eg0EM 3 eSN `6l�`b8O`ba10 2QO�P_36`eN `b2_0I0/2^NI298<5 a13Lim0/.1d 298���`63f2�l `b8hMO2

NI2QO=l 57a13Lim0/.1d 298
q
NI2SNI2QW�^Oc ≤ l − 1

2QM
r
NI2SNI2QW�^Oc ≤ k

MO2_3�d%O/2

ρ(x) = q(x)

k∏

i=0

(x− xi) + r(x)
& o K U�KLJ'J (
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&�atO/8)e l a10/8fNIa10�P
∫ b

a
ρ(x)ω(x) dx =

∫ b

a
q(x)

k∏

i=0

(x− xi)ω(x) dx +

∫ b

a
r(x)ω(x) dx

& o K U�KLJ o�(

=

∫ b

a
q(x)pl(x)θ(x) dx

︸ ︷︷ ︸

=0 ���������
	���	�
������ �����

+

∫ b

a
r(x)ω(x) dx

& o K U�KLJ q�(

=

k∑

i=0

λir(xi)
& j/a1^nd/OI3b2 2�l/etPQMO2"57atOI^

r
( & o K U�KLJQU (

=

k∑

i=0

λif(xi)
& o K U�KLJ(X (

V e/s a1^ndTOI3b2 298gMpNIa10�P
2�lIetPQMO2
5 atOI^�3b298�57a13Lim0/.1d 298^NI2SNI2QW�^Oc
k + l

K
❏

� #%<H�1)+���*# , V eSNIc_d a10/8hMn^ e8Mn`ba10 N=O�Mn,/c9a1^g|_d 2�5I^OccP9ccNI2_0EM 572_^nd 2QM NI2 P9a10/8hMn^hOI`6^O2�3 eys a1^ndTOI3b2^N_\ `60EMOc��
W�^ e8Mn`ba10 0%OId c_^n`edEO/2 K V 298 5I^n`60�P_`65feg3b298�cQM eg5 298 NI243 e P9a10/8hMn^hO�PQMn`ba10 N_\ OI0/2fs a1^nd/OI3b2SN_\ `60EMOcQW�^ e8Mn`ba109N_\ a1^gN ^O2
k + l

8Oa10%M-3b298-8hOI`6l�eg0EMO298 �
J'K q ,/a1`b8n`6^

k + l − 1
57a1`60EMO8-2�l=MOc_^n`b2QOI^O8
	

]a, b[
�f0/atMOc98 {xl, . . . , xk}o K q a10/8hMn^hOI`6^O2"3 e s a10�PQMn`ba10M57a1`eNI8

θ(x)
�

θ(x) = εω(x)πk+1(x)
& o K U�KLJ(a (

q K �icQMO2_^nd�`60/2_^)3b2
(l + 1)

|_d 2
57a13Li�0/.1d 2
a1^hMn,/atW a10feg3
pl(x)

5feg^-^ eg5I57a1^hM
	
θ
8hOI^

[a, b]
K

U�K �icQMO2_^nd�`60/2_^)3b298
l
^ etP_`60/298^NI2

pl(x)
N/eg0/8

]a, b[
�/0/atMOc9298 {x0, . . . , xl−1}X=K q eg3ePQOI3b2_^-3b298�57a1`eNI8pNI2"3 e/s a1^ndTOI3b2/N_\ `60EMOcQW�^ e8Mn`ba10 �

λi =

∫ b

a
Li(x)ω(x) dx

& o K U�KLJ>u (

� #%<H�1)+���*#�~ � 0�P9a10/8hM e8MO2�d%O/2 3 efP9a10/8gMn^hO�PQMn`ba10�N_\ OI0/2 s a1^nd/OI3b2 N_\ `60%MOcQW�^ e8Mn`ba10}NI2 �"e8O/8O8 572QO1M 8(\ e9l c��
^O2_^ AQMn^O24e18 8O2 �fP9a1d�5I36`ed%O/c92 K%Y atOI^�NI298Fs a1^ndTOI3b298�N_\ a1^gN ^O2^s eg`LkI3b2 &

N < 10
( ��a10 5I^Oc�s |_^O2�8OatOIl 2_0EM Mn^OatOIl 2_^

3b298]5 a1`60%MO8]2QMk3b298 5 a1`eNI8 N_\ `60%MOcQW�^ e8Mn`ba10�2_0�l c_^n`6� eg0%M]3]\ a1^gN ^O2)e8MhMO2_0�N=O/2pNI2 3 e4d cQMn,/a7NI2-8hOI^ NI298 57a13Li�0/.1d 298
NI2Rkfe18O2 K

&4atO/8�eg363ba10/8 NIa10I0/2_^ N/eg0/8�3 e 8hOI`LMO2 NI2QO=l 2�l 2_d�5I3b298 NI2�d cQMn,/a7NI298 NI2(�"e8O/8O8/Mn^g|98 O1Mn`636`b8Oc9298�5 atOI^
3b2QOI^)^O2_3 e8Mn`6l 2 8n`6d�5I36`eP_`LMOc K

� � 
 ��� � ��#_,���(�$! §(�$��[.À'   ·'  5'/$ ���3$! 
V 298"d cQMn,/a7NI298TNI2 �
e8O/8O8SO/8hO/2_363b298
8 a10EMTP9a10/8hMn^hOI`LMO298�2_03PO,/a1`b8O`b8O8 eg0EM

k = l − 1
K qy\ 298hM 	 N `6^O2�d%O/2

MOatO/8)3b298�57a1`60EMO8)8 a10EM�	�3]\ `60%MOc_^n`b2QOI^fNI2
]a, b[

K &�atO/8)e9l a10/8)3b2SMn,/c9a1^g|_d 2
8hOI`6l�eg0EM �



����� ��� ��	��/�,��
	� ��� ��$�	 � ���f�#	����%$ $���! ���g��� �#
4��
��;�#� � � �#�

" .*�E;@)$#7<3#m~�� ��� ~ % 3 2�l `b8hMO2pOI0/2fOI0I`ed%O/2ps a1^ndTOI3b2yN_\ `60EMOcQW�^ e8Mn`ba10 NI243 eSs a1^nd 2,& o K U�KLJ ( & 	
k +1

5 a1`60%MO8 ( �
N_\ a1^gN ^O2

2k + 1
) 2_363b2"atk1MO2_0EO/2"2_0 P ,/a1`b8n`b8O8 eg0%M�5 atOI^ 5 a1`60%MO8 N_\ `60EMOcQW�^ e8Mn`ba10

xi
3b298 ^ etP_`60/298 N=O

(k + 2)
|_d 2

5 a13Lim0/.1d 2"a1^hMn,/atW a10feg3 57atOI^-3b2i57a1`eNI8
ω(x)

8hOI^
(a, b)

2QM-2_0M5I^O2_0feg0EM45 atOI^�57a1`eNI8pN_\ `60EMOcQW�^ e8Mn`ba10

λi =

∫ b

a
Li(x)ω(x) dx

& o K U�KLJ ��(

�i2i5I3LO/8��Ia10 e d%O/2

∀i = {0, . . . , 2k + 1}, λi > 0
& o K U�KLJ(n (

❏

* T�S?d,+�S.- w 0 O1Mn`636`b8 eg0EM-3b2yMn,/c9a1^g|_d 2 o K U�KLJ � `6370/2�^O298hMO2Sd%O�\ 	/NIc_d a10%Mn^O2_^^d%O/2
λi > 0

Y atOI^^P92_3 e�� `63$8hO >�M
NI2TP9a10/8n`eNIc_^O2_^�3b2TP eg^n^Oc/NI298)57a13Lim0/.1d 298fNI2Tkfe18O2TNI2/V e8W�^ eg01W 2��

L2
i (x)

K q 29845 a13Lim0/.1d 298�8Oa10EMyNI2TNI2QW�^Oc
`60=s c_^n`b2QOI^4atOMcQW�eg3 	

2k
2QM^NIa10�P"3 e/s a1^ndTOI3b2/N_\ `60EMOcQW�^ e8Mn`ba10 298hM-2�lIetPQMO2��f8Oa1`LM �

λi =

∫ b

a
L2

i (x)ω(x) dx > 0
& o K U�K o�p�(

❏

V 298�s a1^ndTOI3b298�eg`60/8n` atk1MO2_0%O/298)8(\ eg5I572_363b2_0EM43b298 ��VYTf]^d#W�S='4% 5 NQPHR �F:�TgXYR�NkV�P�%AS �;X�d '='

,^ �#7<30�!�#E� 
*# � ; )t<`�*!�#E� 
:# 3 ���*�(� �*�>�*#%!6!�#E� j OI`6l1eg0%M�3 e�s a10�PQMn`ba10 5 a1`eNI8}dEOI`�298hM}P ,/a1`b8n`b2�� a10
^O2QMn^OatOIl 2RN `6�$c_^O2_0EMO298^s a1^nd/OI3b298^N_\ `60EMOcQW�^ e8Mn`ba10`NI2 �"e8O/8O8 K V 298-5I3LO/8pP9a10I0%O/298)8Oa10%M)atk1MO2_0EO/298ie9l 2cP

h
ω(x) = 1

8gOI^
[a, b]

)f`63 8(\ e8W�`LM^NI298 � V�T?]^deW_S='4%65 N*P�R �F:�TgXYR�N�VYP %AS��;X�d,' ' � 8�SF:AS?P�%YTgS � �
h

ω(x) = (1− x2)1/2 8hOI^ ]− 1, 1[
)/`63 8(\ e8W�`LM^NI298 ��V�T?]^deW_S='4%65 NQPHR �F:�TgXYR�NkV�P %eS �;XYd '=' � � 
�S;??[@' 
 S +��

h
ω(x) = exp(−x2)

8hOI^
]−∞,+∞[

) `63 8(\ e8W�`LMpNI298 � V�T?]^deW_S=' %65 N*PHR � :�T X�R�N�V�P�%AS��;X�d,' ' � ��S?Tf]^N�R(S �
h

ω(x) = xα exp(−x)
8hOI^

]0,+∞[
)I`63 8(\ e8W�`LMfNI298 ��VYTf]^d#W�S='4% 5 NQPHR �F:�TgXYR�NkV�P�%AS��;X�d,' ' �F8MX;:Yd�S?T?T�S �

V e/s a1^ndTOI3b2TN=O 57a1`60EM4d�`636`b2QO9P9a1^n^O298n57a10�N 	�3 e�d cQMn,/a7NI2RNI2 �"e8O/8O8�� V 2QW 2_0�N ^O2
57atOI^
k = 0

K

� ; )t<`�*!�#%�m#E �0:!6��$E�2&(#E�H0F;@�*)H! 
e��?D&(�%� )8�=&>��;@? 
:# 3 �����(� 
c-/.�# � G��>.�#E� � \ OI0/2�d eg0I`e|_^O2 W c_0/c_^ eg3b2��
3b298 5 a1`60%MO8pNI2 �"e8O/8O8��

xi
2QM�3b298 P9am2?>CP_`b2_0EMO8

λi
0/2i8Oa10EM�5fe18pNIa10I0/c98)2�lm5I36`eP_`LMO2_d 2_0%M K Y atOI^-3]\ `60EMOcQW�^ e8Mn`ba10

NI2 �"e8O/8O8	� q ,/2Qk%im8O,/2_l �I`63 298gM-5feg^pP9a10EMn^O2 5 a�8O8O`LkI3b2SNI2RNIa10I0/2_^pOI0/2 s a1^ndTOI3b2
2�l 5I36`eP_`LMO2��
" .*�E;@)$#7<3#m~�� ���eI � 0Md a10%Mn^O2/d%O/2"3 e�d cQMn,/a7NI2TN_\ `60%MOcQW�^ e8Mn`ba10mNI2��"e8O/8O8	� q ,/2Qk%im8n,/2_lM8>\ ccP_^n`LM)2�lm5I36`eP_`6�
MO2_d 2_0EM)8 atO/8�3 e s a1^nd 2"8hOI`6l1eg0%MO2��

∫ 1

−1
f(x)(1− x2)−1/2 dx ≈ π

k + 1

k∑

i=0

f(cos

(
(2i + 1)π

2(k + 1)

)

)
& o K U�K o J (

❏
�;B � G D�� 	���� � � G D�D 	�
 H�� � ��� 	CE D � �	� G���
 G
D � G D�� 	���� � � G
D�
	G�� � �$DFD � 	�� D 
 ��� E�� 
�� � � � � D�
�� � � 
 E�� ��� H�
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*6TgS?d<+\S -^V 298�57a13Lim0/.1d 298�a1^hMn,/atW a10fe8O=l NI2Rq ,/2Qk%im8n,/2_l 8Oa10%MpNIa10I0/c98�2�lm5I36`eP_`LMO2_d 2_0%MfN/eg0/8 3]\ eg0I0/2�lI2�� K
V 298-^ etP_`60/298^N=O

(k + 1)
|_d 2 5 a13Lim0/.1d 2"a1^hMn,/atW a10feg3 8Oa10%M

xi = cos

(
(2i + 1)π

2(k + 1)

)

, 0 ≤ i ≤ k
& o K U�K o�o�(

% 37^O298hMO2
	 NIc_d a10EMn^O2_^ dEO/2��

λi =
π

k + 1

& o K U�K o�q�(

Y atOI^fP92_3 e��I`63_s e8O1MpNIc_d a10EMn^O2_^)3b298-^O2_3 e8Mn`ba10/848hOI`6l�eg0EMO298�& 2_0 2�l 2_^gP_`eP92 (��

λi =

∫ 1

−1

Tn+1(x)(1 − x2)−1/2

T ′
n+1(xi)(x− xi)

dx, xi = cos θi, θi =
(2i + 1)π

2(k + 1)

& o K U�K o U (

2QM42_0 5 a�8 eg0%M-57atOI^
i
�1l cSd%O/2

αi =

∫ π

0

cos jθ − cos jθi

cos θ − cos θi
dθ, j = 0, 1, . . .

& o K U�K o X (

NIc_d a10%Mn^O2_^yd%O/2

αj+1 − 2 cos(θi)αj + αj = 0, j = 1, 2, . . .
& o K U�K o a (

2QMfP eg3ePQOI3b2_^
αn
K

❏

�y;@�6?D&(�0
*# 3 �����>�C#B& $B;_#���$E��#%?D&(� 0F;D��) !���<H�B&>.*;�
*# 
:#"3 ���*�(� 
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√
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√
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√
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√

30)
u

±1/35
√
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√
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√
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√
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√

70 1/900(322 + 13
√
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√

245 + 14
√
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+∞∑

l=p

αl



 =
αp

1− α

& q K q Kon (

N_\ a��

d(xp, xq) ≤
αp

1− α
d(x0, x1)∀p < q
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x ∈ [a, b]
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f(x) = 0
2QM
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eg3ba1^O8 `63f2�l `b8hMO2

ε > 0
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g(x) = x− f(x)

f ′(x)

& q K U�KLJ(n (
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g′(x) = 1− f ′(x)f ′(x)− f(x)f ′′(x)

f ′(x)f ′(x)
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� 0mP9a10/8gM e8MO2 NIa10�P d%O/2

g′(x) = 0
2QMyd%O/2

x
298hMyNIa10�P OI0 57a1`60EM �1l 2�8hOI572_^ e8MhMn^ etPQMn` s K_w 0mO1Mn`636`b8 eg0EMi3b298
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f(x0) + f ′(x0)(x− x0) = 0
& q K U�K o�o�(
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f̂ ′(xn) =
f(xn)− f(xn−1)

xn − xnn− 1

& q K U�K o U (

2QMfP9a10�N=OI`LM4e8O=l `LMOc_^Oc9298-8hOI`6l�eg0EMO298 �

xn+1 = xn − (xn − xn−1)
f(xn)

f(xn)− f(xn−1)

& q K U�K o X (

V e-d cQMn,/a7NI2 NI2<3 e-8OccP eg0%MO2 298hM*OI0/2]d cQMn,/a7NI2 	^NI2QO=l
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f(x) = f(a) +∇f(a)(x− a) + o(‖x − a‖) & q KoX=KLJ (
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∇f =













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∂x2
. . . . . .
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∂xn
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∂xnKKK K K K
KKK K K K

∂fn

∂x1

∂fn

∂x2
. . . . . .

∂fn
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




& q KoX=K o�(

V 2 W�^ etN `b2_0%M:NI2
f
298hM�OI0/2<eg5I5I36`eP e8Mn`ba10�36`60/c eg`6^O2 NI2
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���fN/e��
�
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���hMpNIa���P

3
K
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�R)t��?*$E��0F# V e d cQM��/a7N��yN��-��eg`6^��hMOa � 
��_^nd��QM N��fP e��ePQO����_^-e l'�cP�
I^OccP_`��O`ba�� ����� ^ etP_`	�
��� ^Oc����	�����*�QM P9a1d �

�����l ���yN_\ O�� 
 a��Li��
�1d�� K V �6
I^n`	��P_`	
��/���hM(���:�hOI`6l1e��%M K�j a1`LMfO�� 
 a��Li��
�1d��

p ∈ Pn
�f`	�8
��QO1M0�(\ ccP_^n`��6�OatO
�

� e/s a1^nd��SP e��/a��I`edEO
�/N��0� e�d e��I`e|_^��$�hOI`6l�e��EM����

p(x) = a0 + a1x + · · ·+ anxn & q Koa=KLJ p�(
V��.
I^n`	��P_`	
��TN��.� e�d cQM��/a%N��/N�� ��eg`6^��hMOa � ���hM^N��RP%�
�_^gP��
�/O��;
 a��Li��
�1d��TN��TN��QW�^Oc

2
d%OI`�N `6l�`����

p
K V����

^ etP_`	�
����N��fP��(
 a��Li��
�1d�����N��fN��QW�^Oc
2

���_^Oa��%M NIa���PfN���� ^ etP_`	�
����N��
p
K �FP_^n`6l a��
�*� eTN `6l�`��n`ba�� �QO�P��6`eN `������
�

N��
p


feg^pO��4
7a��Li)�
�1d��RN��TN��QW�^Oc
2
�

p(x) = (x2 + px + q)
︸ ︷︷ ︸

Diviseur

(b0 + b1x + · · ·+ bn−2x
n−2) + Rx + S

︸ ︷︷ ︸

Reste

& q Koa=KLJ'J (

Y atOI^/O��HP��/a1` lHd%O
���eP9a���d%O
�CN=OHP9atO�
����
(p, q)

�$`	� e e 
I^n`ba1^n` e8O�PQO��
� ^ eg`��Oa��Hd%O
�#����^����hM����>\ e����EO���� K ! �
s e8O1M NIa���P^P%�
�_^gP��
�_^*���fP9atO�
����

(p, q)

 atOI^ dEO
�(���-^����hM����(\ e����EO���� K q2�cP_` ^��_l�`����%M 	
^Oc��OatO�N ^��(���(
I^Oatk��e|_d��

�hOI`6l�e��EM �






R(p, q) = 0

S(p, q) = 0

& q Koa=KLJ o�(

� � ^��cP9a����feg`��/N/e��
� & q Koa=KLJ o�(yO�� 
I^Oatk��e|_d��}N_\ ccdEOfe8Mn`ba��
�6�/a�� �6`	�/c eg`6^����TN���� e}s a1^nd��
F (p, q) = 0,dEOI` 
 �QO1M AQMn^��)^Oc��Oa��LO�
feg^ O��
�-d cQM��/a7N��^N������ � MOa�� K VF\ `LMOc_^Oc��fN���� e"d cQM��/a7N��^N����9� � MOa���
��QO1M,�(\ ccP_^n`6^��

� e � e�d e��I`e|_^��$�hOI`6l�e��EM����

(p, q)i+1 = (p, q)i −∇−1F ((p, q)i).F ((p, q)i)
& q Koa=KLJ q�(
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�(\ ��l 
I^n`6d��$�OatO
� � e/s a1^nd��$�hOI`6l�e��EM����

∇F ((p, q)) =






∂R

∂p

∂R

∂q
∂S

∂p

∂S

∂q






& q Koa=KLJQU (

�QM��Oa�� `	��l'�_^������ �ba1^��gd%O�\ ���	���$��lm`��gM����

∇−1F (p, q) =
1

∂R

∂p

∂S

∂q
− ∂S

∂p

∂R

∂q






∂S

∂q
−∂R

∂q

−∂S

∂p

∂R

∂p






& q Koa=KLJ(X (

7 P%�fetdEO
� `LMOc_^ e8Mn`ba�� �/`	��P9a���lm`����EMyNIa���PRN_\ c_l�e��LO
�_^ �

pi+1 = pi −
1

∆i
.

[
∂S

∂q
(pi, qi)R(pi, qi)−

∂R

∂q
(pi, qi)S(pi, qi)

] & q Koa=KLJ(a (

qi+1 = qi −
1

∆i
.

[

−∂S

∂p
(pi, qi)R(pi, qi) +

∂R

∂p
(pi, qi)S(pi, qi)

] & q Koa=KLJ>u (
e9l'�cP

∆i =
∂R

∂p
(pi, qi)

∂S

∂q
(pi, qi)−

∂S

∂p
(pi, qi)

∂R

∂q
(pi, qi)

& q Koa=KLJ ��(
Y atOI^fP���� e�P e��ePQO��ba��
����������l 
I^������n`ba��9N��

R
�QM

S
��� s a���PQMn`ba��9N��

p
�QM

q
K

V���^Oc��hO��LM e8M N��*� eSN `6l�`��O`ba����/atO
��s atOI^��I`LM �����FP9a��?>CP_`����EM��
bi, i = 0 . . . n−2

N���� e�d e��I`e|_^��(�hOI`6l�e��EM����

& ! (







b0 = a0

b1 = a1 − pb0

b2 = a2 − pb1 − qb0KKK
bn−2 = an−2 − pbn−3 − qbn−4

& q Koa=KLJ(n (

Y atOI^(���
^����hM����Ia��;
7a+���

R = bn−1
& q Koa=K o�p�(

S = pbn−1 + bn
& q Koa=K o J (

e l'�cP

bn−1 = an−1 − pbn−2 − qbn−3
& q Koa=K o�o�(

bn = an − pbn−1 − qbn−2
& q Koa=K o�q�(

! �@P9a���lm`����EM N��^P e��ePQO����_^*����� NIc_^n`6l c���� N��
R

�QM
S
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�
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�QM 	
q
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�����fNIc_^n`6l c����^N��
bk


feg^-^ e�
�
 a1^hM 	
p

�QM�	
q
K � �4
 a+���

∂bk

∂p
= −ck−1, i = 1 . . . n− 1

& q Koa=K o U (
∂bn

∂p
= −cn−1 − bn−1

& q Koa=K o X (
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�/a�� atk1Mn`����%M �

& !�! (







c0 = b0

c1 = b1 − pc0

c2 = b2 − pc1 − qc0KKK
cn−2 = bn−2 − pcn−3 − qn−4

cn−1 = bn−1 − pcn−2 − qn−3

& q Koa=K o a (

V e NIc_^n`6l�e8Mn`ba��;
feg^-^ e�
�
7a1^hM
	
q
d a��EMn^��_^ eg`LMydEO
���

∂bk

∂q
= −ck−2, i = 2 . . . n− 1

& q Koa=K o u (
& q Koa=K o'��(

� �Matk1Mn`����EMie��ba1^���
7atOI^ �����pNIc_^n`6l c����^N��
R

�QM
S


feg^-^ e�
�
 a1^hM 	
p

�QM
q
� ������l1e����QOI^��(�hOI`6l1e��%M���� �

∂R

∂p
= −∂bn−1

∂p
= −cn−2

& q Koa=K o n (
∂R

∂q
= −∂bn−1

∂q
= −cn−3

& q Koa=K q�p�(
∂S

∂p
= −∂bn + pbn−1

∂p
= −cn−1 − pcn−2

& q Koa=K q J (
∂S

∂q
= −∂bn + pbn−1

∂q
= −cn−2 − pcn−3

& q Koa=K q�o�(
& q Koa=K q�q�(

�QM 
feg^^P9a��
�Occd%O
���EM �

∆i = c2
n−2 − cn−1cn−3

pi+1 = pi −
bncn−3 − bn−1cn−2

∆i

& q Koa=K q U (

qi+1 = qi −
bn−1cn−1 − bncn−2

∆i

�}!��@; )t� &>.:<3# VF\ e��LW a1^n`LM��Id��6�%�SNIc_^OatO����TN��id e�d e��I`e|_^��$�gOI`6l1e��%M����
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���������
	���
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ai, i = 0 . . . n, α ∈ IR, β ∈ IR, ε
! �
�LM������������8M������

p0 ← α, q0 ← β

erreur← 10 ∗ ε
�C.*�6!�#

erreur > ε

*;

i← i + 1q����ePQO�����

bi
�
ci
W�
��tP�� 	 &�� Koa=KLJ(n (��QM &�� Koa=K��'a (

q����ePQO�����

pi

�QM
qi
W�
��tP�� 		&�� Koa=K � U (

erreur =
|pi − pi−1|+ |qi − qi−1|

qi + qi#%? 
 �C.:�6!2#
q����ePQO�����
�������
��tP��	�
���pN��

x2 + pix + qi = 0
�(��
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p(x) =
∑n−2

i=0 bix
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lWm8n&o�n^p&q	r0s6t�uwvSx	y&s	m�p^u2s	zYt�{}|~y&s	r*u2s	y"��y&t�y&s�n(s6t~x�� m~u$pWt~s6z��Ir���m~u2q	y&s�n&{~u$����m�p&s��
�}���Q�Y�a�������������9��������u$pP{~m s�����m  	p^u2��m

f : IRn+1 7→ IRn ¡ ��m¢��|~|9s	z$z2s�{~m�n^o�n^p&q	r0s£t�uwvSx	y&s	m�p^u2s	z�t�{
|~y&s	r*u2s	y¤��y&t�y&s6z
¥¦x¨§�{D��p^u2��m�t~s6z��>�©��y^r0s�n^{~u$����m�p&s��

y′(t) = f(t, y(t)) ª�« ¬ � ¬$­�®
��¯

y′
y&s	|~y&x¨n&s	m�p&s�z��*t~x	y^u$�-x¨s�t~s

y
|D��y�y(��|~|���y^p¤°

t ¬
❏

±6��m n² ¨s"pco�|9s¤t~s¤n^o�n^p&q	r0s ¡ z
¥ u$m  ¨��m~m�{ s�s¨n^p²z�������m  	p^u2��m y(t) : IRn 7→ IRn ¬�³ s¤§�{D��z$uw�D ���p^uw�Y��y&t�u$mD��u$y&s��u2s	m�p¤t�{}�
��u$pW§�{ s� ¨s	p^p&s6�©��m  	p^u2��m8m s�t~x	|9s	m t�§�{ s�tS¥ {~m s�n&s	{~z2s�����y^u���´~z2s ¬ ��u$m ��m ¡ ��m8|D��y^z2s�tS¥¦x¨§�{D��p^u2��m n
��{�µ8t~x	y^u$�-x¨s¨nW|D��y^p^u2s	z$z2s¨n ª�¶ ±�· ®�¬
A3_a`Q_a` ¸¢. :4>�*J¹+kchDi .
2 . ) 8;1+º@6�e

����m n6z��Pt~��m~m x¨s0t~s0 ¨��m t�u$p^u2��m n�u$m~u$p^u���z2s¨n� ¨��m n^u2n&p(��m�p&s¨n ¡ u$zgs¨n&p6u$r*|���n&n&u$´~z2s0t~s*t~x�� m~u$y�z��»m ��p^u2��m¼t~s
n(��z${~p^u2��m½tS¥ {~m¾n^o�n^p&q	r0s�t�uwvSx	y&s	m�p^u2s	z�t�{½|~y&s	r*u2s	yI��y&t�y&s ¬�¿ ¥¦s¨n^pI|���{~y&§�{ ��u ¡ ��m¼u$m�p^y&��t�{~u$p]{~mÀ|~y&��´~z2q	r0s
n&p(��m t ��y&t�§�{~uJs¨n^p�z2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o��
�}���Q�Y�a�������������9���ÃÂ"m£��|~|9s	z$z2sZU�TgV�Ä?W2Å?]�Æ]Ç�Æ»È)X�É~Ê�ËA[Ìz2s6|~y&��´~z2q	r0s�n^{~u$����m�pJ�
Í p(��m�p"t~��m~m x¨n��

Î {~m}u$m�p&s	y^����z$z2s
I0 ⊂ IR ¡

Î {~m s¤�©��m  	p^u2��m
f ¡ t~x�� m~u2s�s	pW ¨��m�p^u$m�{ s�n^{~y I0 × IRn °I����z2s	{~y&nWt ��m n

IRn �

f : I0 × IRn 7→ IRn ª�« ¬ � ¬ � ®
(t, y) 7→ f(t, y) ª�« ¬ � ¬ÐÏ-®

Ñ�y&��{~�-s	yW{~m s��©��m  	p^u2��m
y ∈ C1(I0)

p&s	z$z2s�§�{ s






y′(t) = f(t, y(t)),∀t ∈ I0,∀y ∈ IRn

y(t0) = y0, t0 ∈ I0, ¿ ��m t�u$p^u2��m�u$m~u$p^u���z2s ª�« ¬ � ¬ «�®

❏

Â"{~p^y&s�z��Òt~��m~m x¨sPtS¥ {~m½u$m�p&s	y^����z$z2s}s	pItS¥ {~m sÌ�©��m  	p^u2��m
f ¡ z2s�|~y&��´~z2q	r0sPt~s ¿ ��{  &Á�o¾n&s» ���y(�� 	p&x	y^u2n&s

|D��yWz��*t~��m~m x¨s�tS¥ {~m s� ¨��m t�u$p^u2��mÒt�u$p&s� ¨��m t�u$p^u2��m£t~s ¿ ��{  (Á�o8��{8 ¨��m t�u$p^u2��m£u$m~u$p^u���z2s ¬D³ �I�©��y^r0s6t~s� ¨s	p^p&s ¨��m t�u$p^u2��m]s¨n^p�s¨n(n&s	m�p^u2s	z$z2s ¬ Â"m�|9s	{~p�s	m���u2n(��Ó-s	y ¡ s	m�s�v9s	p ¡ t~s¨nJ|~y&��´~z2q	r0s¨nQ��¯�t~s¨n� ¨��m t�u$p^u2��m nYn&��m�p�t~��m~m x¨s¨n
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n^{~y z��It~x	y^u$�-x¨s6t~s
y′ ¡ ��{Ps	m  ¨��y^p&s6s	m8t~s	{�µ»|���u$m�p&n�tS¥ {~m}u$m�p&s	y^����z$z2s ¬�
 z�mJ¥Ð��Ó�u$pW��z2��y&n�|~z${ n�tS¥ {~m}|~y&��´~z2q	r0s

t~s ¿ ��{  &Á�o ¬
³ s]|~y&��´~z2q	r0s*t~s ¿ ��{  (Á�oÒ|�s	{~p�n&sIr0s	p^p^y&s*n&��{ n�{~m s>�©��y^r0s*x¨§�{~u$����z2s	m�p&s*t~��m~m x¨s0|D��y¤z2s]p^Á x¨��y&q	r0s

n^{~u$����m�pJ�
��� �����������������9��� l"m sP�©��m  	p^u2��m

y : I0 7→ IRn s¨n^p0{~m sÒn&��z${~p^u2��m t�{ |~y&��´~z2q	r0sÒt~s ¿ ��{  &Á�o n^u"s	p
n&s	{~z2s	r0s	m�p¤n^u-�

­�¬ z��>�©��m  	p^u2��m y
s¨n&pW ¨��m�p^u$m�{ s�s	p ∀t ∈ I0, (t, y(t)) ∈ I0 × IRn

� ¬
∀t ∈ I0, y(t) = y0 +

∫ t

t0

f(t, y(t)) ª�« ¬ � ¬��-®
❏

� T&Æ�É���Æ � ³ �P|~y&s	{~�-s0s¨n^p�n&u$r*|~z2s ¬ ��u y
�-x	y^uw�Ds0z2s¨n�t~s	{�µ Á�o�|���p^Á q¨n&s¨n>t~s0 ¨s*p^Á x¨��y&q	r0s»��z2��y&n

y
s¨n^p�t�uw�"!

��x	y&s	m�p^u���´~z2s�s	p
y(t0) = y0

s	p
y′(t) = f(t, y(t)) ¬$# x¨ 	u$|~y&��§�{ s	r0s	m�p ¡ n^u�z2s¨n�y&s	z���p^u2��m n>t�{À|~y&��´~z2q	r0sÌt~s

¿ ��{  &Á�o ª�« ¬ � ¬ «�® n&��m�pWn(��p^u2n �
��u$p&s¨n ¡ z
¥¦x¨§�{D��p^u2��m ª�« ¬ � ¬��-® t~s6t~x¨t�{~u$pWt�u$y&s¨ 	p&s	r0s	m�p"|D��yWu$m�p&x	Ó�y(��p^u2��m ¬
❏

³ ��n&��z${~p^u2��m
y
t�{£|~y&��´~z2q	r0sIt~s ¿ ��{  &Á�o£s¨n^p"|D��y ����u2n���|~|�s	z2x¨s�z
¥ u$m�p&x	Ó�y(��z2s*t�{£|~y&��´~z2q	r0s>s	p¤z��*y&x¨n&��!

z${~p^u2��m�t~s6 ¨s�n^o�n^p&q	r0s6s¨n^p�|D��y �©��u2nW��|~|9s	z2x¨s6u$m�p&x	Ó�y(��p^u2��m ¬
%&����'(��)+*$��,

­�¬ ��u f
s¨n^p�{~m s0����m  	p^u2��m¼{~m~u2§�{ s	r0s	m�p]t~s

t ¡ z2s0|~y&��´~z2q	r0s»t~s ¿ ��{  (Á�oÀn&s�y(��r0q	m s»°8z��}y&s¨ (Á s	y& &Á s
tS¥ {~m s�|~y^u$r*u$p^u$�-s ¬ ±6��m n z2s6 ���n {~m~u2t�u$r0s	m n^u2��m~m s	z ¡ y(t) ∈ IR ¡  �¥¦s¨n^pLx	Ó���z2s	r0s	m�pLz2s6 ���n z2��y&n&§�{ s�z
¥¦��m|9s	{~pLs�v9s¨ 	p^{ s	yW{~m s�n&x	|D��y(��p^u2��m£t~s¨nL����y^u���´~z2s¨n ¡ u ¬ s ¬ �

f(t, y) = g(t)h(y) ª�« ¬ � ¬ � ®
±6��m nL ¨s� ���n ¡ n^u h(y) 6= 0 ¡ ��m}|�s	{~p"x¨ 	y^u$y&s6z2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o}n&��{ n�z��]����y^r0s6n^{~u$����m�p&s��

∫ y

y0

dy

h(y)
=

∫ t

t0

g(t)dt ª�« ¬ � ¬.-�®
� ¬ ��u f s¨n&pg{~m s �©��m  	p^u2��m�z$u$m x���u$y&s¤t~s

y ¡ u$zDs�µ�u2n&p&sW��z2��y&n+t~sLm ��r�´~y&s	{ n&s¨n²r0x	p^Á ��t~s¨n+��mD��z$o�p^u2§�{ s¨n+|���{~yy&x¨n&��{ t�y&s�z2s�|~y&��´~z2q	r0s� ¨��r*r0s���m}z2s��-s	y^y(�0��{0/ « ¬ « ¬
Ï�¬ ��u f s¨n^p�{~m s3����m  	p^u2��m>m ��m>z$u$m x���u$y&s²t~s

y ¡ m ��{ n��-s	y^y&��m nQ ¨��r*r0s	m�p� ¨sg|~y&��´~z2q	r0s²|9s	{~p21	p^y&s²��´���y&t~x¨sm�{~r0x	y^u2§�{ s	r0s	m�p ¬
Ag_a`Q_43 dYe�fj-�hDi . 2 < �Lj0>�.0,�-�<=.DkZ2 1 fa.DºK*(,42�* >@29>@.

Â"m8t~x�� m~u$pW{~m8n&o�n^p&q	r0s6t�uwvSx	y&s	m�p^u2s	zYt�{�n&s¨ ¨��m t8��y&t�y&s�t~s�z��]r���m~u2q	y&s�n^{~u$����m�p&s��
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�;%(�
�}���Q�Y�a�������������9��� ����u$pY{~m s+����m  	p^u2��m

f : IR2n+1 7→ IRn  ¨��m�p^u$m�{ s ¡ ��m*��|~|�s	z$z2s+{~m]n^o�n&p&q	r0s3t�uwvSx	y&s	m�p^u2s	zt�{�|~y&s	r*u2s	yW��y&t�y&s�z
¥¦x¨§�{D��p^u2��m�t~s�z��I�©��y^r0s�n^{~u$����m�p&s��

y′′(t) = f(t, y(t), y′(t)) ª�« ¬ � ¬��-®
❏

·���{~y8 ¨s p o�|9s t~s n^o�n^p&q	r0s ¡ ��mZn&sÒy(��r0q	m s °À{~mZn&o�n^p&q	r0s t�{¢|~y&s	r*u2s	y8��y&t�y&s s	mZs�vSs¨ 	p^{D��m�p8z2s
 (ÁD��m~Ó-s	r0s	m�p6t~s�����y^u���´~z2s�n^{~u$����m�pJ�

z(t) =




y(t)

y′(t)



 ª�« ¬ � ¬��-®
s	p"s	m}|���n(��m�pL{~m s6m ��{~�-s	z$z2s�����m  	p^u2��m

F : IR2n+1 7→ IR2n+1 p&s	z$z2s�§�{ s��

F (t, z(t)) =




y′(t)

f(t, y)



 ª�« ¬ � ¬$­��-®

³ s3n^o�n^p&q	r0s3t�uwvSx	y&s	m�p^u2s	z ª�« ¬ � ¬��-® |9s	{~pY��z2��y&nYn�¥¦x¨ 	y^u$y&s+n&��{ nJz�������y^r0sgtS¥ {~mIn^o�n^p&q	r0s3t�uwvSx	y&s	m�p^u2s	z~��{�|~y&s	r*u2s	y��y&t�y&s��

z′(t) = F (t, z(t)) ª�« ¬ � ¬$­�­�®

 z6s¨n^p»u$r*|���y^p(��m�p8t~s£m ��p&s	y}§�{ sÒz��¼t�u$r0s	m n&u2��mZt�{ |~y&��´~z2q	r0s ª�« ¬ � ¬$­�­�® s¨n^p}t~��{~´~z2sÒ|D��yPy(��|~|���y^p���{
|~y&��´~z2q	r0s�u$m~u$p^u���zWt�{�n&s¨ ¨��m t���y&t�y&s ¬ ·���{~y0y&s	p^y&��{~�-s	yÌz2sP|~y&��´~z2q	r0s8t~s ¿ ��{  (Á�o ¡ u$zL ¨��m���u2s	m�pÌt~��m  8t~s
�©��{~y^m~u$y

z(t0) = z0
¡  �¥¦s¨n^pW°*t�u$y&s�°]z��>�©��u2n y(t0)

s	p
y′(t0) ¬

A3_a`Q_nA d�egfj-�hDi .�24< �LjQ>@.0,�-/< .Dk�2���* >@29>@.
m

lWm8n&o�n^p&q	r0s6t�uwvSx	y&s	m�p^u2s	zYtS¥¦��y&t�y&s
m

|�s	{~p 1	p^y&s�t~x�� m~u�t~s6z��Ir���m~u2q	y&s�n&{~u$����m�p&s��
�}���Q�Y�a�������������9�$� ����u$p6{~m sI�©��m  	p^u2��m

f : IRm×n+1 7→ IRn  ¨��m�p^u$m�{ s ¡ ��mÀ��|~|9s	z$z2s]{~m n^o�n^p&q	r0s*t�uwv9x !
y&s	m�p^u2s	z�tS¥¦��y&t�y&s

m
z
¥¦x¨§�{D��p^u2��m�t~s�z��I�©��y^r0s�n^{~u$����m�p&s��

y(m)(t) = f(t, y(t), . . . , y(m−1)(t)) ª�« ¬ � ¬$­ � ®
❏

±�s"z��Ir 1	r0s�r���m~u2q	y&s�§�{ s�|9��{~y z2s6n^o�n&p&q	r0s¤t�{8n(s¨ ¨��m t}��y&t�y&s ¡ ��m}|�s	{~p�n&s�y(��r0s	m s	y¤°�{~m8n&o�n^p&q	r0s
t�{�|~y&s	r*u2s	yW��y&t�y&s�s	m}|9��n(��m�pWz2s6 &ÁD��m~Ó-s	r0s	m�p�t~s6����y^u���´~z2s��

z(t) =








y(t)¬¬¬
y(m−1)(t)








ª�« ¬ � ¬$­�Ï-®
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s	p�z��]m ��{~�-s	z$z2s��©��m  	p^u2��m
F
�

F (t, z) =











y′(t)¬¬¬
y(m−2)(t)

f(t, y(t), . . . , y(m−1)(t))











ª�« ¬ � ¬$­	«�®

±6��m nWz���n^{~u$p&s ¡ m ��{ nWm ��{ n"u$m�p&x	y&s¨n&n(s	y&��m n¤s�µ~ 	z${ n^u$�-s	r0s	m�p6��{£|~y&��´~z2q	r0s]t�{�|~y&s	r*u2s	y6��y&t�y&s�n(�� (ÁD��m�p
§�{ s�z
¥¦��m�|�s	{~p�p&��{��^��{~y&nWn�¥ oÌy(��r0s	m s	yWÓ�y�
� ¨s�°I{~m£ &ÁD��m~Ó-s	r0s	m�p�t~s6����y^u���´~z2s¨nW��t~x¨§�{D��p ¬
<�=�� N��>[�ELC��gRTO��¢F��
O���K�� B�O�A>HYO OYBÃF��cG>AIK&HYK B�[

¿ s	p^p&s�|D��y^p^u2s���´9��y&t~s�z2s¨n�§�{ s¨n^p^u2��m n²�©��m t ��r0s	m�p(��z2s¨n"t~s¤z
¥¦s�µ�u2n^p&s	m  ¨s6s	pLt~s¤z
¥ {~m~u2 	u$p&x�t~s�n&��z${~p^u2��m nWt�{|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ¬
Ag_"3Q_ b d�*�k 19-/< *(,3f}k *�ºK89k .Df��²i 8��9<ci 8Sk=.Df�� ��k=*J¹48Sk=.Df

! ����m�p"t~s�t~��m~m s	y�t~s¨nLp^Á x¨��y&q	r0s¨n�tS¥¦s�µ�u2n^p&s	m  ¨sIt~s�n&��z${~p^u2��m ¡ u$z�s¨n^p"´���m�t~s�|~y&x¨ 	u2n&s	y�§�{ s	z$z2s�pco�|�s>t~s
n&��z${~p^u2��m���m}y&s¨ (Á s	y& &Á s ¬ ·���{~y¤ ¨s	z�� ¡ ��m}u$m�p^y&��t�{~u$pWz2s¨nLt~x�� m~u$p^u2��m n¤n^{~u$����m�p&s¨n ¬
�}�-�����a���������J���S����Â"mZ��|~|9s	z$z2s n&��z${~p^u2��m¢z2�� ���z2sÒt�{�|~y&��´~z2q	r0s t~s ¿ ��{  &Á�o ª�« ¬ � ¬ «�® z��½t~��m~m x¨sÒtS¥ {~m
 ¨��{~|~z2s

(I, y)
��¯

I
s¨n^p�{~m}u$m�p&s	y^����z$z2s>t~s

IR
§�{~uJs¨n^p �-��u2n^u$mD��Ó-s�t~s

t0
t ��m n

I0
s	pL��¯

y
s¨n&p�{~m s¤����m  	p^u2��m

t~s6 	z���n&n&s C1 n^{~y
I
p&s	z$z2s6§�{ s��

y(t0) = y0, ∀t ∈ I, y′(t) = f(t, y(t)) ª�« ¬ÐÏ�¬$­�®
❏

�}�-�����a���������J���S���ÃÂ"m£t�u$pW§�{ s�z��]n(��z${~p^u2��m8z2�� ���z2s
(J, z)

|~y&��z2��m~Ó-s�z��*n&��z${~p^u2��m8z2�� ���z2s
(I, y)

n^uJ��m��

I ⊂ J, ∀t ∈ I, y(t) = z(t) ª�« ¬ÐÏ�¬ � ®
��uJt~s6|~z${ n ¡ I 6= J

��m8t�u$p"§�{ s�z��*n(��z${~p^u2��m
(J, z)

|~y&��z2��m~Ó-s�n^p^y^u2 	p&s	r0s	m�pWz��]n&��z${~p^u2��m
(I, y) ¬

❏

�}�-�����a���������J���S��� Â"m>t�u$p�§�{ sQz��Ln&��z${~p^u2��m�z2�� ���z2s
(I, y)

t�{6|~y&��´~z2q	r0s+t~s ¿ ��{  &Á�o ª�« ¬ � ¬ «�® s¨n^pSr��.µ�u$r���z2s
n^uSu$zSmJ¥¦s�µ�u2n^p&s�|D��nWt~s6n&��z${~p^u2��m�z2�� ���z2s�§�{~uSz��]|~y&��z2��m~Ó-s�n&p^y^u2 	p&s	r0s	m�p ¬

❏

�}�-�����a���������J���S�$� Â"m£t�u$pW§�{ s�z��0n&��z${~p^u2��m
(I, y)

s¨n^p�{~m s�n&��z${~p^u2��m8Ó�z2��´D��z2s�t�{8|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o
ª�« ¬ � ¬ «�® t ��m n I0

n^u
(I, y)

s¨n^p�{~m s�n(��z${~p^u2��m8z2�� ���z2s�s	p
I = I0 ¬

❏
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���+�������4��,

­�¬"¿ ��m n^u2t~x	y&��m nWz2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o8n^{~u$����m�pJ�






y′(t) = −2ty2(t), t ∈ IR

y(0) = 1
ª�« ¬ÐÏ�¬ÐÏ-®

¿ s�|~y&��´~z2q	r0s>��t�r0s	pW{~m s�n&��z${~p^u2��m8Ó�z2��´D��z2s��"s	p�{~m s�n&s	{~z2s6t ��m n
IR

�
(IR, y(t) =

1

1 + t2
) ª�« ¬ÐÏ�¬ «�®

s	p�u$zJmJ¥ o}�I|D��nLtS¥Ð��{~p^y&s�n(��z${~p^u2��m8r��.µ�u$r���z2s ¬� ¬L³ s6|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o8n^{~u$����m�pJ�






y′(t) = 2ty2(t), t ∈ IR

y(0) = 1
ª�« ¬ÐÏ�¬��-®

��t�r0s	p¤{~m s�n&��z${~p^u2��mÒr��.µ�u$r���z2sIs	pW{~m sIn&s	{~z2s>t ��m n
IR ¡  �¥¦s¨n&p (] − 1, 1[, y(t) =

1

1− t2
) ¬ 
 z�mJ¥ o��

|D��n�t~s0n(��z${~p^u2��m Ó�z2��´D��z2s ¬ ��u�z
¥¦��mÀ (Á ��u2n^u$p> ¨��r*r0s� ¨��m t�u$p^u2��mÀu$m~u$p^u���z2sÌ°8 ¨s]|~y&��´~z2q	r0s0z��}t~��m~m x¨s
y(−2) = 0 ¡ u$z�s�µ�u2n^p&s6{~m s�n&��z${~p^u2��m�r��.µ�u$r���z2s>s	pL{~m s�n&s	{~z2s�§�{~u�s¨n^p

(]− 5, 5[, y(t) =
1

5− t2
) ¬ 
 zs¨n^p�´9��m t~s]y&s	r���y&§�{ s	y�§�{ s]z
¥¦s	m n&s	r�´~z2s�n^{~y6z2s¨§�{ s	z�n&s*t~x�� m~u$p6z2s¨n�n&��z${~p^u2��m n�tS¥ {~m |~y&��´~z2q	r0s0s¨n^p

t~x	|9s	m t ��m�p¤��{ n(n^uJt~s�z��* ¨��m t�u$p^u2��m8u$m~u$p^u���z2s ¬
Ï�¬L³ s6|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o8n^{~u$����m�pJ�







y′(t) = −y2(t), t ∈ IR+

y(0) = 1
ª�« ¬ÐÏ�¬ � ®

��t�r0s	pW{~m s>n&��z${~p^u2��m�Ó�z2��´D��z2sIs	pW{~m s�n&s	{~z2s�t ��m n
[0,+∞[ ¡ §�{~u�s¨n^p (]0,+∞[, y(t) =

1

1 + t
) ¬ ��{~y

IR ¡ u$zSmJ¥ oP�I|D��n"t~s6n&��z${~p^u2��m8Ó�z2��´D��z2s�r���u2nLn&s	{~z2s	r0s	m�p"{~m s�n&��z${~p^u2��m8r��.µ�u$r���z2s�n^{~y
]− 1,+∞[ ¬

« ¬L³ s6|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o8n^{~u$����m�pJ�






y′(t) = − 3
√

y(t), t ∈ [0,+∞[

y(0) = 0
ª�« ¬ÐÏ�¬.-�®

��t�r0s	pW ¨��r*r0s�n(��z${~p^u2��m nLÓ�z2��´D��z2s¨nJ�
([0,+∞[, y(t) = 0) ª�« ¬ÐÏ�¬��-®

([0,+∞[, y(t) =

√

8t3

27
) ª�« ¬ÐÏ�¬��-®

([0,+∞[, y(t) = −

√

8t3

27
) ª�« ¬ÐÏ�¬$­��-®

	"��{ n�|9��{~�-��m n� ¨��m n^p(��p&s	y�§�{ s+z2s¨nY|~y&��´~z2q	r0s¨n�tS¥¦s�µ�u2n^p&s	m  ¨s s	pQtS¥ {~m~u2 	u$p&x t~s²n(��z${~p^u2��m n�m s²n&��m�pY|D��nQt~s¨n
§�{ s¨n^p^u2��m n�p^y^u$��u���z2s¨n ¬ 	¤��{ n3��z$z2��m n�|~y&x¨n&s	m�p&s	y3t ��m n�z���n^{~u$p&s�§�{ s	z2§�{ s¨n�{~m n�t~s¨n�p^Á x¨��y&q	r0s¨n��©��m t ��r0s	m�p(��{�µ
tS¥¦s�µ�u2n^p&s	m  ¨s�s	p"tS¥ {~m~u2 	u$p&x�t~s¨nLn&��z${~p^u2��m nWr0��o-s	m~mD��m�p¤t~s¨n�Á�o�|9��p^Á q¨n&s¨nLn&{~y

f ¬

���
�������������������� �"!$# ���"��%�&������

(1/y)′ = −y′/y2
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Ag_"3Q_�` � 6gjQ*(>-hDi .�2��n. �9<cfj-/.0,+ºK.�2 . ) 8;1+º@6�e�����.Q8 ,9*
��� �����������������S�����
	�'�*�� ��
���� � ' �����WÂ"mÌn&{~|~|���n&s"§�{ s

f
s¨n^p3 ¨��m�p^u$m�{ s6t ��m n+{~m��-��u2n^u$mD��Ó-s¤t�{�|9��u$m�p

(t0, y0) ∈ I0×IRn ¡ ��z2��y&n�u$z�s�µ�u2n^p&sQ{~m sgu$m�p&s	y^����z$z2s J0
�-��u2n^u$mD��Ó-s+t~s

t0
t ��m n

I0
s	pJ{~m sQ�©��m  	p^u2��m

y ∈ C1(J0)p&s	z2nL§�{ s��






y′(t) = f(t, y(t)),∀t ∈ J0,

y(t0) = y0

ª�« ¬ÐÏ�¬$­�­�®
❏

³ s�p^Á x¨��y&q	r0s+t~s ¿ ��{  &Á�o !c·Ys���m ��t~��m~m s3t~��m  �{~m�y&x¨n^{~z$p(��p�tS¥¦s�µ�u2n^p&s	m  ¨sgtS¥ {~m s+n&��z${~p^u2��m�z2�� ���z2s (J0, y) ¬
���&Æ�É���Æ ���g��u$y ª��������! #"%$'&)(+*)$-,/.!��0 ¡ ­�� � � ®�¬

❏

³ �6 ¨��m t�u$p^u2��mPt~sL ¨��m�p^u$m�{~u$p&x�t~s
f
m sLn^{�10p3|D��ng|9��{~y3|D��n&n&s	y²°�{~m sLn&��z${~p^u2��mÌÓ�z2��´D��z2s ¬ 	¤��{ n��-s	y^y&��m n

t ��m n�z��»n^{~u$p&s]§�{J¥ u$zY�
��{~p¤u$r*|9��n&s	y6t~s¨n� ¨��m t�u$p^u2��m n�n^{~|~|~z2x	r0s	m�p(��u$y&s¨n ¬ ·Q��y� ¨��m�p^y&s ¡ z2sIy&x¨n^{~z$p(��p6§�{~uQn&{~u$p|�s	y^r0s	p"tS¥Ð��n&n^{~y&s	y�z
¥¦s�µ�u2n^p&s	m  ¨s�tS¥ {~m s�n&��z${~p^u2��m�r��.µ�u$r���z2s ¬
��� �����������������S��� Í p(��m�p�t~��m~m x¨s]{~m s*n&��z${~p^u2��m z2�� ���z2s ¡ u$zgs�µ�u2n&p&s]��{ r0��u$m n ª |D��n¤����y& ¨x	r0s	m�p�{~m~u2§�{ s ®{~m s6n&��z${~p^u2��m8r��.µ�u$r���z2s�§�{~uSz��I|~y&��z2��m~Ó-s ¬

❏

���&Æ�É���Æ �W·Y��{~yLz��]|~y&s	{~�-s ¡ m ��{ nLy&s	m��-��o-��m n¤° ª��������! #"%$'&)(+*)$-,/.!��0 ¡ ­�� � � ®�¬
❏

Â"m½��|~{Ày&s	r���y&§�{ s	y*n^{~y�z2s¨nIs�µ~s	r*|~z2s¨nIt�{ />|~y&x¨ ¨x¨t~s	m�p*§�{ sÌz��}m ��p^u2��m¾t~sÌn(��z${~p^u2��m½s¨n^p>p^y&q¨n]t~x !
|�s	m t ��m�p&s8t~s}z
¥¦s	m n&s	r>´~z2s�n^{~y*z2s¨§�{ s	zL��m�z��  (Á s	y& &Á s ¬ Â"m� ¨��m n^p(��p&s���{ n&n^uL§�{ sPz2��y&n&§�{ s8t~s¨n0n&��z${~p^u2��m n
r��.µ�u$r���z2s¨n²m ��m»Ó�z2��´D��z2s¨n s�µ�u2n^p&s	m�p ¡  ¨s	z���s¨n^p n&��{~�-s	m�p²t�{}°�{~m s¤n^u$m~Ó�{~z���y^u$p&x�t~s

y ¬�³ sWp^Á x¨��y&q	r0s�n^{~u$����m�p|~y&x¨ 	u2n&s6 ¨s	p^p&s6u$m�p^{~u$p^u2��m ¬
��� �����������������S��� Â"m*n^{~|~|9��n&s²§�{ s

f
s¨n^p� ¨��m�p^u$m�{ sLn^{~y

I0×IRn s	p�§�{ s
I0

s¨n^p�t~s+z��W�©��y^r0s
[t0, t0+T ] ¡

[t0, t0 +T [ [t0,+∞[ 2 ��z2��y&n²n^u (I, y)
s¨n^p+{~m sWn&��z${~p^u2��mÌr��.µ�u$r���z2sWm ��m�Ó�z2��´D��z2s¤t�{�|~y&��´~z2q	r0s¤t~s ¿ ��{  &Á�o

ª�« ¬ � ¬ «�® ¡ 
 s¨n^pLt~s6z��>�©��y^r0s [t0, t1[
s	p

y
mJ¥¦s¨n&p�|D��n�´���y^m x�n^{~y

I ¬
❏

���&Æ�É���Æ �W·Y��{~yLz��]|~y&s	{~�-s ¡ m ��{ nLy&s	m��-��o-��m n¤° ª��������! #"%$'&)(+*)$-,/.!��0 ¡ ­�� � � ®�¬
❏

¶ m�� m ¡ t~��m~m ��m nW{~m8y&x¨n^{~z$p(��pWtS¥¦s�µ�u2n^p&s	m  ¨s�t~s6n(��z${~p^u2��m8Ó�z2��´D��z2s��
��� �����������������S�$� Â"m�n&{~|~|���n&sW§�{ s

I0 = [t0, t0 +T ] ¡ §�{ s f
s¨n^p3 ¨��m�p^u$m�{ s¤n^{~y

I0× IRn s	p3§�{J¥ u$zDs�µ�u2n&p&s
{~m}|~y&��t�{~u$p"n& ���z���u$y&s�t~s

IRn m ��p&x 〈., .〉 ��n(n&�� 	u2x�°I{~m s�m ��y^r0s ‖.‖ s	pL{~m s��©��m  	p^u2��m l ∈ L1(I0)
p&s	z2nL§�{ s

∀(t, y) ∈ I0 × IRn, 〈f(t, y), y〉 ≤ l(t)(1 + ‖y‖2) ª�« ¬ÐÏ�¬$­ � ®
��z2��y&n�z2s6|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o ª�« ¬ � ¬ «�® ��t�r0s	p"��{8r0��u$m n�{~m s�n(��z${~p^u2��m8Ó�z2��´D��z2s ¬

❏
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�;%(�
� �^Æ�É���Æ �W·Y��{~yWz��I|~y&s	{~�-s ¡ m ��{ nLy&s	m��-��o-��m n6° ª�� � ���  #"%$'&)( * $-,�. � 0 ¡ ­�� � � ®�¬

❏

���+�������4�D� ¿ ��m n^u2t~x	y&��m nLz2s�|~y&��´~z2q	r0s>t~s ¿ ��{  &Á�o8n^{~u$����m�pJ�






y′(t) = −y3(t) + sin(t)y2(t) + 1
n^{~y

I0 = [0,+∞[

y(0) = y0
t~��m~m x>t ��m n

IR
ª�« ¬ÐÏ�¬$­�Ï-®

³ s6p^Á x¨��y&q	r0s�|~y&x¨ ¨x¨t~s	m�pW|9s	{~pWn�¥Ð��|~|~z$u2§�{ s	y"�¨�-s¨ 6z2s�|~y&��t�{~u$pLn& ���z���u$y&s�{ n^{ s	z�t~s IR ¬~¶ m�s�vSs	p ¡ ��m��
∀(t, y) ∈ [0,+∞[×IR 〈f(t, y), y〉 = −y4 + sin(t)y3 + y ≤ −y4 + |y|3 + |y| ≤ 1 + |y| ª�« ¬ÐÏ�¬$­	«�®

s	p"t~��m  6u$zJs�µ�u2n&p&s�{~m s�n&��z${~p^u2��m8Ó�z2��´D��z2s>n^{~y
I0 = [0,+∞[ ¬

A3_"3Q_"3 � 6gjQ* >�hDi .�2��F1 ,4<cº�<¸-�j�29. )+8 13ºf6�e��¨¸�<=:²f�º@6 <=- �
³ � m ��p^u2��m tS¥ {~m~u2 	u$p&x£t~s�z�� n&��z${~p^u2��m�t�{�|~y&��´~z2q	r0sÒt~s ¿ ��{  &Á�o�|9s	{~p&1	p^y&s8|~y&x¨ 	u2n(x¨s�t~s8z�� �©���¨��m

n&{~u$����m�p&s��
�}���Q�Y�a�������������S���ÃÂ"mPt�u$p²§�{ sLz2s"|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ª�« ¬ � ¬ «�® ��t�r0s	p {~m sWn(��z${~p^u2��mPs	p+{~m s"n(s	{~z2s"n�¥ u$z
��t�r0s	pW{~m s�n&��z${~p^u2��m8Ó�z2��´D��z2s�s	pLn&uSp&��{~p&s�n&��z${~p^u2��m8z2�� ���z2s6s¨n^p�z��Iy&s¨n^p^y^u2 	p^u2��mÒt~s6 ¨s	p^p&s�n&��z${~p^u2��m8Ó�z2��´D��z2s ¬

❏

³ s�p^Á x¨��y&q	r0s�n&{~u$����m�pWs¨n^p�{~m8p^Á x¨��y&q	r0s��©��m t ��r0s	m�p(��zQtS¥ {~m~u2 	u$p&x�t~s6z��]n(��z${~p^u2��m��
� � ��� ����� ���J���J��� Â"m�n^{~|~|9��n&s�§�{ s

I0
s¨n&pLt~s�z��>����y^r0s

[t0, t0 + T ]
��{

[t0, t0 + T [
��{

[t0,+∞[ ¡ §�{ s
f
s¨n^pL ¨��m�p^u$m�{ sIn^{~y

I0 × IRn s	pL§�{J¥ u$z�s�µ�u2n^p&s�{~m s��©��m  	p^u2��m
l ∈ L1(I0)

p&s	z$z2s�§�{ s
∀t ∈ I0,∀y, z ∈ IRn, 〈f(t, y)− f(t, z), y − z〉 ≤ l(t)‖y − z‖2 ª�« ¬ÐÏ�¬$­ �-®

��z2��y&nWz2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ª�« ¬ � ¬ «�® ��t�r0s	pW{~m s�n&��z${~p^u2��m�s	p�{~m s�n(s	{~z2s ¬
❏

� �^Æ�É���Æ � ³ ¥¦s�µ�u2n^p&s	m  ¨s s¨n^pP´D��n&x¨s n&{~y}z2s p^Á x¨��y&q	r0s « ¬ÐÏ�¬ « ¬ ·���{~y�z��¾t~x	r0��m n^p^y(��p^u2��m t~sÒz
¥ {~m~u2 	u$p&x ¡ ��my&s	m��-��u2s>° ª��������! #"%$'&)( * $-,/.!� 0 ¡ ­�� � � ®�¬
❏

³ s Ñ Á x¨��y&q	r0s t~s ¿ ��{  (Á�o�! ³ u$| n& (Á~u$p��½s¨n^p}{~m s  ¨��m n(x¨§�{ s	m  ¨s t�{¢p^Á x¨��y&q	r0sÀ|~y&x¨ ¨x¨t ��m�p£|���{~y8t~s¨n
Á�o�|9��p^Á q¨n&s¨nW|~z${ n ����y^p&s¨n��
� � ��� ����� ���J���J�
	+�
	�'�* � ��
���� � � , � � �a��
��¤Â"m}n^{~|~|9��n&s¤§�{ s"z�������m  	p^u2��m

f
s¨n&p² ¨��m�p^u$m�{ s�n^{~y

I0× IRns	p"§�{J¥ u$zJs�µ�u2n^p&s6{~m s�y&x¨s	z
L
p&s	z�§�{ s��

∀(t, y)et(t, z) ∈ I0 × IRn, ‖f(t, y) − f(t, z)‖ ≤ L‖y − z‖ ª�« ¬ÐÏ�¬$­ � ®
��z2��y&nWz2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ª�« ¬ � ¬ «�® ��t�r0s	pW{~m s�n&��z${~p^u2��m�s	p�{~m s�n(s	{~z2s ¬

❏
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³ ¥ Á�o�|9��p^Á q¨n&s ª�« ¬ÐÏ�¬$­ � ® y&s	��u2s	m�pWn^u$r*|~z2s	r0s	m�p�°* ¨s6§�{ s f
n(��u$p ³ !
z$u$| n& &Á~u$p��¨u2s	m~m s>|D��yLy(��|~|9��y^p"° y ¬±���m~m ��m n s	m�� m»{~m} ¨��y&��z$z���u$y&s�§�{~u�s¨n^p²{~m s6��|~|~z$u2 ���p^u2��m}t�u$y&s¨ 	p&s6t~s" ¨s"p^Á x¨��y&q	r0s ¬(
 z� ¨��m  ¨s	y^m s�z2s" ���nt~s¨nLx¨§�{D��p^u2��m nWt�uwvSx	y&s	m�p^u2s	z$z2s¨n"z$u$m x���u$y&s¨n ¬

	�� ��� � �4' �4���8�����S�����
	�'(,��2��, � )+*2'��������2,��Y���3�����������4� � �4� , ������� ' �4����, �Ì��u�z��£����m  	p^u2��m�s¨n&pIz$u$m x���u$y&s
|D��y�y(��|~|���y^p¤°

y ¡  �¥¦s¨n^pW°0t�u$y&s6§�{J¥¦s	z$z2s�n(s�r0s	pWn&��{ n�z��>�©��y^r0s��

f(t, y) = A(t)y(t) + b(t) ª�« ¬ÐÏ�¬$­ -�®
s	p�§�{ s0z
¥Ð��|~|~z$u2 ���p^u2��m

t 7→ A(t)
s¨n^p> ¨��m�p^u$m�{ s»n^{~y

I0
t ��m n�z
¥¦s	m n(s	r�´~z2s»t~s¨nI��|~|~z$u2 ���p^u2��m nIz$u$m x���u$y&s¨nIt~s

IRn ¡ L(IRn)
s	pL§�{ s

b ∈ C0(I0)
��z2��y&nWz2s�|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o���t�r0s	pW{~m s6n&��z${~p^u2��m£s	pL{~m s�n&s	{~z2s ¬

❏

���&Æ�É���Æ � ³ �I|~y&s	{~�-s�n&s6n& 	u$m t~s6s	m£t~s	{�µP ���nJ�
­�¬ n^u I0

s¨n^p" ¨��r*|D�� 	p ¡ ��m£�

f(t, y)− f(t, z) = A(t)(y − z) ª�« ¬ÐÏ�¬$­��-®
¶ m |9��n(��m�p

L = maxt∈I0 ‖A(t)‖L(IRn)
§�{~ugs�µ�u2n&p&s]|~{~u2n&§�{ s

I0
s¨n^p6 ¨��r*|D�� 	p ¡ ��m ��´~p^u2s	m�p�§�{ s

fs¨n^p ³ !
z$u$| n& &Á~u$p��¨u2s	m~m s>|D��yLy(��|~|9��y^p"° y ¬� ¬ ��u I0
¡ mJ¥¦s¨n^p}|D��n} ¨��r*|D�� 	p ¡ |D��y8s�µ~s	r*|~z2s

I0 = [t0, t0 + T [ ¡ ��mZs	m���u2n(��Ó-s z��½n^{~u$p&s t~s
tn =

t0 +T − 1/n ¬�
 z�s�µ�u2n^p&sL{~m s�n&��z${~p^u2��m»{~m~u2§�{ sWÓ�z2��´D��z2s�n^{~y
[t0, tn]

§�{ sWz
¥¦��m»m ��p&s
([t0, tn], yn) ¬ Â"m|9��n&s

y(t) = limn→+∞ y−n(t) ¬�¿ s	p^p&s"z$u$r*u$p&s�s�µ�u2n^p&s"|~{~u2n&§�{ sW|9��{~y tn ≥ t ¡ yn(t)
s¨n^p+ ¨��m n^p(��m�p&s ¬

³ �0n&��z${~p^u2��m (I0, y)
s¨n^pLt~��m  �z
¥ {~m~u2§�{ s�n(��z${~p^u2��m�t�{8|~y&��´~z2q	r0s ¬

❏

Ag_"3Q_FA �a,	��1 .0,3ºK.¨2 .Df¤:�.Q>�-/1 >-¹ 8T-�<=*�,3f8f?19> k .Df¤29*�, ,gj0.Df
±�s	y^y^u2q	y&sWz���§�{ s¨n&p^u2��mÌt~sLz
¥ u$m�
 { s	m  ¨s¤t~s¨n+|�s	y^p^{~y^´D��p^u2��m n n^{~y+z2s¨n3t~��m~m x¨s¨n n^{~yg{~m s¤n&��z${~p^u2��mÌn(sW ��� &Á s

z��0m ��p^u2��m t~s]n^p(��´~u$z$u$p&x]t�{Ò|~y&��´~z2q	r0s*t~s ¿ ��{  (Á�o ¬ Â"m n&��{~ÁD��u$p&s]s	mÒs�vSs	p6§�{J¥ {~m s>|9s	y^p^{~y^´D��p^u2��m n^{~y"z2s¨n
t~��m~m x¨s¨n t�{»|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o ¡ |~z${ n²|~y&x¨ 	u2n&x	r0s	m�pLn^{~y f

s	p n^{~y²z��� ¨��m t�u$p^u2��m}u$m~u$p^u���z2s
y0

mJ¥¦s	m�p^y(�
�2m s
§�{ s6t~s¨nL����y^u���p^u2��m n"n^{~y�z��*n&��z${~p^u2��m

y(t)
§�{~uS|�s	{~�-s	m�p 1	p^y&s6r��
�2p^y^u2n(x¨s¨n ¡ s	p�z2s¨n�|~z${ nW|�s	p^u$p&s¨n�|9��n&n^u$´~z2s¨n ¬����m nPz��¼n^p(��´~u$z$u$p&x t�{�|~y&��´~z2q	r0s  ¨��m�p^u$m�{ s ¡ u$z¤mJ¥ o �À|D��nPtS¥¦s¨n^|9��u$y}t~s  ¨��m n^p^y^{~u$y&s t~s¨nPr0x	p^Á ��t~s¨n

m�{~r0x	y^u2§�{ s¨n ª t�u2n& 	y&q	p&s¨n ® §�{~uJn(��u2s	m�p"n&p(��´~z2s¨n ¬
! � m8t~s6|~y&x¨ 	u2n&s	yW ¨s	p^p&s6m ��p^u2��m ¡ ��m�s	m���u2n(��Ó-s6{~m}|~y&��´~z2q	r0s>t~s ¿ ��{  &Á�oPt�u$pW|�s	y^p^{~y^´9x��
Í p(��m�p"t~��m~m x¨nJ�
Î {~m8u$m�p&s	y^����z$z2s

I0 ⊂ IR ¡
Î {~m s��©��m  	p^u2��m

f ¡ t~x�� m~u2s�s	pL ¨��m�p^u$m�{ sIn^{~y I0 × IRn °I����z2s	{~y&nWt ��m n
IRn �

Î {~m s��©��m  	p^u2��m
g ¡ t~x�� m~u2s�s	pL ¨��m�p^u$m�{ sIt~s I0

t ��m n
IRn

Î {~m s�x	z2x	r0s	m�p
α ∈ IRn s	pLt~s	{�µ}y&x¨s	z2n

(ξ1, ξ2) ∈ IR2
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�;%(�
Ñ�y&��{~�-s	yW{~m s��©��m  	p^u2��m

yε ∈ C1(I0)
p&s	z$z2s6§�{ s







y′ε(t) = f(t, yε(t)) + ξ0g(t),∀t ∈ I0,∀y ∈ IRn

yε(t0) = y0 + ξ1α, t0 ∈ I0, ¿ ��m t�u$p^u2��m8u$m~u$p^u���z2s ª�« ¬ÐÏ�¬$­��-®

³ s6p^Á x¨��y&q	r0s>n^{~u$����m�pL|9s	y^r0s	pWt~s6r0s¨n^{~y&s	yLz
¥¦x¨ ���y^p¤s	m�p^y&s�{~m s�n&��z${~p^u2��m y
t�{8|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�os	pW{~m s�n&��z${~p^u2��m

yε
t�{�|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o}|�s	y^p^{~y^´9x ¬

� � ��� ����� ���J���J���Z��u
f
s¨n^pL ¨��m�p^u$m�{ s>s	pL�-x	y^uw�Ds��

∃l ∈ L1(I0), ∀t ∈ I0,∀y, z ∈ IRn, 〈f(t, y)− f(t, z), y − z〉 ≤ l(t)‖y − z‖2 ª�« ¬ÐÏ�¬ � �-®
s	p

g
s¨n^pL ¨��m�p^u$m�{ s>��z2��y&nWz2s�|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o}|9s	y^p^{~y^´�x���t�r0s	pL{~m s�n&��z${~p^u2��m8{~m~u2§�{ s

yε
s	p

‖y(t)− yε(t)‖ ≤ ‖ξ1α‖ exp(L(t)) +

∫ t

t0

exp (L(t)− L(s))‖ξ0g(s)‖d � ª�« ¬ÐÏ�¬ � ­�®
���-s¨ 

L(t) =

∫ t

t0

l(s)d � ª�« ¬ÐÏ�¬ ��� ®
❏

Â"m£y&s	r���y&§�{ sIt~��m  I§�{ s�z��Ìn^p(��´~u$z$u$p&x]t~s>z
¥¦��|�x	y(��p&s	{~y6s¨n^p¤ ¨��m�p^y���z2x¨s]|D��y¤z��*�©��m  	p^u2��m
L(t)

§�{~uYt~��u$p
y&s¨n&p&s	y��
�©��u$´~z2s a |9��{~yLs¨n^|9x	y&s	yW�¨�-��u$yW{~m s�´���m~m s6n^p(��´~u$z$u$p&x�t�{8|~y&��´~z2q	r0s ¬
A3_"3Q_�� � j �(1+k=8;>@<¸-�j�2 .Df�fa*�k�1�-�<=*�,3f
# ��|~|9s	z2��m n�§�{J¥ {~m s�����m  	p^u2��m*�-s¨ 	p&��y^u2s	z$z2s"s¨n^p�t�u$p&sLt~s� 	z���n&n&s Ck n^u s	z$z2sL��t�r0s	p+t~s¨n�t~x	y^u$�-x¨s¨ng|D��y^p^u2s	z$z2s¨n

 ¨��m�p^u$m�{ s¨n � { n&§�{J¥Ð°Iz
¥¦��y&t�y&s
k ¬Â"m8t~��m~m s6z2s6p^Á x¨��y&q	r0s>n^{~u$����m�pLn^{~yLz��Iy&x	Ó�{~z���y^u$p&x>t~s¨nLn&��z${~p^u2��m nJ�

� � ��� ����� ���J���J�	� ��u
f : IRn+1 7→ IRn s¨n^pÌt~s8 	z���n(n&s Ck ¡ ��z2��y&n�p&��{~p&s£n&��z${~p^u2��m t�{ |~y&��´~z2q	r0s£t~s

¿ ��{  (Á�o8s¨n^pLt~s� 	z���n&n&s Ck+1

❏

� �^Æ�É���Æ � ³ �]|~y&s	{~�-s�n&s¤�©��u$pW|D��y�y&x¨ 	{~y^y&s	m  ¨s��
Î k = 0 ¡ f

s¨n^pP ¨��m�p^u$m�{ s ¬ ·Y��y}Á�o�|9��p^Á q¨n&s ¡ y : I0 7→ IRn s¨n&pPt~x	y^u$����´~z2s t~��m    ¨��m�p^u$m�{ s ¬ ·Y��y ¨��m n&x¨§�{ s	m�p ¡ y′(t) = f(t, y(t))
s¨n^pL ¨��m�p^u$m�{ sIs	pLt~��m  

y
s¨n&pLt~s� 	z���n&n&s C1 ¬

Î Â"m*n^{~|~|9��n&s�§�{ s²z2s²y&x¨n^{~z$p(��p3s¨n&pY��y(��u °¤z
¥¦��y&t�y&s
k−1 ¡ ��z2��y&n y

s¨n&p���{*r0��u$m n3t~s² 	z���n(n&s Ck ¬�¿ ��r*r0s
f
s¨n^pLt~s� 	z���n&n&s Ck ¡ u$zJn�¥¦s	m n^{~u$pW§�{ s y′

s¨n^p"t~s6 	z���n&n&s Ck s	pWt~��m  �§�{ s
y
s¨n^pLt~s� 	z���n&n&s Ck+1 ¬

❏
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	�' �-� * � �2��, ������������� , , *��#� ��, ,�������, ��� *Y�$� ,�� � *J�������
y
��� � ������������� � �

f ³ s� ���z2 	{~zDt~s¨n�t~x	y^u$�-x¨s¨nn^{  ¨ ¨s¨n&n^u$�-s¨nQt~s
y
|D��yQy(��|~|���y^pg°

t
n&s3�
��u$pYÓ�y�
� ¨s���{�µ]t~x	y^u$�-x¨s¨nQp&��p(��z2s¨n�t~s

f
|D��yYy(��|~|9��y^p3°

t ¬�¶ m*t~x	y^u$����m�pz��Iy&s	z���p^u2��m
y′(t) = f(t, y(t)) ¡ ��m���´~p^u2s	m�pJ�

y′′(t) =
∂f(t, y(t))

∂t
+∇yf(t, y(t))

∂y(t)

∂t
ª�« ¬ÐÏ�¬ � Ï-®

=
∂f(t, y(t))

∂t
+∇yf(t, y(t))y′(t) ª�« ¬ÐÏ�¬ � «�®

=
∂f(t, y(t))

∂t
+∇yf(t, y(t))f(t, y) ª�« ¬ÐÏ�¬ � �-®

Â"m}m ��p&s�t~s6r���m~u2q	y&s� ¨��m��-s	m�p^u2��m~m s	z$z2sIz��*t~x	y^u$�-x¨s�p&��p(��z2s�t~s
f
|D��yLy(��|~|���y^p¤��{}p&s	r*| nJ�

f (1)(t, y) =
∂f(t, y(t))

∂t
+∇yf(t, y(t))f(t, y) ª�« ¬ÐÏ�¬ ��� ®

Â"m��*t~��m  

y′′(t) = f (1)(t, y) ª�« ¬ÐÏ�¬ � -�®
s	pLtS¥ {~m s6r���m~u2q	y&s�|~z${ nLÓ-x	m x	y(��z2s���m}m ��p&s	y(�]z��*t~x	y^u$�-x¨s>°]z
¥¦��y&t�y&s

k
�

y(k)(t) = f (k−1)(t, y) ª�« ¬ÐÏ�¬ � �-®
��uJ��m�t~x	y^u$�-s6{~m s�m ��{~�-s	z$z2s�����u2nW ¨s	p^p&s�t~s	y^m~u2q	y&s�s�µ�|~y&s¨n&n^u2��m ¡ ��m���´~p^u2s	m�pJ�

y(k+1)(t) = f (k)(t, y) ª�« ¬ÐÏ�¬ � �-®
=

∂f (k−1)(t, y(t))

∂t
+∇yf

(k−1)(t, y(t))y′(t) ª�« ¬ÐÏ�¬ÐÏ �-®
=

∂f (k−1)(t, y(t))

∂t
+∇yf

(k−1)(t, y(t))f(t, y) ª�« ¬ÐÏ�¬ÐÏ�­�®
ª�« ¬ÐÏ�¬ÐÏ � ®

³ s¤ ���z2 	{~z�t~s¨n²t~x	y^u$�-x¨s¨n²p&��p(��z2s¨n t~s f
|D��y²y(��|~|���y^p�°

t
|9s	{~�-s	m�p�t~��m  ¤n&s��
��u$y&sLÓ�y�
� ¨s�°�z��6y&x¨ 	{~y^y&s	m  ¨s

n^{~u$����m�p&s��

f (0)(t, y) = f(t, y) ª�« ¬ÐÏ�¬ÐÏ�Ï-®
f (l)(t, y) =

∂f (l−1)(t, y)

∂t
+∇yf

(l−1)(t, y)f(t, y) ª�« ¬ÐÏ�¬ÐÏ�«�®
y(l+1)(t) = f (l)(t, y) ª�« ¬ÐÏ�¬ÐÏ �-®

<�=
< � [YB �>E6FIO��¢O��
	IU(K&H�K^B�O��ÃFIO C�[���ELU&G�B�K&ELA
Ag_nAg_ b �
��198T-�<=*(,+f¤2 < �LjQ>�.0,�-�<=.�kck=.�f»k�< ,3jQ8 <=>�.Df7241�: >�.Di < .Q>d* >f29>�.
Ag_nAg_�` �
��198T-�<=*(,+f¤2 < �LjQ>�.0,�-�<=.�kck=.�f»k�< ,3jQ8 <=>�.Df7241 fj.�ºK*(, 2�* >f29>�.
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θ � {Y�|x����/~/}�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p²³U�©QCt  �4JMRTPD_�hXl?HDlaL���eg_�PD_?¥"b¤laJM¡TNQPT_a¥ �7RDH Á!��¥�CYCZCYCYCZC"CYCZCYCZCYCYCZCYCZCYCYC Ã@[­/p ��pts �����@w��]w=x��U�@�|}�ª/w=x��U���t�t�¼xz��}Ix �I�j�"��}|�z¬�}M�@�I} p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p²³U�­/p ��prq �����@~��¼xz���j�Æ~/}¢�|���"��}M��¬j}|�@�|}4~/}Ww�{"�Ix��@�?~�}Mw$#Y�����@�jw|pfp�p�p�p�p�p�p�p�p�p�p�p�p²³U¶­/p ��p � %4�z~���}�~�� ����}�{"�Ixz���/~/}&#Y�����@��w�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p²³Uº©QC�B '�_a¥"b¤laJW¡DNQPT_?¥�PT_ PTl)(X_?eFNfÁDÁ(_?b¤_?HKJ�PT_ ^*�,+QegN@L�CYCZC"CYCZCYCZCYCYCZCYCZCYCYC -/.©QC]© '�_a¥"b¤laJW¡DNQPT_?¥�PT_10 RTHThf_,243�R0JMJ5��CZCYCYCZCYCZCYCYCZC"CYCZCYCZCYCYCZCYCZCYCYC -X\­/pr­/pts ° �z���@�|���X}¢~/}¢�|���@w x��z�@� xz���j� p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶aq­/pr­/prq � «/}|{"���t}Mw3p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶�o­/pr­/p � uaxz�����t����x��¢~/}Ww�{"�Ix��@�?~�}Mw9~/}¢»9����¬�} �76 �/x�xz� p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶?³­/pr­/p o %4�z~���}�~/}Mw9{Y�|x����/~/}Ww�~/}¢»����@¬�} �"6 �/x x���p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶?³©QCt[ 8ZNXHKJ|L�9feg_�PDR Á!��¥kPT_�JM_?bÂÁ;¥ CYCZCYCZCYCYCZCYCZCYCYCZC"CYCZCYCZCYCYCZCYCZCYCYC -/:­/p ��pts ° �z���@�|���X}�¬��M���|���U�t}�~/���I���axz�<;j��} p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶jº­/p ��prq =9���@���]�|�Ux��t���@w����/« {"�Ixz���/~/}Mw��@���Ww }M�jxz�|}Ww|p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�p�¶jº
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±6��m n+p&��{~p� ¨s� &ÁD��|~u$p^y&s ¡ ��m»���> ¨��m n^u2t~x	y&s	y�z2sW|~y&��´~z2q	r0s6t~s ¿ ��{  (Á�o}t ��m n
IR ¡  �¥¦s¨n^p�°It�u$y&s¤|���{~y�t~s¨n�©��m  	p^u2��m n�°Ì����z2s	{~y&n�y&x¨s	z$z2s¨n ¬S³ s¨n6y&x¨n^{~z$p(��p&n6s	p�z2s¨n�r0x	p^Á ��t~s¨n�§�{~uQn(��m�p�t~��m~m x¨n�t ��m n�z��»n^{~u$p&s]|9s	{~�-s	m�p

Ó-x	m x	y(��z$u2n(s	y"n(��m n�|~y&��´~z2q	r0s>t ��m n
IRn ¬(# ��|~|�s	z2��m nLz��]t~x�� m~u$p^u2��m£t�{8|~y&��´~z2q	r0s>t~s ¿ ��{  &Á�o ¬

�}���Q�Y�a������� �S���D����Â"m£��|~|9s	z$z2s�� ����Ä��2Å�	�Æ]Ç�Æ»È�
�É~Ê�Ë
�Ìz2s6|~y&��´~z2q	r0s�n^{~u$����m�pJ�
Í p(��m�p"t~��m~m x¨n��

Î {~m}u$m�p&s	y^����z$z2s
I0 ⊂ IR ¡

Î {~m s¤�©��m  	p^u2��m
f ¡ t~x�� m~u2s�s	pW ¨��m�p^u$m�{ s�n^{~y I0 × IR

°I����z2s	{~y&nWt ��m n
IR

�
f : I0 × IR 7→ IR ª ��¬$­�¬$­�®

(t, y) 7→ f(t, y) ª ��¬$­�¬ � ®
Ñ�y&��{~�-s	yW{~m s��©��m  	p^u2��m

y ∈ C1(I0)
p&s	z$z2s�§�{ s







y′(t) = f(t, y(t)),∀t ∈ I0,∀y ∈ IRn

y(t0) = η, t0 ∈ I0, ¿ ��m t�u$p^u2��m�u$m~u$p^u���z2s ª ��¬$­�¬ÐÏ-®

❏

Â"m>n^{~|~|9��n&s	y(�W§�{ s
I0

s¨n^pYt~s3z�������y^r0s
[t0, t0+T ]

��{
[t0, t0+T [

�¨�-s¨ 
T > 0

��{]s	m  ¨��y&s
[t0,+∞[ ¬ ±�s|~z${ n ¡ ��mPn^{~|~|���n(s	y(��|���{~y²n^u$r*|~z$uw�Ds	y §�{ s

f
�-x	y^uw�DsWz2s¨n+ ¨��m t�u$p^u2��m n²t�{Ìp^Á x¨��y&q	r0s"t~s ¿ ��{  &Á�o ! ³ u$| n& (Á~u$p�� ¡ �¥¦s¨n&p"°]t�u$y&s

∃k,∀(t, y) (t, z) ∈ I0 × IR, |f(t, y)− f(t, z)| ≤ k|y − z| ª ��¬$­�¬ «�®
³ s�´~{~p¤t~s¨nWr0x	p^Á ��t~s¨n"m�{~r0x	y^u2§�{ s¨n¤t~s�y&x¨n&��z${~p^u2��m t~s¨n ¶ ±�Â s¨n^p¤��|~|~y&�� &Á s	y¤z2s�|~y&��´~z2q	r0sIt~s ¿ ��{ ! (Á�o½ ¨��m�p^u$m�{ s}s	m½p&s	r*| nI|D��y�{~m½|~y&��´~z2q	r0sPt�u2n& 	y&x	p^u2n&x ¬ ·���{~y] ¨s	z�� ¡ ��m½n(s�t~��m~m sÌ{~m sÌn^{~´9t�u$��u2n^u2��m½t~s

z
¥ u$m�p&s	y^����z$z2s
I0
¡ m ��p&x¨s t0 < t1 < . . . < tn < . . . tN

s	p���m  ¨��m n^p^y^{~u$p6{~m s]n^{~u$p&s
yn, 0 ≤ n ≤ N

tS¥Ð��| !
|~y&��µ�u$r���p^u2��m£t~s"����z2s	{~y&n

y(tn), 0 ≤ n ≤ N ¬ Â"m}m ��p&s	y(�Iz2s¤|D��n�t~s"z��It�u2n& 	y&x	p^u2n:��p^u2��m
hn = tn+1− tn

s	p
h = max0≤n≤N hn ¬Â"m8t~x¨n^u$Ó�m s	y(�]t~s�r���m~u2q	y&s�x¨§�{~u$����z2s	m�p&s6{~m s�r0x	p^Á ��t~s�m�{~r0x	y^u2§�{ s�t~s�y&x¨n&��z${~p^u2��m�t~s¨n ¶ ±�Â |D��y�{~m
n( &Á x	r��*m�{~r0x	y^u2§�{ s ¬Ñ�s	y^r*u$m ��m n¤s	m�� m8|D��y�z��*t~x�� m~u$p^u2��mÒt~s¨n�r0x	p^Á ��t~s¨n"°]{~m}|D��nJ�
�}���Q�Y�a������� �S���D���ÃÂ"m]��|~|�s	z$z2s�r0x	p^Á ��t~s3t~s3y&x¨n&��z${~p^u2��m�m�{~r0x	y^u2§�{ s ° {~m�|D��n�{~m s�r0x	p^Á ��t~s3§�{~u�n�¥¦x¨ 	y^u$pJ�







yn+1 = yn + hnΦ(tn, yn, hn)

y0 = η̂
ª ��¬$­�¬��-®

��¯
Φ
s¨n^p�{~m s��©��m  	p^u2��m� ¨��m�p^u$m�{ s�t~s

I0 × IR× [0, h?]
�¨�-s¨ 

h? > 0 ¬
❏

³ �>r0x	p^Á ��t~s6s¨n&p t�u$p&s6°>{~mP|D��n� ���y z�������z2s	{~yLt~s¤z
¥Ð��|~|~y&�¨µ�u$r���p^u2��m£��{P|D��n
tn+1

m s¤t~x	|9s	m t}§�{ s¤t~s
z��*����z2s	{~yWt~s�z
¥Ð��|~|~y&��µ�u$r���p^u2��m ��{8|D��nLt~s�p&s	r*| nW|~y&x¨ ¨x¨t~s	m�p ¬



	����~��1 ���	����'��(�6,~� �P%����9��,~�(�L��� �P%&�^
������(� �&'a���&�^
��~���(� ��	

� =;M � ��OgR 	IU&O��ÃF>OXRT[YB �IE6F>O���A�G]RT[QC�K���GIO��ÃHYU�� � �DK���GIO��
! � m�t~s�|~y&x¨ 	u2n&s	yWz2s¨nLu2t~x¨s¨n¤n^{~yLz2s¨nLr0x	p^Á ��t~s¨n"m�{~r0x	y^u2§�{ s¨n"t~s�y&x¨n&��z${~p^u2��m£t~s¨n ¶ ±�Â ¡ t~��m~m ��m n¤t ��m n ¨s	p^p&s6|D��y^p^u2s�§�{ s	z2§�{ s¨nWs�µ�s	r*|~z2s¨n"t~s�r0x	p^Á ��t~s¨n" 	z���n&n^u2§�{ s¨n ¬

�Q_a`Q_ b �+>@< ,+º�<=:�.
2 .½ºK*�,3fj-/>@13ºX-�<=*�,
³ s"|~y^u$m  	u$|�s¤t~sW ¨��m n&p^y^{  	p^u2��mPt~s¨n+r0x	p^Á ��t~s¨n²n&u$r*|~z2s¨n²n�¥Ð��|~|~{~u2s"n^{~y+z��6y&s	r���y&§�{ s�n^{~u$����m�p&s ¬�¿ ��r*r0s��m�z
¥Ð�Ò��{ ��{  &ÁD��|~u$p^y&s8|~y&x¨ ¨x¨t~s	m�p ¡ z2sP|~y&��´~z2q	r0s£t~s ¿ ��{  &Á�o ª ��¬$­�¬ÐÏ-® |�s	{~p 1	p^y&s8x¨ 	y^u$pÌn&��{ n]z��Ò�©��y^r0s

u$m�p&x	Ó�y(��z2s>n^{~y�z
¥ u$m�p&s	y^����z$z2s
[tn, tn+1], 0 ≤ n ≤ N − 1

�
∫ tn+1

tn

y′(t) dt = y(tn+1)− y(tn) =

∫ tn+1

tn

f(t, y(t)) dt ª ��¬ � ¬$­�®
n&��u$p

y(tn+1) = y(tn) +

∫ tn+1

tn

f(t, y(t)) dt ª ��¬ � ¬ � ®
³ �� ¨��m n^p^y^{  	p^u2��m»t~sWr0x	p^Á ��t~s¨n+m�{~r0x	y^u2§�{ s¨n n^u$r*|~z2s¨n+|�s	{~p3n(s��
��u$y&sWs	m�n&s"t~��m~mD��m�p²{~m s"��|~|~y&��µ�u$r���!

p^u2��m8t~s6z
¥ u$m�p&x	Ó�y(��z2s
∫ tn+1

tn

f(t, y(t)) dt ≈ hnΦ(tn, yn, hn) ª ��¬ � ¬ÐÏ-®
s	p6��¯

yn ≈ y(tn)
z��»n^{~u$p&s]t~s¨n���|~|~y&�¨µ�u$r���p^u2��m n�t~s

y
s	m

tn ¬9³ �»n^{~u$p&s*t~s¨n���|~|~y&��µ�u$r���p^u2��m n>s¨n^p¤t~��m  
 ¨��m n^p^y^{~u$p&s6|D��yJ�







yn+1 = yn + hnΦ(tn, yn, hn)

y0 = η̂
ª ��¬ � ¬ «�®

��¯
η̂
s¨n&p�{~m s���|~|~y&�¨µ�u$r���p^u2��m�m�{~r0x	y^u2§�{ s>t~s6z��] ¨��m t�u$p^u2��m�u$m~u$p^u���z2s

η ¬
	¤��{ n �-s	y^y&��m nLt ��m n z��In^{~u$p&s6§�{ s¤z
¥ {~p^u$z$u2n(��p^u2��m£t~sW�©��y^r�{~z2s¨nWt~s6§�{D��t�y(��p^{~y&s�|9��{~yW��|~|~y&�� (Á s	yLz
¥ u$m�p&x !

Ó�y(��z2s ª ��¬ � ¬ÐÏ-®  ¨��m t�{~u$pL°�z��I ¨��m n^p^y^{  	p^u2��mPÓ-x	m x	y(��z2s6t~s¨n+r0x	p^Á ��t~s¨n�t~s # {~m~Ó-s Î�� {~p^p(� ¬ ±���m~m ��m n�t ��m n²z��n^{~u$p&s6t~s¨nLs�µ~s	r*|~z2s¨nWx	z2x	r0s	m�p(��u$y&s¨n"t~s6r0x	p^Á ��t~s¨nLm�{~r0x	y^u2§�{ s¨n" ¨��m n^p^y^{~u$p&s¨nWt~s�z��]n&��y^p&s ¬
�Q_a`Q_�` ¸�8 i j�-�69*�29. 2 ����1+k=.Q>µ: >@* � >�.Df�f?<	��.
*(1�. ��:²k < º�<¸-/.

³ �»|~z${ n6n^u$r*|~z2s*t~s¨n�r0x	p^Á ��t~s¨n�s¨n^p�z��Ìr0x	p^Á ��t~s*tS¥ ¶ {~z2s	y�|~y&��Ó�y&s¨n&n^u$�-s ¬S³ ¥ u$m�p&x	Ó�y(��z2s ª ��¬ � ¬ÐÏ-® s¨n&p���| !|~y&�� (Á x¨s6|D��yL{~m s6r0x	p^Á ��t~s�t~s¨n�y&s¨ 	p(��m~Ó�z2s¨n¤°]Ó���{  &Á s ¡ n&��u$pJ�
∫ tn+1

tn

f(t, y(t)) dt ≈ hnΦ(tn, yn, hn) = hnf(tn, yn) ª ��¬ � ¬��-®
³ �]r0x	p^Á ��t~s�tS¥ ¶ {~z2s	yW|~y&��Ó�y&s¨n&n^u$�-s�n�¥¦x¨ 	y^u$p"t~��m  ��

yn+1 = yn + hnf(tn, yn) ª ��¬ � ¬ � ®
�¨�-s¨ 6z��0 ¨��m t�u$p^u2��m8u$m~u$p^u���z2s

y0 = η̂ ª ��¬ � ¬.-�®
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���	� 	���1g!0)¢5 �À%����9��,~�(����� �P%&�^
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�¨��� ����� �.��� '����������D����� ��� ���4)+*2�
��_a`Q_"3 ¸¢8 i j�-�69*�29. 2 � ��1+k=.Q>µ>-j�-/>�* �(>�8 29.�*(13<ci :+k�<cº�<=-?.

·���{~y>z��Pr0x	p^Á ��t~s�tS¥ ¶ {~z2s	yIy&x	p^y&��Ó�y(��t~s ¡ z
¥ u$m�p&x	Ó�y(��z2s ª ��¬ � ¬ÐÏ-® s¨n^p���|~|~y&�� &Á x¨sÌ|D��y�{~m s*r0x	p^Á ��t~s�t~s¨n
y&s¨ 	p(��m~Ó�z2s¨n�°]t�y&��u$p&s��

∫ tn+1

tn

f(t, y(t)) dt ≈ hnΦ(tn, yn, hn) = hnf(tn+1, yn+1) ª ��¬ � ¬��-®
³ �Ir0x	p^Á ��t~s�tS¥ ¶ {~z2s	yWy&x	p^y&��Ó�y(��t~s>n�¥¦x¨ 	y^u$pWt~��m  ��

yn+1 = yn + hnf(tn+1, yn+1) ª ��¬ � ¬��-®
���-s¨ �z��] ¨��m t�u$p^u2��m£u$m~u$p^u���z2s

y0 = η̂ ª ��¬ � ¬$­��-®
¿ s	p^p&s*r0x	p^Á ��t~s�s¨n^p�n&��{~�-s	m�p�z��Pr0x	p^Á ��t~s0tS¥ ¶ {~z2s	y>u$r*|~z$u2 	u$p&s ¬ Â"mÀ ¨��m n&p(��p&s�s	m |D��y^p^u2 	{~z$u2s	yI§�{ s*z2s

p&s	y^r0s£y&s¨ &Á s	y& (Á x
yn+1

��|~|D��y(�
�2p}��{ n&n^u"��{ n(s¨ ¨��m t�r0s	r�´~y&s ¬ 
 zWs¨n^p�t~��m  �m x¨ ¨s¨n&n(��u$y&s�t~s�y&x¨n&��{ t�y&s£°
 (ÁD��§�{ s�|D��n�{~m s�x¨§�{D��p^u2��m�t�{}pco�|9s��

F (yn+1) = 0 ª ��¬ � ¬$­�­�®
��u

f
s¨n^p3z$u$m x���u$y&s ¡ u$z�n&{�10p²��z2��y&n²t~sLy&x¨n&��{ t�y&sW{~mÌn^o�n^p&q	r0sLz$u$m x���u$y&s�°6 (ÁD��§�{ s"|D��n ¬ ��u f

s¨n^pgm ��m»z$u$m x���u$y&s ¡ ¨s	p^p&s>x¨§�{D��p^u2��m£|�s	{~p 1	p^y&s�y&x¨n&��z${ s6|D��y"{~m s6r0x	p^Á ��t~s�t~x¨t�u2x¨s>��{�µ8n^o�n^p&q	r0s¨n�m ��m£z$u$m x���u$y&s¨n ª |9��u$m�pW�~µ�s ¡
	¤s���p&��m Î # ��|~Á n(��m ¡ Æ��
Ê ¬¨¬¨¬(®
�¨��� ����� �.��� '����������D����� ��� ���4)+*2�
��_a`Q_nA ¸¢8

θ � i jQ-/6 *�29.
³ � θ Î r0x	p^Á ��t~s�s¨n^pL ¨��m n^p^y^{~u$p&s�s	m�Ó-x	m x	y(��z$u2n(��m�p"z2s¨n�r0x	p^Á ��t~s¨n"tS¥ ¶ {~z2s	y"t~s�z��]�©���¨��m8n^{~u$����m�p&s��

yn+1 = yn + hn [(1− θ)f(tn, yn) + θf(tn+1, yn+1)] , θ ∈ [0, 1] ª ��¬ � ¬$­ � ®
·���{~y

θ = 0 ¡ ��m�y&s	p^y&��{~�-s z��½r0x	p^Á ��t~s tS¥ ¶ {~z2s	y8|~y&��Ó�y&s¨n&n^u$�-sÀs	p»|9��{~y
θ = 1 ¡ ��m¢y&s	p^y&��{~�-s z��

r0x	p^Á ��t~sItS¥ ¶ {~z2s	y�y&x	p^y&��Ó�y(��t~s ¬ ·Y��{~y θ =
1

2
¡ ��m�y&s	r���y&§�{ s>§�{ s�z
¥ u$m�p&x	Ó�y(��z2sIs¨n&p"s	m£�©��u$p���|~|~y&�� (Á x¨s�|D��y

{~m s£r0x	p^Á ��t~s�t~s¨nÌp^y(��|�q ��s¨n ¡ s	p�z
¥¦��m���|~|�s	z$z2s£{ n^{ s	z$z2s	r0s	m�p} ¨s	p^p&s�r0x	p^Á ��t~s£z�� r0x	p^Á ��t~s�t~s ¿ y(��m�� Î
	"u2 &Á ��z2n(��m ¬
� =�� 	 B�G>FIO VL[�AI[QC �LU(O FIO��ZRT[YB �IE6F>O���
 GIA 	 � �

��_"3Q_cb )+*(,+f?<cfj-/8;,+ºK. � f�-/89¹4< k <=-�j�.�-£ºK*(, �(.Q> � .0,3ºK.
±���m~m ��m nL§�{ s	z2§�{ s¨nWt~x�� m~u$p^u2��m nW{~p^u$z2s¨n"°Iz
¥¦x	p^{ t~s�t~s¨nWr0x	p^Á ��t~s¨nLm�{~r0x	y^u2§�{ s¨n¤°I{~m8|D��n ¬



	�� �����L�^��,~� �~%&�9%&�:�.'��>,~�(� �P%����9��,~�(���»�����J��� � �

�}�-�����a������� �9���S����Â"m¾��|~|�s	z$z2sÌs	y^y&s	{~yI°Pz
¥ u$m n&p(��m�p
tn

t~s0z��Pr0x	p^Á ��t~sÌ°P{~m¼|D��n ¡ m ��p&x¨s en
z��}����z2s	{~y

n^{~u$����m�p&s��

en = |yn − y(tn)| ª ��¬ÐÏ�¬$­�®
❏

¿ s	p^p&sIt~x�� m~u$p^u2��m s¨n^p"{~m sIt~x�� m~u$p^u2��m Ó�z2��´D��z2s]t~s�z
¥¦s	y^y&s	{~y6§�{~u�r0s¨n^{~y&s>z���|~y&x¨ 	u2n^u2��m t~s�z���r0s	p^Á ��t~s
°I{~m8|D��n ¬
�}�-�����a������� �9���S���ÃÂ"m»��|~|�s	z$z2s�z
¥¦s	y^y&s	{~y²t~sL ¨��m n^u2n^p(��m  ¨s"°�z
¥ u$m n^p(��m�p

tn
t~s z���r0x	p^Á ��t~sW°�{~m0|D��n ¡ m ��p&x¨s

εn
z��I����z2s	{~yWn&{~u$����m�p&s��

εn = y(tn + 1)− y(tn)− hnΦ(tn, y(tn), hn) ª ��¬ÐÏ�¬ � ®
❏

±6��m n� ¨s	p^p&s²t~x�� m~u$p^u2��m ¡ u$z��
��{~p�|~y&s	m t�y&s²Ó���y&t~s °Lm s3|D��nQ ¨��m�����m t�y&s+z��L����z2s	{~yQs�µ~�� 	p&s²t~s y(tn)
���-s¨ +n(�

����z2s	{~y3��|~|~y&�� &Á x¨sL|D��y�z���n& &Á x	r��
yn ¬�³ ¥¦s	y^y&s	{~y3t~s� ¨��m n^u2n^p(��m  ¨sLr0s¨n^{~y&sL°� &ÁD��§�{ s�|D��nQz
¥¦s	y^y&s	{~y3 ¨��r*r*u2n&s|D��y3z2s"n& &Á x	r���|D��y3y(��|~|9��y^p °�{~m s"����z2s	{~y+s�µ �� 	p&s"°� ¨sLr 1	r0sWp&s	r*| n ¬�¿ ¥¦s¨n^p3{~m sWm ��p^u2��m»tS¥¦s	y^y&s	{~y²z2�� ���z2s

��¯}z
¥¦��m8r0s¨n^{~y&s6z��]t~x	��u���p^u2��m£t�{8n( &Á q	r���°] (ÁD��§�{ s�|D��nLt~s6p&s	r*| n ¬
�}�-�����a������� �9���S��� Â"m t�u$p�§�{ s}z�� r0x	p^Á ��t~s£° {~m�|D��nÌs¨n^p� ¨��m n^u2n&p(��m�p&s�n&uL|���{~y�p&��{~p&s�n&��z${~p^u2��m t�{
|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ¡ ��mÒ�

lim
h→0

N−1∑

0

|εn| = lim
h→0

N−1∑

0

|y(tn + 1)− y(tn)− hnΦ(tn, y(tn), hn)| = 0 ª ��¬ÐÏ�¬ÐÏ-®

❏

l"m sL��{~p^y&s�m ��p^u2��m0u$r*|9��y^p(��m�p&sLs¨n^p�z���n&p(��´~u$z$u$p&xLt�{�n& (Á x	r�� ¬-¶ z$z2s�|9s	y^r0s	pgs	m*|D��y^p^u2 	{~z$u2s	y+t~s r0s¨n^{~y&s	yz2s¨nLs�vSs	p&nLt~s¨nLs	y^y&s	{~y&nWtS¥Ð��y^y&��m t�u2n ¬
�}�-�����a������� �9���S�$� Â"m8t�u$pL§�{J¥ {~m s�r0x	p^Á ��t~s�°�{~m}|D��n�s¨n&pLn^p(��´~z2s�n^u9u$zJs�µ�u2n^p&s¤{~m s6 ¨��m n^p(��m�p&s

M
u$m t~x !

|�s	m t ��m�p&s�t~s
h
p&s	z$z2s�§�{ s6|9��{~y�p&��{~p&s¨nWn&{~u$p&s¨n

yn
s	p

ŷn
�-x	y^uw����m�pJ�

yn+1 = yn + hnΦ(tn, yn, hn) ª ��¬ÐÏ�¬ «�®
ŷn+1 = ŷn + hnΦ(tn, ŷn, hn) + ρn ª ��¬ÐÏ�¬��-®

��m���u$p

max
0≤n≤N

|yn − ŷn| ≤M

(

|y0 − ŷ0|+
N∑

0

|ρn|
)

ª ��¬ÐÏ�¬ � ®

❏
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ŷn
s¨n^p6z��Pn^{~u$p&s*t~s¨n���|~|~y&��µ�u$r���p^u2��m nIt~s

y(tn)
|�s	y^p^{~y^´9x¨s]|D��y�t~s¨n�s	y^y&s	{~y&n ¡ z��»m ��p^u2��mÀt~s*n^p(��´~u$z$u$p&x

u$r*|~z$u2§�{ s�§�{ s} ¨s¨n0s	y^y&s	{~y&nÌn^{~y0z2s¨n0t~��m~m x¨s¨nÌs	p�n^{~y*z2s} ���z2 	{~zWmJ¥ u$r*|~z$u2§�{ s8§�{ s8t~s»�
��u$´~z2s8s	y^y&s	{~y&n�n^{~y
z2s¨n0y&x¨n^{~z$p(��p&n ¬3¿ s	p^p&sP|~y&��|~y^u2x	p&x8s¨n^p0��´ n&��z${~r0s	m�p0m x¨ ¨s¨n&n(��u$y&s}t�{�|9��u$m�p0t~sP��{ sPt~sPz��£r*u2n&s}s	m���{~��y&s
m�{~r0x	y^u2§�{ s ¬ z��>n&{~u$p&s ρn

y&s	|~y&x¨n&s	m�p&s6z2s¨n�s	y^y&s	{~y&n�§�{~u9|9s	{~�-s	m�p 1	p^y&s�u$m�p^y&��t�{~u$p&s¨nW°I (ÁD��§�{ s�|D��n�t~s¤p&s	r*| n
ª�¶ y^y&s	{~y"t~s6p^y&��m  ���p^{~y&s ¡ tS¥¦x	����z${D��p^u2��m ¡ s	p&  ® s	p |y0 − ŷ0|

y&s	|~y&x¨n&s	m�p&s�z
¥¦s	y^y&s	{~yWn^{~y�z��*t~��m~m x¨s6u$m~u$p^u���z2s ¬
¶ m�� m8m ��{ n�p&s	y^r*u$m ��m n¤ ¨s¨nLt~x�� m~u$p^u2��m nW|D��yLz��Im ��p^u2��m£t~s6 ¨��m��-s	y^Ó-s	m  ¨s>tS¥ {~m s6r0x	p^Á ��t~s�°]{~m}|D��n��

�}���Q�Y�a������� �S���S���ÃÂ"m�t�u$p"§�{J¥ {~m s�r0x	p^Á ��t~s6m�{~r0x	y^u2§�{ s>°*{~m}|D��nLs¨n^pW ¨��m��-s	y^Ó-s	m�p&sIn^u

max
0≤n≤N

en = max
0≤n≤N

|y(tn)− yn|
p&s	m t}�-s	y&n

0 ª ��¬ÐÏ�¬.-�®
z2��y&n(§�{ s

h
p&s	m t~nL�-s	y&n

0
s	p

η̂
p&s	m t~n��-s	y&n

η ¬
❏

��_"3Q_a` )+*(,42 <=-/< *(,�29.¾ºK*(, �(.Q> � .D,3ºK.¨29.Df£i j�-�69*�29.Df�� 1 ,�:48Sf�_
	"��{ n²�¨�-��m n t~x�� m~u�t ��m n+z2s /²|~y&x¨ ¨x¨t ��m�p t~s	{�µ0m ��p^u2��m n+����m t ��r0s	m�p(��z2s¨n+|9��{~y3z
¥¦x	p^{ t~s¤t~s¨ngr0x	p^Á ��t~s¨n

°>{~mP|D��nJ��z��In^p(��´~u$z$u$p&x6s	p²z��> ¨��m n&u2n^p(��m  ¨s ¬~³ �In^p(��´~u$z$u$p&x�Ó���y(��m�p^u$pL§�{ s¤z2s¨n�s	y^y&s	{~y&n m s�n&��m�p |D��nL��r*|~z$uw�Dx¨n|D��y»z��¼n& &Á x	r��Àm�{~r0x	y^u2§�{ s ¬ ³ �À ¨��m n&u2n^p(��m  ¨s�Ó���y(��m�p^u$p}§�{ s�z2s�n& (Á x	r��Àm s£n�¥¦x	z2��u$Ó�m s£|D��n�p^y&��|�t~s�z��
n(��z${~p^u2��mÌs�µ �� 	p&sW°6 &ÁD��§�{ sL|D��n ¬-³ s¨n3t~s	{�µ*|~y&��|~y^u2x	p&x¨n3y&x	{~m~u$p3|9s	y^r0s	p^p&s	m�p t~sL ¨��m  	z${~y&s"°¤z��6 ¨��m��-s	y^Ó-s	m  ¨st~s�z��Ir0x	p^Á ��t~s> ¨��r*r0s6m ��{ nW��z$z2��m nLz2s��-��u$y"t ��m nLz2s�p^Á x¨��y&q	r0s�n&{~u$����m�pJ�
� � ��� ����� � �9���J���¢��u

f
s¨n&p�{~m sÀ����m  	p^u2��m §�{~u>�-x	y^uw�Ds½z2s¨n�Á�o�|9��p^Á q¨n&s¨nÒt�{ p^Á x¨��y&q	r0s¾t~s ¿ ��{  (Á�o�!

³ u$| n& &Á~u$p�� ¡ n^u�t~s�|~z${ nWz��]r0x	p^Á ��t~s]°]{~m�|D��n"s¨n^pWn^p(��´~z2s>s	p" ¨��m n^u2n^p(��m�p&s ¡ ��z2��y&nWz��*r0x	p^Á ��t~s�s¨n^p" ¨��m��-s	y !Ó-s	m�p&s ¬
❏

� �^Æ�É���Æ �¤����u$p
yn

z��]n^{~u$p&s�t~��m~m x¨s6|D��yLz��Ir0x	p^Á ��t~s�°]{~m}|D��n��

yn+1 = yn + hnΦ(tn, yn, hn), ª ��¬ÐÏ�¬��-®
��m£ ¨��m n^u2t~q	y&s6z
¥¦s	y^y&s	{~y"t~s6 ¨��m n&u2n^p(��m  ¨s�t~s6z��Ir0x	p^Á ��t~s�°]{~m}|D��nJ�

εn = y(tn + 1)− y(tn)− hnΦ(tn, y(tn), hn) ª ��¬ÐÏ�¬��-®
³ �]r0x	p^Á ��t~s�s¨n^pL ¨��m n^u2n^p(��m  ¨s>t~��m  ��

lim
h→0

N∑

0

|εn| = 0 ª ��¬ÐÏ�¬$­��-®
����u$p

zn = y(tn)
z��In^{~u$p&s6t~��m~m x¨s6|D��y z2s¨n�����z2s	{~y&n�t~s

y
��{�µP|9��u$m�p&n

tn
¡ z��It~x�� m~u$p^u2��m�t~s�z
¥¦s	y^y&s	{~yWt~s

 ¨��m n&u2n^p(��m  ¨s�t~��m~m s��

zn+1 = zn + hnΦ(tn, zn, hn) + εn ª ��¬ÐÏ�¬$­�­�®



	�� �����L�^��,~� �~%&�9%&�:�.'��>,~�(� �P%����9��,~�(���»�����J��� � �

§�{ s¤z
¥¦��m}|9s	{~p�|~y&s	m t�y&s6 ¨��r*r0s�n^{~u$p&s6t~s¤����z2s	{~y&s6|�s	y^p^{~y^´9x¨s¨n
ρn

|���{~y z��]t~x�� m~u$p^u2��m�t~s6n&p(��´~u$z$u$p&x ¬ ��uSz��r0x	p^Á ��t~s�s¨n^pLn^p(��´~z2s ¡ ��m��

max
0≤n≤N

|zn − yn| = max
0≤n≤N

|y(tn)− yn| ≤M

(

|η − η̂|+ lim
h→0

N∑

0

|εn|
)

ª ��¬ÐÏ�¬$­ � ®
n(�� &ÁD��m�p"§�{ s

lim
h→0

N∑

0

|εn| = 0 ª ��¬ÐÏ�¬$­�Ï-®
lim
h→0
|η − η̂| = 0 ª ��¬ÐÏ�¬$­	«�®

��m8��´~p^u2s	m�p¤§�{ s��

lim
h→0

max
0≤n≤N

|y(tn)− yn| = 0 ª ��¬ÐÏ�¬$­ �-®
³ �Ir0x	p^Á ��t~s�s¨n^pLt~��m  � ¨��m��-s	y^Ó-s	m�p&s ¬

❏

³ ¥¦x	p^{ t~s"t~s z��6 ¨��m��-s	y^Ó-s	m  ¨s¤t~s¨n�r0x	p^Á ��t~s¨ngm�{~r0x	y^u2§�{ s¨n+|���{~ygz2s¨n ¶ ±�Â�s¨n^p�z2s�|~z${ ngn(��{~�-s	m�p3y(��r0s	m x
°¤z
¥¦x	p^{ t~sLt~s z��� ¨��m n^u2n^p(��m  ¨sWs	pgt~s z���n^p(��´~u$z$u$p&x ¬ ±���m~m ��m ngt~s¨ng ¨��m t�u$p^u2��m n+t~s� ¨��m n^u2n^p(��m  ¨sLs	pgt~s�n^p(��´~u$z$u$p&xt~s¨n�r0x	p^Á ��t~s¨nLm�{~r0x	y^u2§�{ s¨n ¬
��� ����������� �S���S���¢l"m s£ ¨��m t�u$p^u2��m¢m x¨ ¨s¨n(n(��u$y&s s	p»n^{�1�n:��m�p&s |9��{~y»§�{J¥ {~m sÒr0x	p^Á ��t~s °À{~m�|D��n»n(��u$p
 ¨��m n^u2n^p(��m�p&s�s¨n^pL§�{ s

Φ(t, y, 0) = f(t, y) ª ��¬ÐÏ�¬$­ � ®
❏

��� ����������� �S���S���Zl"m s£ ¨��m t�u$p^u2��m¢m x¨ ¨s¨n(n(��u$y&s s	p»n^{�1�n:��m�p&s |9��{~y»§�{J¥ {~m sÒr0x	p^Á ��t~s °À{~m�|D��n»n(��u$p
n^p(��´~z2s6s¨n^pL§�{J¥ u$z�s�µ�u2n^p&s�{~m s� ¨��m n^p(��m�p&s

Λ
p&s	z$z2s�§�{ s��

∀t ∈ [t0, t0 + T ],∀y, z ∈ IR,∀h ∈ [0, h?], |Φ(t, y, h) − Φ(t, z, h)| ≤ Λ|y − z| ª ��¬ÐÏ�¬$­ -�®
³ �] ¨��m n^p(��m�p&s�t~s�n^p(��´~u$z$u$p&x�s¨n^pW��z2��y&nWt~��m~m x¨s6|D��y

M = exp(ΛT ) ª ��¬ÐÏ�¬$­��-®
❏

�Q_"3Q_43 �¤>@2 >�.�2��F1 , .�i j�-�69*�29. � 14,�: 8Sf
! � m8t~s�|~y&x¨ 	u2n&s	yLz��Im ��p^u2��m�t~s6 ¨��m n^u2n&p(��m  ¨s ¡ ��m}u$m�p^y&��t�{~u$pWz��Im ��p^u2��m�tS¥¦��y&t�y&s�tS¥ {~m s6r0x	p^Á ��t~s>°I{~m

|D��nJ�



� � �����	��

���	� 	���1g!0)¢5 �À%����9��,~�(����� �P%&�^
������(���»���Ì�J���
�}���Q�Y�a������� �S���S��	 Â"m}t�u$p §�{J¥ {~m s¤r0x	p^Á ��t~s�°�{~mP|D��n s¨n^p²tS¥¦��y&t�y&s

p
n^u�u$z�s�µ�u2n^p&s"{~m s"y&x¨s	z

K
u$m t~x	|9s	m !

t ��m�p"t~s
y
s	pWt~s

Φ
p&s	z�§�{ s��

N∑

0

|εn| ≤ Khp+1 ª ��¬ÐÏ�¬$­��-®
❏

��u z
¥¦��m½u$m�p^y&��t�{~u$pÌ ¨s	p^p&s}t~x�� m~u$p^u2��m�|���{~y]{~m�n& (Á x	r�� n^p(��´~z2sPt ��m n]z��Òp^Á x¨��y&q	r0s}t~s» ¨��m��-s	y^Ó-s	m  ¨s ¡��m  ¨��m n^p(��p&sI§�{ s>z��*|~y&x¨ 	u2n&u2��mÒs¨n^p�tS¥Ð��{~p(��m�p�r0s	u$z$z2s	{~y�§�{ s>z
¥¦��y&t�y&sIs¨n^p"x	z2s	�-x ¬�³ s>´~{~p¤t~s¨n"|D��y(��Ó�y(��|~Á s¨nn&{~u$����m�p&nWs¨n^pLt~s� ¨��m n&p^y^{~u$y&s�t~s¨n�r0x	p^Á ��t~s¨nWtS¥¦��y&t�y&s6|~z${ n"x	z2s	�-x6|���{~y�{~m�|D��nLt~s�t�u2n& 	y&x	p^u2n(��p^u2��m£t~��m~m x ¬
���������	��

���������������������

��

��� 
��������! ��!�
�" ��#�� $�%�& (')�
�����
�"�&*� �
�+��� "�&�
�, ��!�#-�
��#./���10��%23�%������4%0�26587 ":9<;�$>=�=8?A@CB�D"D�EGFIH

! ����m�p� ¨s	z��8t~��m~m ��m n�{~m p^Á x¨��y&q	r0sÌ§�{~uQ�©��{~y^m~u$p�{~m s0 ¨��m t�u$p^u2��m¼|���{~y�§�{J¥ {~mÀn& (Á x	r��}n&��u$p�tS¥¦��y&t�y&s
�-��{~z${��
� � ��� ����� � �9���J�w� Â"m0n^{~|~|9��n&s+§�{ s

f
s¨n^p

(p−1)
����u2nQt�uwvSx	y&s	m�p^u���´~z2sLt ��m n

I0×IR
s	p�§�{ s²z2s¨n��©��m  	p^u2��m n

Φ,
∂Φ

∂h
, . . .

∂p−1Φ

∂hp−1

s�µ�u2n&p&s	m�p"s	p"n&��u$pW ¨��m�p^u$m�{ s¨n�t ��m n
I0 × IR× [0, h?] ¡ ��z2��y&nW{~m s� ¨��m t�u$p^u2��m£m x¨ ¨s¨n&n(��u$y&s

s	p"n^{�1�n(��m�p&s�|���{~yW§�{ s�z��Ir0x	p^Á ��t~s�n&��u$pWtS¥¦��y&t�y&s
p
s¨n&pL§�{ s

∀(t, y) ∈ I0 × IR,
∂lΦ

∂hl
(t, y, 0) =

1

l + 1
f (l)(t, y), 0 ≤ l ≤ p− 1 ª ��¬ÐÏ�¬ � �-®

��¯
f (l)(t, y)

t~x¨n&u$Ó�m s}z�� t~x	y^u$�-x¨s}p&��p(��z2s�|D��y*y(��|~|���y^pÌ°
t ¡  �¥¦s¨n^p»° t�u$y&s

f (l)(t, y) =
∂f (l−1)(t, y)

∂t
+

∇yf
(l−1)(t, y)f(t, y)

❏

¿ s3t~s	y^m~u2s	yYp^Á x¨��y&q	r0s  ¨��m t�{~u$pQ°Lz��W ¨��m n^p^y^{  	p^u2��m]t~s¨nYr0x	p^Á ��t~s¨nYt~s²Ñ��¨o�z2��yQ§�{ s3m ��{ nQ��z$z2��m nYs�µ�|���n&s	yt ��m nWz��]n^{~u$p&s ¬
J � �2��� � � �4'�� ��� � � � � � � � *��4� � � ��� � ��� , ,������

�������LKM��

���������������������

��
� ��
�4%0� ������
�

� =
< NPO��ZRT[YB �IE6FIO��¢F>O F>[POLO�U(E 	 	»OgRTO�A"BÃF>OXN ��Q6U&ELC
±6��m n�z2s¨n>r0x	p^Á ��t~s¨n]t~sÌt~x	�-s	z2��|~|�s	r0s	m�p0t~s�Ñ���o�z2��y ¡ ��m¾ &Á ��u2n^u$p

φ
t~sÌz��}r���m~u2q	y&s»z��}|~z${ nIn^u$r*|~z2s

|9��{~yLy&s¨n^|9s¨ 	p&s	yLz2s¨nL ¨��m t�u$p^u2��m n ª ��¬ÐÏ�¬ � �-® ¡ n&��u$pJ�

Φ(t, y, h) = f(t, y) +
h

2
f (1)(t, y) + · · · + hp−1

p!
f (p−1)(t, y) ª ��¬ « ¬$­�®



	��Ð�����Q�(� �P%����9��,~�(�6,~�6,~%����&'��:�~�g�	�P�&���W,~� �����~'���� � �

��{~|~|9��n&��m n s	m»s�vSs	p�§�{ s
f
s¨n^p t~s" 	z���n(n&s Cp ¡  ¨��r*r0s¤m ��{ n+z
¥Ð���-��m n ��{}��{} &ÁD��|~u$p^y&s¤|~y&x¨ ¨x¨t~s	m�p ¡ {~m sn&��z${~p^u2��m

y
t�{}|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o8s¨n^pWt~s6 	z���n&n(s Cp+1 s	p"n(�]t~x	y^u$�-x¨s�tS¥¦��y&t�y&s

k
n�¥¦x¨ 	y^u$pJ�

y(k)(t) = f (k−1)(t, y) ª ��¬ « ¬ � ®
³ s6t~x	�-s	z2��|~|9s	r0s	m�p�t~s�Ñ���o�z2��yWt~s y

tS¥¦��y&t�y&s
p
��{~p&��{~y¤t~s

tn
 ¨��m t�{~u$pWt~��m  �°

y(tn + hn) = y(tn) +

p
∑

k=1

1

k!
hk

ny(k)(t) + o(hp
n) ª ��¬ « ¬ÐÏ-®

= y(tn) +

p
∑

k=1

1

k!
hk

nf (k−1)(t, y) + o(hp
n) ª ��¬ « ¬ «�®

³ �Ìr0x	p^Á ��t~sIt~s]ÑY�¨o�z2��y�tS¥¦��y&t�y&s
p
 ¨��m n^u2n&p&s]°�y&s	r*|~z��� ¨s	y

y
|D��y6n&��m t~x	�-s	z2��|~|9s	r0s	m�p�t~s]Ñ���o�z2��y�°

z
¥¦��y&t�y&s
p
�

{

yn+1 = yn +
∑p

k=1

1

k!
hk

nf (k−1)(tn, yn) ª ��¬ « ¬��-®
Â"m} ¨��m n^p(��p&s�§�{ s�tS¥Ð��|~y&q¨n z2s¨n t~x�� m~u$p^u2��m nLt~s¨n²r0x	p^Á ��t~s¨nL°�{~mP|D��n ¡  ¨s	pL��z$Ó-��y^u$p^Á~r0s6 ¨��y^y&s¨n^|9��m t8��{

 &Á ��uwµ6�

Φ(t, y, h) =

p
∑

k=1

1

k!
hk−1f (k−1)(t, y) ª ��¬ « ¬ � ®

·Y��{~yWn&s6 ¨��m�����u$m  	y&s�§�{ s�z��]r0x	p^Á ��t~s�t~s6Ñ���o�z2��y¤s¨n^pLs�vSs¨ 	p^u$�-s	r0s	m�p"tS¥¦��y&t�y&s
p ¡ u$zJn^{�10pLt~s� ���z2 	{~z2s	yz
¥¦s	y^y&s	{~yWt~s� ¨��m n^u2n&p(��m  ¨s��

εn = y(tn+1)− y(tn)−
p
∑

k=1

1

k!
hk

nf (k−1)(tn, y(tn)) ª ��¬ « ¬.-�®

= y(tn + hn))− y(tn)−
p
∑

k=1

1

k!
hk

ny(k)(tn) ª ��¬ « ¬��-®
³ �>�©��y^r�{~z2s�t~s6ÑY�¨o�z2��y¤°]z
¥¦��y&t�y&s p + 1

t~��m~m s��
εn =

1

(p + 1)!
hp+1

n y(k+1)(tn) + +o(hp+1
n ) ª ��¬ « ¬��-®

=
1

(p + 1)!
hp+1

n f (k)(tn, yn) + +o(hp+1
n ) ª ��¬ « ¬$­��-®

Â"m}|9s	{~pLm ��p&s	yW§�{ s�|���{~y
p = 1 ¡ ��m�y&s	p^y&��{~�-s6z��]r0x	p^Á ��t~s�tS¥ ¶ {~z2s	yW|~y&��Ó�y&s¨n(n^u$�-s ¬

%&����'(��)+*$��, ³ �Ìr0x	p^Á ��t~sIn(��{�v�y&sIt~s]t~s	{�µ�u$m  ¨��m��-x	m~u2s	m�p&n�r�� �^s	{~y&n6§�{~u�����m�p6§�{J¥¦s	z$z2s]s¨n^p¤y(��y&s	r0s	m�p
{~p^u$z$u2n&x¨s6|9��{~y

p ≥ 2
�

­�¬L³ �  ���z2 	{~z"t~s¨n*t~x	y^u$�-x¨s¨n0p&��p(��z2s¨n
f (k)(tn, yn)

s¨n^p0n&��{~�-s	m�p� ¨��r*|~z2s�µ�s}s	p0 ¨���~p&s	{�µ�s	m�p&s	r*| n0t~s
 ���z2 	{~z ¬ ±�sÒ|~z${ n ¡  ¨s¨n}t~x	y^u$�-x¨s¨n}m s n&��m�p}|D��n»����y& ¨x	r0s	m�p8 ¨��m~m�{ s r 1	r0s n^u�z
¥¦��m¢n&s t~��{~p&s §�{ s
z
¥¦x	�-��z${~p^u2��mÒs¨n^pLn&��{~�-s	m�p¤n^{�1�n(��r*r0s	m�pLy&x	Ó�{~z$u2q	y&s ¬� ¬L³ �Òr0x	p^Á ��t~s}n^{~|~|9��n&s»{~m s»����y^p&sPy&x	Ó�{~z���y^u$p&x}t~s

f ¬ ±6��m n]z��Ò|~y(��p^u2§�{ s ¡ r 1	r0s}n&u
f
s¨n^p]p^Á x¨��y^u !

§�{ s	r0s	m�p>y&x	Ó�{~z$u2q	y&s ¡ z��Pr0x	p^Á ��t~s0s¨n^p�z$u$r*u$p&x¨s�|D��y�t~s¨n��©��y^p&n6Ó�y(��t�u2s	m�p&nIÓ�y(��t�u2s	m�p>§�{~ugy&s	m t~s	m�p>z2s
|~y&��´~z2q	r0s�y(��u2t~s ¬



� � �����	��

���	� 	���1g!0)¢5 �À%����9��,~�(����� �P%&�^
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³ s¨n}r0x	p^Á ��t~s¨n8t~s # {~m~Ó-s Î�� {~p^p(��n&��m�p8n �~y&s	r0s	m�p�z2s¨nPr0x	p^Á ��t~s¨n£°¼{~mZ|D��nPz2s¨n}|~z${ n8z���y^Ó-s	r0s	m�p
y&x	|D��m t�{ s¨nP|9��{~yPz�� y&x¨n(��z${~p^u2��m m�{~r0x	y^u2§�{ s t~s¨n ¶ ±�Â ¬ 	"��{ n}��z$z2��m nPs	m |~y&x¨n&s	m�p&s	yPz2s¨n»|~y^u$m  	u$|�s¨n}t~s
 ¨��m n&p^y^{  	p^u2��m n"s	pLs	m�t~��m~m s	y"§�{ s	z2§�{ s¨nLs�µ~s	r*|~z2s¨n ¬

��_��Q_cb � >f< ,3º�< :�.�29.�ºK*(,+fj-?>f13ºX-�<=*(,
³ ¥ u2t~x¨s�t~s¨n r0x	p^Á ��t~s¨nWt~s # {~m~Ó-s Î�� {~p^p(�*s¨n^pLt~s6 ���z2 	{~z2s	yL|D��y�y&x¨ 	{~y^y&s	m  ¨s6z2s¨nL|���u$m�p&n (tn+1, yn+1)

°
 (ÁD��§�{ s�u$p&x	y(��p^u2��m�s	m8{~p^u$z$u2n(��m�p"t~s¨n�|9��u$m�p&nLu$m�p&s	y^r0x¨t�u���u$y&s¨n

(tn,i, yn,i) ¬·���{~y] ¨s	z��£��m¼t~x�� m~u$p]t~s¨n>|9��u$m�p&n>u$m�p&s	y^r0x¨t�u���u$y&s¨n�t ��m n�z
¥ u$m�p&s	y^����z$z2s
[tn, tn+1]

t~s�z��}r���m~u2q	y&sPn^{~u !
����m�p&s��

tn,i = tn + cihn, 1 ≤ i ≤ q, ci ∈ [0, 1] ª ��¬���¬$­�®
!  &ÁD�� 	{~mÒt~s� ¨s¨n�|9��u$m�p&nWu$m�p&s	y^r0x¨t�u���u$y&s¨n ¡ ��m£��n&n&�� 	u2s�z��I|�s	m�p&s

pn,i
t~x�� m~u2s�|D��yJ�

pn,i = f(tn,i, yn,i) ª ��¬���¬ � ®
��u

y
s¨n^pS{~m s3n&��z${~p^u2��m�t�{�|~y&��´~z2q	r0s+t~s ¿ ��{  &Á�o ¡ ��m>�²Ó�y�
� ¨s3��{> &ÁD��m~Ó-s	r0s	m�pQt~s�����y^u���´~z2s t = tn+uhn

y(tn,i) = y(tn) +

∫ tn,i

tn

f(t, y(t)) dt ª ��¬���¬ÐÏ-®
= y(tn) + hn

∫ ci

0
f(tn + uhn, y(tn + uhn)) du ª ��¬���¬ «�®

±�s6r 1	r0s ¡ ��m£�

y(tn+1) = y(tn) + hn

∫ 1

0
f(tn + uhn, y(tn + uhn)) du ª ��¬���¬��-®

·���{~y£ ���z2 	{~z2s	y�z2s¨n}|9��u$m�p&n
(tn,i, yn,i)

¡ ��mZn(s t~��m~m s {~m s �©��y^r�{~z2s t~s §�{D��t�y(��p^{~y&s |9��{~y� &ÁD��§�{ s
i = 1, 2, . . . , q

�
∫ ci

0
g(u) du ≈

∑

1≤j≤i

aijg(cj), (Qi) ª ��¬���¬ � ®

±�s6r 1	r0s�|���{~yL ���z2 	{~z2s	y ¡ z2s�|���u$m�p (tn+1, yn+1)
��m�n(s6t~��m~m s6{~m s��©��y^r�{~z2s�t~s�§�{D��t�y(��p^{~y&s��

∫ 1

0
g(u) du ≈

∑

1≤j≤q

bjg(cj), (Q) ª ��¬���¬.-�®



	�� 	����Q�(� �P%����9��,~�(�6,~���>��� �~�:5��*�~�^�c� � �

¶ m£��|~|~z$u2§�{D��m�p¤ ¨s¨n�r0x	p^Á ��t~s¨n"°
g(u) = f(tn + uhn, y(tn + uhn)) ¡ u$zJ��u2s	m�pJ�

y(tn,i) ≈ y(tn) + hn

∑

1≤j≤i

aijf(tn + cjhn, yn + cjhn) ª ��¬���¬��-®
≈ y(tn) + hn

∑

1≤j≤i

aijf(tn,j, yn,j) ª ��¬���¬��-®
≈ y(tn) + hn

∑

1≤j≤i

aijpn,j ª ��¬���¬$­��-®
y(tn+1) ≈ y(tn) + hn

∑

1≤j≤q

bjf(tn + cjhn, yn + cjhn) ª ��¬���¬$­�­�®
≈ y(tn) + hn

∑

1≤j≤q

bjpn,j ª ��¬���¬$­ � ®

³ �]r0x	p^Á ��t~s�t~s # {~m~Ó-s Î�� {~p^p(�0 ¨��y^y&s¨n^|9��m t ��m�p&s>s¨n^pLt~��m  �t~x�� m~u2s�|D��y�z��*y&x¨ 	{~y^y&s	m  ¨s�n^{~u$����m�p&s��












tn,i = tn + cihn,

yn,i = yn + hn
∑

1≤j≤i aijpn,j

pn,j = f(tn,j, yn,j)







|���{~y
1 ≤ i ≤ q

tn+1 = tn + hn,

yn+1 = yn + hn
∑

1≤j≤q bjpn,j

ª ��¬���¬$­�Ï-®

³ s¨n�r0x	p^Á ��t~s¨nWt~s # {~m~Ó-s Î�� {~p^p(�*n&��m�pWt~x�� m~u2s¨nWs	m�p^u2q	y&s	r0s	m�p¤|D��yLz2s¨nLt~��m~m x¨s¨nJ�
­�¬ t~s¨n�|9��u$m�p&nWu$m�p&s	y^r0x¨t�u���u$y&s¨n ¡  �¥¦s¨n^pW°]t�u$y&s�t~s¨n ci, 1 ≤ i ≤ q� ¬ t~s�z��I�©��y^r�{~z2s�t~s�§�{D��t�y(��p^{~y&s ª ��¬���¬ � ® ¡  �¥¦s¨n^pW°*t�u$y&s6t~s¨n aij, 1 ≤ i ≤ q, 1 ≤ j ≤ i

Ï�¬ t~s�z��I�©��y^r�{~z2s�t~s�§�{D��t�y(��p^{~y&s ª ��¬���¬.-�® ¡  �¥¦s¨n^pW°*t�u$y&s6t~s¨n bj, 1 ≤ j ≤ q

Â"m8z2s¨nLy&s	|~y&x¨n(s	m�p&sI ¨��m��-s	m�p^u2��m~m s	z$z2s	r0s	m�p�|D��yWz2s�p(��´~z2s���{ ��¬$­�¬D³ �*r0x	p^Á ��t~s�t~s # {~m~Ó-s Î�� {~p^p(�0s¨n^p¤t�u$p&ss�µ�|~z$u2 	u$p&s�n^u�z2s¨n²p&s	y^r0s¨n�t�u���Ó-��mD��{�µ»t~s¨n²z��>r���p^y^u2 ¨s¨n
A = [aij ]

n&��m�p m�{~z2n ¬ ±6��m n²z2s¨n���{~p^y&s¨n  ���n ¡ u$zSn�¥Ð��Ó�u$pt~s]r0x	p^Á ��t~s¨n>s�µ�|~z$u2 	u$p&s¨nI��¯ u$z2n6�
��{~p6y&x¨n&��{ t�y&s�{~m s0x¨§�{D��p^u2��mÀm ��m z$u$m x���u$y&s0|9��{~y���´~p&s	m~u$y
yn,i ¬ Â"mÀm s

 ¨��m n^u2t~x	y&s	y(�*t ��m nWz��]n^{~u$p&s�§�{ s6t~s¨n�r0x	p^Á ��t~s¨n"t~s # {~m~Ó-s Î�� {~p^p(��s�µ�|~z$u2 	u$p&s ¬Â"mÀn^{~|~|9��n&s*t~s]|~z${ n�Ó-x	m x	y(��z2s	r0s	m�p]§�{ s]z2s¨n�����y^r>{~z2s¨n�t~s0§�{D��t�y(��p^{~y&s ª ��¬���¬ � ® s	p ª ��¬���¬.-�® n&��m�pI��{r0��u$m nLtS¥¦��y&t�y&s
0 ¬D¿ s	p^p&s�u$r*|~z$u2§�{ s�§�{ s

ci =
∑

1≤j≤i

aij ,
∑

1≤j≤q

1 = bj ª ��¬���¬$­	«�®

¶ m8|D��y^p^u2 	{~z$u2s	y ¡ ��m���{~y(�]p&��{��^��{~y&nL|9��{~y�z2s¨n�r0x	p^Á ��t~s¨n"t~s # {~m~Ó-s Î ��{~p^p(�*s�µ�|~z$u2 	u$p&s��

c1 = 0, tn,1 = tn, yn,1 = yn, pn,1 = f(tn, yn) ª ��¬���¬$­ �-®
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(Q1) c1 a11 � ¬¨¬¨¬ � �

(Q2) c2 a21 a22 ¬¨¬¨¬ � �

¬¬¬ ¬¬¬ ¬¬¬ ¬ ¬ ¬ ¬¬¬ ¬¬¬
(Qq−1) cq−1 aq−1 1 aq−1 2 ¬¨¬¨¬ aq−1 q−1 �

(Qq) cq aq1 aq2 ¬¨¬¨¬ aqq−1 aqq

(Q) b1 b2 ¬¨¬¨¬ ¬¨¬¨¬ bq

� ;�������¬$­ Î�� 
�Ä �$Æ�
�ÉÒÇ�Æ �^Æ � ���
	¨Æ
� � 
 �
� ���ÀÇ�� É���Æ 	�����Ë ��Ç�Æ]Ç�Æ��WÉ�����Æ�����É � � 

��_��Q_a` � ��.Di :+k=.�f

���+�������4� ����� �-� � � � ��� ��� ���-���a� � ' � � �
q = 1 ³ sÒn&s	{~z" (Á ��uwµ |9��n&n^u$´~z2s�|���{~yÌ{~m s�r0x	p^Á ��t~s

s�µ�|~z$u2 	u$p&s�s¨n&p
c1 = 0, a11 = 0, b1 = 1

n&��u$p�z2s�p(��´~z2s���{£n^{~u$����m�pJ�

0 0

1

³ �]r0x	p^Á ��t~s�s¨n^pLt~��m  �t~��m~m x¨s�|D��y












tn,1 = tn,

yn,1 = yn

pn,1 = f(tn,1, yn,1)







tn+1 = tn + hn,

yn+1 = yn + hnpn,1 = yn + hnf(tn, yn)

ª ��¬���¬$­ � ®

Â"m�y&s¨ ¨��m~mD�
�2p"t~��m  6z��Ir0x	p^Á ��t~s�tS¥ ¶ {~z2s	y"|~y&��Ó�y&s¨n&n^u$�-s ¬
���+�������4� ����� �-� � � � � � ��� ��� ����� � ' ��� �

q = 2
·Y��{~y

q = 2 ¡ ��m¾ ¨��m n^u2t~q	y&s»{~m¼p(��´~z2s���{�t~s»z��
�©��y^r0s

0 0 0

α α 0

1− 1

2α

1

2α

��¯
α ∈]0, 1]



	�� 	����Q�(� �P%����9��,~�(�6,~���>��� �~�:5��*�~�^�c� � 	

±6��m nL ¨s� ���n ¡ z
¥Ð��z$Ó-��y^u$p^Á~r0s>n�¥¦x¨ 	y^u$pJ�












pn,1 = f(tn, yn)

tn,2 = tn + αhn,

yn,2 = yn + αhnpn,1

pn,2 = f(tn,2, yn,2)







tn+1 = tn + hn,

yn+1 = yn + hn

[(

1− 1

2α

)

pn,1 +

(
1

2α

)

pn,2

]

ª ��¬���¬$­ -�®

����{ n �©��y^r0s� ¨��m t~s	m n&x¨s ¡ z
¥Ð��z$Ó-��y^u$p^Á~r0s>|9s	{~pLn�¥¦x¨ 	y^u$y&s��

yn+1 = yn + hn

[(

1− 1

2α

)

f(tn, yn) +

(
1

2α

)

f(tn + αhn, yn + αhnf(tn, yn))

]

ª ��¬���¬$­��-®

¿ s	p^p&s��©��y^r0s" ¨��m t~s	m n(x¨sWmJ¥¦s¨n^p+Ó-x	m x	y(��z2s	r0s	m�p�|D��n3{~p^u$z$u2n&x¨s" ���y²s	z$z2s"s¨n&p3r0��u$m n²s�1� ��� ¨s"§�{ sLz
¥Ð��z$Ó-��y^u$p^Á~r0s
|~y&x¨ ¨x¨t~s	m�p¤§�{ s�m s6m x¨ ¨s¨n(n^u$p&s6§�{ s�t~s	{�µPx	����z${D��p^u2��m nWt~s

f
��{8z$u2s	{�t~s

3 ¬
³ s¨nL ���nL|D��y^p^u2 	{~z$u2s	y&n"n^{~u$����m�p&n"n&��m�p�|D��y^p^u2 	{~z$u2q	y&s	r0s	m�p�{~p^u$z$u2n&x¨nJ�
• α =

1

2
¡ ��m8p^y&��{~�-s>��z2��y&nLz��Ir0x	p^Á ��t~s�t�{8|9��u$m�pLr*u$z$u2s	{��

yn+1 = yn + hnf

(

tn +
1

2
hn, yn +

1

2
hnf(tn, yn)

)

ª ��¬���¬$­��-®
§�{~uJs¨n^p�´D��n&x¨s�n&{~y�z��Ir0x	p^Á ��t~s>tS¥ u$m�p&x	Ó�y(��p^u2��m£t�{�|���u$m�pLr*u$z$u2s	{��

∫ 1

0
g(u) du ≈ g

(
1

2

)

ª ��¬���¬ � �-®

• α = 1 ¡ ��m8p^y&��{~�-s���z2��y&nWz��Ir0x	p^Á ��t~s�t~s��"s	{~m��

yn+1 = yn + hn

[
1

2
f(tn, yn) +

1

2
f(tn+1, yn + hnf(tn, yn)

]

ª ��¬���¬ � ­�®
§�{~uJs¨n^p�´D��n&x¨s�n&{~y�z��Ir0x	p^Á ��t~s>tS¥ u$m�p&x	Ó�y(��p^u2��m£t~s¨nWp^y(��|�q ��s¨n��

∫ 1

0
g(u) du ≈ 1

2
(g(0) + g(1)) ª ��¬���¬ ��� ®

� �+��� � �"� � � � �-� � � �2� � ��� ���-���a� � � �"'(, ,��4)+*$���2��% *Y� ������� *J�¨� ' ' ��� �
q = 4 
 z�n�¥Ð��Ó�u$p�t~sIz��r0x	p^Á ��t~s} 	z���n(n^u2§�{ s»z2��y&n&§�{ s»z
¥¦��m¾|D��y^z2s}t~s �cz�� a r0x	p^Á ��t~s}t~s # {~m~Ó-s Î ��{~p^p(� ¬�¶ z$z2s}s¨n^p*t~��m~m x¨sP|D��y*z2s



� � �����	��

���	� 	���1g!0)¢5 �À%����9��,~�(����� �P%&�^
������(���»���Ì�J���
p(��´~z2s���{Òn^{~u$����m�pJ�

0 0 0 0 0

1

2

1

2
0 0 0

1

2
0

1

2
0 0

1 0 1 0 0

1

6

2

6

2

6

1

6

³ ¥Ð��z$Ó-��y^u$p^Á~r0s> ¨��y^y&s¨n^|9��m t ��m�p¤n�¥¦x¨ 	y^u$pWn&��{ nLz��>����y^r0s�n&{~u$����m�pJ�












pn,1 = f(tn, yn)

tn,2 = tn +
1

2
hn,

yn,2 = yn +
1

2
hnpn,1

pn,2 = f(tn,2, yn,2)

yn,3 = yn +
1

2
hnpn,2

pn,3 = f(tn,2, yn,3)
m ��p&s	yW§�{ s

tn,3 = tn,2

tn,4 = tn + hn
m ��p&s	yW§�{ s

tn,3 = tn+1

yn,4 = yn + hnpn,3pn,4 = f(tn,4, yn,4)







tn+1 = tn + hn,

yn+1 = yn + hn

[
1

6
pn,1 +

2

6
pn,2 +

2

6
pn,3 +

1

6
pn,4

]

ª ��¬���¬ � Ï-®

Â"m0�-s	y^y(��|~z${ n3z$u2��mÌ§�{ sL �¥¦s¨n^pg{~m s�r0x	p^Á ��t~sWtS¥¦��y&t�y&s
4
§�{~u n�¥Ð��|~|~{~u2sWn^{~ygz2s¨ng����y^r>{~z2s¨n3tS¥ u$m�p&x	Ó�y(��p^u2��m

n&{~u$����m�p&s��

(Q2)

∫ 1
2

0
g(u) du ≈ 1

2
g(0)

y&s¨ 	p(��m~Ó�z2s>°IÓ���{  (Á s ª ��¬���¬ � «�®
(Q3)

∫ 1
2

0
g(u) du ≈ 1

2
g(

1

2
)

y&s¨ 	p(��m~Ó�z2s>°]t�y&��u$p&s ª ��¬���¬ � �-®
(Q4)

∫ 1

0
g(u) du ≈ 1

2
g(

1

2
)

|9��u$m�pLr*u$z$u2s	{ ª ��¬���¬ ��� ®
(Q)

∫ 1

0
g(u) du ≈ 1

6
g(0) +

2

6
g(

1

2
) +

2

6
g(

1

2
) +

1

6
g(1)

��u$r*| n(��m ª ��¬���¬ � -�®
ª ��¬���¬ � �-®



	�� 	����Q�(� �P%����9��,~�(�6,~���>��� �~�:5��*�~�^�c� �%�

�Q_��Q_43 d`-?89¹�<ck <=-�j�29.Df£i j�-�69*�29.Dfd29. � 1 , �(. ��� 1�-?-/8
·Y��{~yLy&x¨n^{~r0x ¡ z2s¨nWr0x	p^Á ��t~s¨nLt~s # {~m~Ó-s Î�� {~p^p(�0n(��m�pLt~s¨nLr0x	p^Á ��t~s¨nLt~��m~m x¨s¨nW|D��yJ�

yn+1 = yn + hnΦ(tn, yn, hn) ª ��¬���¬ � �-®���-s¨ 
Φ(tn, yn, hn) =

∑

1≤j≤q

bjpn,j ª ��¬���¬ÐÏ �-®
ª ��¬���¬ÐÏ�­�®

³ �I�©��m  	p^u2��m Φ(t, y, h)
s¨n&pLt~��m~m x¨s�t~s�r���m~u2q	y&s�s�µ�|~z$u2 	u$p&s6|D��yJ�

φ(t, y, h) =
∑

1≤j≤q

bjf(t + cjh, yj) ª ��¬���¬ÐÏ � ®
yi = y + h

∑

1≤j≤i

aijf(t + cjh, yj) ª ��¬���¬ÐÏ�Ï-®
Â"m8 ¨��m n^p(��p&s>§�{ s�z2s¨n�r0x	p^Á ��t~s¨nWt~s # {~m~Ó-s ! � {~p^p(�0n&��m�pL´~u2s	m�t~s¨n�r0x	p^Á ��t~s¨nW°]{~m}|D��n ¬·Y��{~y t~x	r0��m�p^y&s	y�z���n&p(��´~u$z$u$p&x"t~s¨n²r0x	p^Á ��t~s¨n²t~s # {~m~Ó-s ! � {~p^p(�>u$z��©��{~p²y&s	|~y&s	m t�y&s¤z2s¨n  ¨��m t�u$p^u2��m n�t�{p^Á x¨��y&q	r0s ��¬ÐÏ�¬ÐÏ s	pgz2s¨n3t~x	r0��m�p^y&s	y+|9��{~y Φ ¬�¶ m»n^{~|~|���n:��m�p3{~m s�����u2ngt~sW|~z${ n3§�{ s

f
s¨n^p

k Î z$u$| n& (Á~u$p��¨u2s	m~m s|D��y�y(��|~|���y^p¤°
y ¡ ��m���´9��{~p^u$p"��{8p^Á x¨��y&q	r0s>n^{~u$����m�pJ�

��� ����������� �S���9��� ³ s¨n�r0x	p^Á ��t~s¨nIt~s # {~m~Ó-s Î�� {~p^p(��n&��m�pIn^p(��´~z2s¨n ¡ �¨�-s¨ �{~m s0 ¨��m n^p(��m�p&s�t~s0n^p(��´~u$z$u$p&x
x	Ó���z2s�°

S = exp(ΛT ) ª ��¬���¬ÐÏ�«�®
���-s¨ 

Λ = k
∑

1≤j≤q

|bj |
(
1 + (αkh) + . . . + (αkh)j−1

)
, α = max

i




∑

1≤j≤i

|aij |



 ª ��¬���¬ÐÏ �-®
❏

���&Æ�É���Æ �¤Â"m}y&s	m��-��u2s>° ª 7 ":9<;�$>=�=8? ¡ ­�� � � ®�¬
❏

%&����'(��)+*$� ±6��m n�z2s6 ���n���y&x¨§�{ s	m�pW��¯}z2s¨nL ¨��s�1� 	u2s	m�p&n ¡ bj
n&��m�p�|���n^u$p^u$�-s¨n ¡ ��m���z2��y&nJ�

Λ = k
(
1 + (αkh) + . . . + (αkh)j−1

)
, ª ��¬���¬ÐÏ � ®

��u3t~s0|~z${ n�z2s¨n� ¨��s�1� 	u2s	m�p&n
aij

n&��m�p>|���n&u$p^uw��n ¡ ��z2��y&n���m½�
α = maxi ci ¬ t~x¨n�z2��y&n�z2��y&n&§�{ s h

s¨n&p�|�s	p^u$p
t~s	����m�p

1/αk ¡ z��» ¨��m n^p(��m�p&s*t~s]n^p(��´~u$z$u$p&x]s¨n^p6t~��m  
ekT  ¨s]§�{~u�s¨n^p"|~y(��p^u2§�{ s	r0s	m�p�z���´9��y^m sIu$m���x	y^u2s	{~y&s

|���{~yL ¨s	p^p&s� ¨��m n^p(��m�p&s ¬�³ s¨n�r0x	p^Á ��t~s¨nWt~s # {~m~Ó-s Î�� {~p^p(�*n&��m�pWÓ-x	m x	y(��z2s	r0s	m�p¤p^y&q¨nWn^p(��´~z2s¨n ¬
�Q_��Q_FA �¤>@2 >�.�2 .Df�i j�-�6 *�2 .Dfd2 . � 14, � . ��� 1�-?-/8

³ �»t~x	p&s	y^r*u$mD��p^u2��mÀt~sIz
¥¦��y&t�y&s*t~s¨n¤r0x	p^Á ��t~s¨n # {~m~Ó-s ! � {~p^p(�Pn&s>�©��u$p�|D��y�z
¥ u$m�p&s	y^r0x¨t�u���u$y&s0|D��y¤z
¥Ð��| !
|~z$u2 ���p^u2��m8t�{Pp^Á x¨��y&q	r0s ��¬ÐÏ�¬ « ¬�
 zS ¨��m���u2s	m�pLt~��m  6t~s� ���z2 	{~z2s	y z2s¨n�t~x	y^u$�-x¨s¨n�n^{  ¨ ¨s¨n&n^u$�-s¨n�t~s Φ(t, y, 0)

|D��y
y(��|~|���y^p¤°

h
°]|D��y^p^u$yWt~s6z
¥¦s�µ�|~y&s¨n&n^u2��m ª ��¬���¬ÐÏ � ®�¬

¿ s¨n] ���z2 	{~z2n*n&��m�p]Ó-x	m x	y(��z2s	r0s	m�p*z2��m~Ó-n*s	p>|9x	m~u$´~z2s¨n ¡ ��m¼|9s	{~p]p&��{~p*t~s�r 1	r0s»z2s¨nIy&x���z$u2n&s	y0°8p^u$p^y&s
tS¥¦s�µ�s	r*|~z2s¨nW|���{~y�z2s¨nL|~y&s	r*u2s	y"��y&t�y&s ¬



� � �����	��

���	� 	���1g!0)¢5 �À%����9��,~�(����� �P%&�^
������(���»���Ì�J���
J � �2��� ≥ 1 ³ �0 ¨��m t�u$p^u2��m£t�{}p^Á x¨��y&q	r0s ��¬ÐÏ�¬ « |���y^p&s�n&{~y

Φ(t, y, 0)
��y

Φ(t, y, 0) =
∑

1≤j≤q

bjf(t, y) = f(t, y) ª ��¬���¬ÐÏ -�®
s	pLt~��m  �z��I ¨��m t�u$p^u2��m�s¨n&p²´~u2s	m}�-x	y^uw�Dx¨s ¬D³ s¨n r0x	p^Á ��t~s¨nWt~s # {~m~Ó-s Î ��{~p^p(�]n&��m�pLt~��m  6��{}r0��u$m nLtS¥¦��y&t�y&s
≥ 1 ¬
J � �2��� ≥ 2 ³ �0 ¨��m t�u$p^u2��m£t�{}p^Á x¨��y&q	r0s ��¬ÐÏ�¬ « |���y^p&s�n&{~y ∂Φ(t, y, h)

∂h

§�{J¥ u$zS�
��{~pL ���z2 	{~z2s	yJ�

∂Φ(t, y, h)

∂h
=

∑

1≤j≤q

bj

(

cj
∂f(t + cj h, yj)

∂t
+

∂f(t + cj h, yj)

∂y

∂yj

∂h

)

, ª ��¬���¬ÐÏ �-®

∂yi

∂h
=




∑

1≤j≤i

aijf(t + cj h, yj)



+ h




∑

1≤j≤i

aij

(

cj
∂f(t + cj h, yj)

∂t
+

∂f(t + cj h, yj)

∂y

∂yj

∂h

)




ª ��¬���¬ÐÏ �-®
n(��u$pWs	m

h = 0 ¡ ��m8��´~p^u2s	m�pJ�
∂yi

∂h

∣
∣
∣
∣
h=0

=
∑

1≤j≤i

aijf(t, y) = cif(t, y) ª ��¬���¬ « �-®
∂Φ(t, y, h)

∂h

∣
∣
∣
∣
h=0

=
∑

1≤j≤q

bjcj

(
∂f(t, y)

∂t
+

∂f(t, y)

∂y
f(t, y)

)

, ª ��¬���¬ « ­�®

=




∑

1≤j≤q

bjcj



 f (1)(t, y) ª ��¬���¬ « � ®
Â"m8 ¨��m n^p(��p&s�§�{ s6z��Ir0x	p^Á ��t~s�t~s # {~m~Ó-s Î�� {~p^p(�0s¨n^pW��{8r0��u$m nWtS¥¦��y&t�y&s ≥ 2

n^uJs	pLn&s	{~z2s	r0s	m�p"n^u



∑

1≤j≤q

bjcj



 =
1

2
ª ��¬���¬ «�Ï-®

Â"m*|�s	{~p3y&s	r���y&§�{ s	y3§�{ s�z2s� (Á ��uwµ*§�{~u���x	p&x �
��u$pgt ��m ngz
¥¦s�µ~s	r*|~z2s � t�{ / ��¬���¬ � x	p(��u$pgz2sLn&s	{~z~|9��n&n^u$´~z2s|9��{~yW��´~p&s	m~u$yL{~m s�r0x	p^Á ��t~s�tS¥¦��y&t�y&s
2 ¬

J � �2��� ≥ 3
��� J � �2��� ≥ 4

	¤��{ nLmJ¥Ð��z$z2��m n¤|D��nW�©��u$y&s�z2s¨n" ���z2 	{~z2n�s�µ�|~z$u2 	u$p&s¨n¤t~s¨n¤ ¨��m t�u$p^u2��m n�tS¥¦��y&t�y&s
t~s£r0x	p^Á ��t~s¨n}t~s # {~m~Ó-s ! ��{~p^p(� ¬ 	"��{ nP��z$z2��m n}n^u$r*|~z2s	r0s	m�pPt~��m~m xÒ{~m p^Á x¨��y&q	r0s §�{~u"y(��n&n&s	r�´~z2s  ¨s¨n
 ¨��m t�u$p^u2��m n � { n&§�{J¥Ð°Iz
¥¦��y&t�y&s

4
�

� � ��� ����� � �9���S�2� ³ � r0x	p^Á ��t~sgt~s # {~m~Ó-s Î�� {~p^p(��t~x�� m~u2sg|D��ySz2s�p(��´~z2s���{ ��¬$­ t~s¨nJ ¨��s�1� 	u2s	m�p&n
cj , bj , aijs¨n&p

• tS¥¦��y&t�y&s ≥ 2
n^uJs	p"n&s	{~z2s	r0s	m�pWn&u




∑

1≤j≤q

bjcj



 =
1

2
ª ��¬���¬ «�«�®



	�� 
-�Ã�3����������'��>,D���J���6,~���;�	���9� � �

• tS¥¦��y&t�y&s ≥ 3
n&uJs	pWn&s	{~z2s	r0s	m�p¤n^u




∑

1≤j≤q

bjcj



 =
1

2
,




∑

1≤j≤q

bjc
2
j



 =
1

3
,




∑

i,j

bjaijcj



 =
1

6
, ª ��¬���¬ « �-®

• tS¥¦��y&t�y&s ≥ 4
n&uJs	pWn&s	{~z2s	r0s	m�p¤n^u



∑

1≤j≤q

bjcj



 =
1

2
,




∑

1≤j≤q

bjc
2
j



 =
1

3
,




∑

1≤j≤q

bjc
3
j



 =
1

4
, ª ��¬���¬ « � ®




∑

i,j

bjaijcj



 =
1

6
,




∑

i,j

bjaijc
2
j



 =
1

12
,




∑

i,j

biciaijcj



 =
1

8
, ª ��¬���¬ «�-�®




∑

i,j,k

biaijajkck



 =
1

12
, ª ��¬���¬ « �-®

❏
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Â"m>n�¥ u$m�p&x	y&s¨n&n&s+p&��{�� ��{~y&n�°Lz��Ly&x¨n&��z${~p^u2��m]t�{I|~y&��´~z2q	r0s+t~s ¿ ��{  &Á�o�|D��yYz
¥ u$m�p&s	y^r0x¨t�u���u$y&s�tS¥ {~m]n& &Á x	r��
t�u2n( 	y&s	pW§�{~u9�©��{~y^m~u$pWt~s¨n�����z2s	{~y&n"��|~|~y&�� &Á x¨s¨n

yn
|9��{~yL{~m s6n^{~´9t�u$��u2n&u2��m8t~s

I0
¡ tn, 0 ≤ n ≤ N ¬

	"��{ nL���-��m nL��{8§�{ s�t ��m n�z2s¨n�r0x	p^Á ��t~s¨nW°]{~m}|D��n ¡ z��]����z2s	{~yLt~s yn
x	p(��u$pW{~m~u2§�{ s	r0s	m�p"t~x¨t�{~u$p&s�t~s

z�������z2s	{~y]��|~|~y&�� &Á x¨s
yn

°}z
¥ u$m n^p(��m�p]|~y&x¨ ¨x¨t~s	m�p ¬Q³ ¥ u2t~x¨sPt~s¨n�r0x	p^Á ��t~s¨n*°}|D��nIr�{~z$p^u$|~z2s¨n ª t�u$p&s¨n*��{ n&n^ur>{~z$p^u$|D��n ® s¨n^p²tS¥ {~p^u$z$u2n&s	y�t~s¨n3����z2s	{~y&n���|~|~y&�� (Á x¨s¨n�n^{~y3{~mP ¨s	y^p(��u$mPm ��r�´~y&s�tS¥ u$m n^p(��m�p&n |~y&x¨ ¨x¨t~s	m�p&n ¬ ·�z${ n|~y&x¨ 	u2n(x	r0s	m�p ¡ t~��m~m ��m nLz��]t~x�� m~u$p^u2��m£tS¥ {~m�r0x	p^Á ��t~s�°I|D��nWr�{~z$p^u$|~z2s¨nJ�
�}���Q�Y�a������� 	J���D����Â"m ��|~|9s	z$z2sP{~m s}r0x	p^Á ��t~s}m�{~r0x	y^u2§�{ s�°

r + 1
|D��n*p&��{~p&sPr0x	p^Á ��t~s8m�{~r0x	y^u2§�{ s

|9��{~����m�pWn&s�r0s	p^p^y&s>n&��{ n�z��>�©��y^r0s��

yn+1 = Ψ(tn, yn, hn, tn−1, yn−1, hn−1, . . . , tn−1, tn−r, yn−r, hn−r) ª � ¬$­�¬$­�®
❏

³ ¥ u$m�p&x	y	1	p�t~s¤ ¨s¨n²r0x	p^Á ��t~s¨n²��u2s	m�p�t�{��
��u$p+§�{ s"z
¥¦��mÌ|9s	{~p²��´~p&s	m~u$y {~mP��y&t�y&s�x	z2s	�-x"t~s"|~y&x¨ 	u2n^u2��m8�¨�-s¨ 
{~m8 ¨���~pLt~s6 ���z2 	{~zS|~z${ n²�
��u$´~z2s6§�{ s"z2s¨nLr0x	p^Á ��t~s¨n� ¨��r*|~z2s�µ~s¨nW°I{~mP|D��nLt~s¤pco�|�s # {~m~Ó-s Î�� {~p^p(� ¬ ³ ¥ u2t~x¨ss¨n&p²t~s¤n^{~´ n^p^u$p^{ s	y²z2s" ���z2 	{~z9t~s¨n²|�s	m�p&s¨n n^{~y²t~s¨n+����z2s	{~y&n+u$m�p&s	y^r0x¨t�u���u$y&s¨nW°�{~mÌ|D��n+|D��y+z2s¨n²y&x¨n^{~z$p(��p&n t~s¨n
��|~|~y&��µ�u$r���p^u2��m n¤��{Ì|D��n t~s¤p&s	r*| n²|~y&x¨ ¨x¨t~s	m�p ¬ ³ ¥ {~mPt~s¨n²|~y&��´~z2q	r0s¨n�s¨n&n(s	m�p^u2s	z2n�t ��m n  ¨s¨n²r0x	p^Á ��t~s¨n�s¨n^p
§�{J¥ u$zS�
��{~pL ¨s	|�s	m t ��m�p ¡ n�¥Ð��n(n^{~y&s	yL§�{ s�z��]n^p(��´~u$z$u$p&x6m�{~r0x	y^u2§�{ s�y&s¨n&p&s�n^{�1�n(��r*r0s	m�pL´���m~m s ¬

! ����m�p+t~sL|~y&x¨n&s	m�p&s	y²§�{ s	z2§�{ s¨n+pco�|9s¨n3t~sLr0x	p^Á ��t~s¨n °�|D��n3r>{~z$p^u$|~z2s¨n ¡ u$zDs¨n^p3u$r*|9��y^p(��m�p t~sLm ��p&s	y²§�{ sz2s]t~x	r���y^y(��Ó-s*tS¥ {~m s]r0x	p^Á ��t~s*°�|D��n¤r>{~z$p^u$|~z2s¨n6mJ¥¦s¨n^p�|D��n���{ n&n^uQn^u$r*|~z2s]§�{ sIz2s¨n¤r0x	p^Á ��t~s¨n�°�{~m |D��n ¬
³ s"|~y&s	r*u2s	y�|9��u$m�p (y0, t0)

x	p(��m�pLs	m»Ó-x	m x	y(��zSt~��m~m x�z
¥Ð��z$Ó-��y^u$p^Á~r0s�m s¤|9s	{~p t~x	r���y^y&s	yL§�{ s¤n^u�z2s¨n ����z2s	{~y&n
yi, 1 ≤ i ≤ r

��m�pLt~x �&°Ix	p&x6 ���z2 	{~z2x ¬�¿ s¨ 	uJn&s"�
��u$p²Ó-x	m x	y(��z2s	r0s	m�p¤°>z
¥Ð��u2t~s�t~s¤r0x	p^Á ��t~s�°I{~m»|D��nW ¨��r*r0s
z2s¨nWr0x	p^Á ��t~s¨nWt~s # {~m~Ó-s Î ��{~p^p(�*tS¥¦��y&t�y&s�x	Ó���z�°] ¨s	z${~u�t~s6z��Ir0x	p^Á ��t~sI°I|D��n�r�{~z$p^u$|~z2s¨n"{~p^u$z$u2n&x¨s¨n ¬

��=;M � �6OgR 	]U&O��ZHYU�� � �DK���GIO��
Â"m8t~��m~m s�t ��m nW ¨s	p^p&s�|D��y^p^u2s�t~s	{�µPs�µ~s	r*|~z2s¨nW 	z���n(n^u2§�{ s¨nWt~s6r0x	p^Á ��t~s¨n"°]|D��n�r�{~z$p^u$|~z2s¨n ¬

��_a`Q_cb ¸¢8 i j�-�69*�29. 29.��Àe�fj-/>���i
³ �Ir0x	p^Á ��t~s�t~s 	"o�n^p^y���r °I|D��n" ¨��m n^p(��m�p"n&s6t~x�� m~u$pW|D��y�z
¥Ð��z$Ó-��y^u$p^Á~r0sIn^{~u$����m�pJ�







yn+1 = yn−1 + 2hfn, n ≤ 1

tn+1 = tn + hn

fn+1 = f(yn+1, tn+1)

ª � ¬ � ¬$­�®


 zSn�¥Ð��Ó�u$p"tS¥ {~m s6r0x	p^Á ��t~s>�*t~s	{�µ»|D��n
tn, tn−1

t~��m�pLu$zJs¨n&pL|���n(n^u$´~z2s6t~s�|~y&��{~�-s	y"§�{J¥¦s	z$z2s6tS¥¦��y&t�y&s
2 ¬




-� �����L�^��,~� �~%&�9%&�:�.'��>,�� ���9� �&'a���&�	�6,~� �P%����9��,~�(�����J��� �Ì��'
��
 ��'��(� � �

�Q_a`Q_�` ¸�8 i j�-�69*�29. 29.�� < k , .
³ �]r0x	p^Á ��t~s�t~s��£u$z$m s�°I|D��nL ¨��m n^p(��m�p"n&s6t~x�� m~u$pW|D��yLz
¥Ð��z$Ó-��y^u$p^Á~r0s�n^{~u$����m�pJ�







yn+1 = yn−3 + h

[
8

3
fn −

4

3
fn−1 +

8

3
fn−2

]

, n ≤ 3

tn+1 = tn + hn

fn+1 = f(yn+1, tn+1)

ª � ¬ � ¬ � ®


 zJn�¥Ð��Ó�u$pLtS¥ {~m s6r0x	p^Á ��t~s��*§�{D��p^y&s6|D��nLt~��m�pWu$z�s¨n^p�|9��n&n^u$´~z2s6t~s�|~y&��{~�-s	y"§�{J¥¦s	z$z2s�tS¥¦��y&t�y&s 4 ¬
��=�� 	 B�GIF>O VL[�AI[QC �WU&O F��cG>AIO HYU�� � �DO FIO RT[YB��>E6FIO���
 	 � �ZR G>U B�K 	IU(O��

Â"m0t~��m~m sLt ��m ng ¨s	p^p&sL|D��y^p^u2s�z2s¨n�t~x�� m~u$p^u2��m n3t~sL ¨��m n&u2n^p(��m  ¨s ¡ tS¥¦��y&t�y&sLs	pgt~s�n^p(��´~u$z$u$p&xWt~s¨n�r0x	p^Á ��t~s¨n°I|D��n�r�{~z$p^u$|~z2s¨n ¬ 
 zJn�¥Ð��Ó�u$pL|~y^u$m  	u$|D��z2s	r0s	m�p�tS¥¦x	p&s	m t�y&s�z2s6t~x�� m~u$p^u2��m nW��{ s¨n"��{� &ÁD��|~u$p^y&s�|~y&x¨ ¨x¨t~s	m�p ¬
�Q_"3Q_ b ��>�>�.D19> 29.¾ºK*(,3f?<cfj-/8 ,3ºK. .�-d*(>@29>�.
�}�-�����a������� 	S���S��������u$p

y
{~m s n&��z${~p^u2��m*s�µ �� 	p&s t�{I|~y&��´~z2q	r0s�t~s ¿ ��{  (Á�o ¡ ��m0��|~|9s	z$z2s²s	y^y&s	{~y�t~s  ¨��m n^u2n !p(��m  ¨s�t~s�z��]r0x	p^Á ��t~s�°

r + 1
|D��n ¡ m ��p&x¨s εn

z��I����z2s	{~yWn^{~u$����m�p&s��

εn = y(tn+1)−Ψ(tn, y(tn), hn, tn−1, y(tn−1), hn−1, . . . , tn−1, tn−r, y(tn−r), hn−r) ª � ¬ÐÏ�¬$­�®
❏

�}�-�����a������� 	S���S���ÃÂ"m£t�u$pW§�{ s�z��Ir0x	p^Á ��t~s>°I|D��nLr�{~z$p^u$|~z2s¨n¤s¨n^pL ¨��m n^u2n^p(��m�p&s�n^u

lim
h→0

N−1∑

n=0

|εn| = 0 ª � ¬ÐÏ�¬ � ®

❏

�}�-�����a������� 	S���S��� Â"m8t�u$pL§�{ s¤z��Ir0x	p^Á ��t~s�°I|D��n r>{~z$p^u$|~z2s¨nWs¨n^p�tS¥¦��y&t�y&s
p ¡ n^u9u$zJs�µ�u2n^p&s¤{~m}y&x¨s	z

K
p&s	z

§�{ s
N−1∑

n=0

|εn| ≤ Khp ª � ¬ÐÏ�¬ÐÏ-®

❏

�Q_"3Q_�` d`-?89¹�<ck <=-�j
�}�-�����a������� 	S���S�$� Â"m0t�u$pg§�{J¥ {~m s²r0x	p^Á ��t~sL°

r+1
|D��n�s¨n^p�n^p(��´~z2s�n^u�p&��{~p&s¨n�n^{~u$p&s¨n

yn
s	p

ŷn
�-x	y^uw����m�pJ�

yn+1 = yn + hnΦ(tn−i, yn−i, hn−i; 0 ≤ i ≤ r), r ≤ n ≤ N ª � ¬ÐÏ�¬ «�®
ŷn+1 = ŷn + hnΦ(tn−i, ŷn−i, hn−i; 0 ≤ i ≤ r) + ρn, r ≤ n ≤ N ª � ¬ÐÏ�¬��-®



��« �����	��

���	� 
-��1g!0)¢5 �À%����9��,~�(�L��� �P%&�^
��~���(� ���J��� �»��'
��
 ��'��(�
u$z�s�µ�u2n^p&s�u$zSy&x¨s	z

M
p&s	z�§�{ s��

max
0≤n≤N

|yn − ŷn| ≤M



 max
0≤n≤r

|yn − ŷn|+
∑

r≤n≤N

|ρn|



 ª � ¬ÐÏ�¬ � ®

❏

��=
< NPO��ZRT[YB �IE6FIO��¢F����¢F �WR ����� � � ���¨ELCDB � 

r + 1

	 � �
(ABr+1)

��_nAg_cb � >f< ,3º�< :�.
��u

y
s¨n^p�{~m£n&��z${~p^u2��m�t�{}|~y&��´~z2q	r0s�t~s ¿ ��{  &Á�o ¡ ��m�x¨ 	y^u$pJ�

y(tn+1) = y(tn) +

∫ tn+1

tn

f(t, y(t)) dt ª � ¬ « ¬$­�®
��{~|~|���n(��m n�§�{ s}|���{~y

0 ≤ i ≤ r ¡ ��m s¨n^p�t~x �&°  ���z2 	{~z2x£z2s¨n0����z2s	{~y&nÌ��|~|~y&�� &Á x¨s¨n»t~s
y
��{�µ�u$m n !

p(��m�p&n
tn−i

¡ yn−i
s	p"z2s¨nL����z2s	{~y&n¤��|~|~y&�� &Á x¨s¨n6t~s¨nW|�s	m�p&s¨n

fn−i = f(tn−i, yn−i) ¬�³ ¥ u2t~x¨sIt~s�z��*r0x	p^Á ��t~stS¥ ! t ��r0n�!�� ��n&Á�����y^p^Á8s¨n^p tS¥Ð��|~|~y&�¨µ�u$r0s	y�z��
f
s	m�p^y&s

tn
s	p

tn+1
|D��y�n&��m»|���z$o�m ��r0s¤tS¥ u$m�p&s	y^|9��z���p^u2��m£��{�µ

|9��u$m�p&n
(tn−i, yn−i) ¬

	"��p&��m n3 ¨s |���z$o�m ��r0s
pn,r(t) ¬�¿ ¥¦s¨n&p�{~m*|���z$o�m ��r0sLt~s�t~s	Ó�y&x ¡ r §�{~u n�¥¦s�µ�|~y^u$r0sLtS¥Ð��|~y&q¨ngz���t~x�� m~u$p^u2��mt~s�z
¥ u$m�p&s	y^|9��z���p^u2��mÒt~s ³ ��Ó�y(��m~Ó-s��

pn,r(t) =
r∑

i=0

fn−iLn,i,r(t) ª � ¬ « ¬ � ®
��¯

Ln,i,r
n&��m�pWz2s¨n�|���z$o�m ��r0s¨nLt~s6´D��n(s6t~s ³ ��Ó�y(��m~Ó-s�t~��m~m x¨nW|D��yJ�

Ln,i,r(t) =
r∏

j=0,j 6=j

t− tn−j

tn−i − tn−j
ª � ¬ « ¬ÐÏ-®

³ ¥¦x¨§�{D��p^u2��m ª � ¬ « ¬$­�® |9s	{~pLt~��m   1	p^y&s���|~|~y&�� &Á x¨s�|D��yJ�

y(tn+1) ≈ y(tn) +

∫ tn+1

tn

r∑

i=0

fn−iLn,i,r(t) dt ª � ¬ « ¬ «�®

≈ y(tn) +

r∑

i=0

∫ tn+1

tn

Ln,i,r(t) dtfn−i ª � ¬ « ¬��-®

≈ y(tn) + hn

r∑

i=0

bn,i,rfn−i ª � ¬ « ¬ � ®
���-s¨ 

bn,i,r =
1

hn

∫ tn+1

tn

Ln,i,r(t) dt ª � ¬ « ¬.-�®




-�Ð�����Q�(� �P%����9��,~�(�6,�� �¤,����0���������&���c������� �
r + 1

�J���
(ABr+1)

��	

³ ¥Ð��z$Ó-��y^u$p^Á~r0s>tS¥ ! t ��r0n !�����n^Á�����y^p^Á °
r + 1

|D��n ¡ m ��p&x�s	m���´~y&x	Ó-x
ABr+1

n�¥¦x¨ 	y^u$pWt~��m  ��






bn,i,r =
1

hn

∫ tn+1

tn

Ln,i,r(t) dt

yn+1 = yn + hn
∑r

i=0 bn,i,rfn−i

tn+1 = tn + hn

fn+1 = f(tn+1, yn+1)

ª � ¬ « ¬��-®

%&����'(��)+*$��,

­�¬L³ s¨n� ¨��s�1� 	u2s	m�p&n
bn,i,r

m sIt~x	|9s	m t~s	m�p6§�{ sIt~s>z���n^{~´9t�u$��u2n^u2��m ¬�
 z2n"|�s	{~�-s	m�p�t~��m   1	p^y&sI ���z2 	{~z2x¨n�°z
¥Ð������m  ¨s�n&u�z��In^{~´9t�u$��u2n^u2��m}s¨n^pL ¨��m~m�{ s�°>z
¥Ð������m  ¨s6|D��y�s�µ~s	r*|~z2s�n^u9z2s¤|D��n�s¨n^pL ¨��m n^p(��m�p ¬ ±���m nW ¨st~s	y^m~u2s	yL ���n ¡ u$z9m s�t~x	|�s	m t~s	m�p�|~z${ n�t~s n
s	p���m»z2s¨n²m ��p&s¨n

bi,r ¬ Â"m}t~��m~m s6t ��m n z2s"p(��´~z2s���{ � ¬$­ z2s¨n����z2s	{~y&nLt~s� ¨s¨nL ¨��s�1� 	u2s	m�p&n"|9��{~yLt~s¨n�����z2s	{~y&nL�©��u$´~z2s¨n
r ¬� ¬ l"m t~s¨n6u$m�p&x	y	1	p>t~s*z��»r0x	p^Á ��t~s ¡ ��{~p^y&s0n(�»y&s	z���p^u$�-s0n^u$r*|~z$u2 	u$p&x�s¨n^p6z2s]Ó���u$mÀs	m p&s	r*| n�t~s* ���z2 	{~z ¬! z��]t�uwv9x	y&s	m  ¨s>t~s¨n�r0x	p^Á ��t~s¨n"°I{~m8|D��nLt~s�pco�|�s # {~m~Ó-s Î�� {~p^p(� ¡ ��m8m s��
��u$pL§�{J¥ {~m s�x	����z${D��p^u2��m

t~s
f
|D��y²u$m  	y&x	r0s	m�pWt~s�p&s	r*| n ¬ Â"m8n&s�n&s	y^p�t~s¨n |9s	m�p&s¨n�t~x �&°] ���z2 	{~z2x¨s¨nW��{P|D��n |~y&x¨ ¨x¨t~s	m�pL|~z${~p���p

§�{ s6t~s� ���z2 	{~z2s	yWt~s¨n�|9s	m�p&s¨nWu$m�p&s	y^r0x¨t�u���u$y&s¨n ¬

r b0,r b1,r b2,r b3,r b4,r βr =
∑

0≤i≤r |bi,r|

0 1 1

1 3/2 −1/2 2

2 23/12 −16/21 5/12 3, 66..

3 55/24 −59/24 37/24 −9/24 6, 66..

4 1901/120 −1387/360 109/30 −637/360 251/720 12, 24..

� ;���� � ¬$­ Î È���Æ�� Ê��©Æ�� �
bi,r

Ç�Æ 	 	�����Ë ��Ç�Æ 	*Ç�Æ	�LÇ

 	 	�
�� 
 	:Ë
� � � ��Ë � ��É ��Ç�Æ�� 
��©Ä �$Æ 	 � 
 �2Æ�É � 	�Ç�Æ
r
Æ��LÉ��

� 
�	�Ê ��� 	 � 
 � �

� �+��� � �4� ,

• r = 0 ¡ z2sI|9��z$o�m ��r0s*tS¥ u$m�p&s	y^|���z���p^u2��m pn,0
s¨n&p�t~��m  ]{~m |9��z$o�m ��r0s*t~s*t~s	Ó�y&x

0
§�{~uYu$m�p&s	y^|���z2s

fs	m
tn

n&��u$pJ�

pn,0(t) = f(tn, yn) = fn ª � ¬ « ¬��-®
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³ ¥Ð��z$Ó-��y^u$p^Á~r0s>s¨n^pLt~��m  6z2s�n^{~u$����m�pJ�
yn+1 = yn + hnfn ª � ¬ « ¬$­��-®

s	p�z
¥¦��m8y&s¨ ¨��m~mD�
�2p"´~u2s	m�n^{~y�z
¥Ð��z$Ó-��y^u$p^Á~r0s�t~s ¶ {~z2s	yL|~y&��Ó�y&s¨n&n^u$�-s ¬
• r = 1 ¡ z2s]|9��z$o�m ��r0s]tS¥ u$m�p&s	y^|9��z���p^u2��m pn,1

s¨n^p6t~��m  ]{~m |9��z$o�m ��r0s*t~s]t~s	Ó�y&x
1
§�{~uQu$m�p&s	y^|���z2s

fs	m
(tn, fn)

s	p
(tn−1, fn−1)

n&��u$pJ�
pn,1(t) =

t− tn−1

tn − tn−1
fn −

t− tn
tn − tn−1

fn−1 ª � ¬ « ¬$­�­�®
= fn +

fn − fn−1

tn − tn−1
(t− tn) ª � ¬ « ¬$­ � ®

³ s� ���z2 	{~z�t~s¨nL ¨��s�1� 	u2s	m�p&nWn&s¤�
��u$pWs	m}u$m�p&x	Ó�y(��m�p� ¨s�|���z$o�m ��r0s�n^{~y
[tn, tn+1]

�
∫ tn+1

tn

pn,1(t) dt =

∫ tn+1

tn

fn +
fn − fn−1

tn − tn−1
(t− tn) dt ª � ¬ « ¬$­�Ï-®

= hnfn +
fn − fn−1

hn−1

[
1

2
(t− tn)2

]tn+1

tn

ª � ¬ « ¬$­	«�®
= hnfn +

fn − fn−1

hn−1

1

2
h2

n ª � ¬ « ¬$­ �-®
= hn

[(

1 +
hn

2hn−1

)

fn −
hn

2hn−1
fn−1

]

ª � ¬ « ¬$­ � ®
��m��*t~��m  

bn = 1 +
hn

2hn−1
, bn−1 =

hn

2hn−1
ª � ¬ « ¬$­ -�®

³ ¥Ð��z$Ó-��y^u$p^Á~r0s>n�¥¦x¨ 	y^u$pWt~��m  ��

AB2







yn+1 = yn + hn

[(

1 +
hn

2hn−1

)

fn −
hn

2hn−1
fn−1

]

tn+1 = tn + hn

fn+1 = f(tn+1, yn+1)

ª � ¬ « ¬$­��-®

±6��m n�z2s6 ���nW��¯}z2s�|D��nLs¨n^pL ¨��m n^p(��m�p"x	Ó���z�°
h ¡ ��m�y&s	p^y&��{~�-s6´~u2s	m��

yn+1 = yn + hn

[
3

2
fn −

1

2
fn−1

]

ª � ¬ « ¬$­��-®
ª � ¬ « ¬ � �-®

��_nAg_a` ��>�>�.01 > 2 .¾ºK*�,3f?<cfj-/8 ,3ºK.�.�-d* >@2 >�.¨29.Df£i j�-�69*�29.Df
ABr+1

³ sQp^Á x¨��y&q	r0s3n&{~u$����m�p� ���y(�� 	p&x	y^u2n&s�z
¥¦��y&t�y&s+s	pJt~��m  �z��  ¨��m n^u2n^p(��m  ¨sgt~s¨n�r0x	p^Á ��t~s¨n�tS¥ ! t ��r0n !�����n^Á�����y^p^Á ¬
� � ��� ����� � 	S�$����� ³ s¨nLr0x	p^Á ��t~s¨nWtS¥ ! t ��r0n�!�� ��n&Á�����y^p^Á ABr+1

n&��m�pWtS¥¦��y&t�y&s
r + 1 ¬

❏

� �^Æ�É���Æ ���g��u$y ª�� � ���  #"%$'&)( * $-,/.!� 0 ¡ ­�� � � ®
❏




-� 	����Q�(� �P%����9��,~�(�6,�� �¤,����0��� � ����'
�;��� �
r + 1

�J���
(AMr+1)

� �

�Q_nAg_43 d`-?89¹�<ck <=-�j�29.Df£i j�-�69*�29.Df
ABr+1

³ �*n&p(��´~u$z$u$p&x�s¨n^pLt~��m~m x¨s6|D��yLz2s�p^Á x¨��y&q	r0s>n^{~u$����m�pJ�
��� ����������� 	J�$�J���ÃÂ"m�n&{~|~|���n&s>§�{ s

f
s¨n^p

k
!
z$u$| n& (Á~u$p��¨u2s	m~m sIs	m

y
s	p¤§�{ s�z2s¨n"n&��r*r0s¨n ∑

0≤i≤r |bi,n,r|n&��m�pWr�� � ��y&x¨s¨n�u$m t~x	|9s	m t ��r*r0s	m�p�t~s
n
|D��y�{~m s� ¨��m n^p(��m�p&s

βr
�

βr = max
n

∑

0≤i≤r

|bi,n,r| ª � ¬ « ¬ � ­�®
��z2��y&ngz���r0x	p^Á ��t~s¤tS¥ ! t ��r0n !�����n^Á�����y^p^Á

ABr+1
s¨n^p+n^p(��´~z2sLs	p3z��� ¨��m n^p(��m�p&s¤t~sLn^p(��´~u$z$u$p&x"s¨n^p3t~��m~m x¨s"|D��y

M = exp(βrkT ) ª � ¬ « ¬ ��� ®
❏

���&Æ�É���Æ ���g��u$y ª��������! #"%$'&)(+*)$-,/.!��0 ¡ ­�� � � ®
❏

%&����'(��)+*$� ·���{~yI§�{ s�z��Pr0x	p^Á ��t~sÌ��r*|~z$uw�DsÌz2s¨n�r0��u$m n�|9��n&n^u$´~z2s¨n�z2s¨n�s	y^y&s	{~y&n ¡ ��m¼n&��{~ÁD��u$p&sÌ§�{ s0z��
 ¨��m n^p(��m�p&s t~s n^p(��´~u$z$u$p&x n&��u$pYz��"|~z${ n��
��u$´~z2s²|���n(n^u$´~z2s ¬�¿ s	p^p&s  ¨��m n^p(��m�p&s�t~x	|�s	m t]t~s k

s	p�t~s
T
§�{~u�n&��m�p�t~s¨n

t~��m~m x¨s¨n t�{Ì|~y&��´~z2q	r0s6s	p t~sWz��> ¨��m n^p(��m�p&s"r�� �^��y(��m�p z2s¨n  ¨��s�1� 	u2s	m�p&n ¡ βr ¬�¿ s	p^p&s� ¨��m n^p(��m�p&s�s¨n^p²t~��m~m x¨s|���{~yYt~sg�
��u$´~z2s¨nY����z2s	{~y&nQt~s
r
t ��m n�z2s+p(��´~z2s���{ � ¬$­�¬ Â"m] ¨��m n^p(��p&s §�{J¥¦s	z$z2s+ 	y&��u$pYp^y&q¨nY��u$p&s²�¨�-s¨  r

s	pQ ¨s¨ 	u�s¨n^p
y&x¨n^{~z$p(��pQÓ-x	m x	y(��z ¬ 
 z�n�¥¦s	m n^{~u$p�§�{ s²z2s¨nQr0x	p^Á ��t~s¨n�n&��m�pgt~s²r0��u$m ngs	m]r0��u$m ngn^p(��´~z2s²z2��y&n&§�{ s²z
¥¦��m���{~Ó�r0s	m�p&s
z
¥¦��y&t�y&s ¬�¿ s]t~x��©��{~p6t~s]n^p(��´~u$z$u$p&x* ¨��m n^p^u$p^{ s	m�p6z2s>|~y^u$m  	u$|D��zgt~x��
��{~p�t~s¨n¤r0x	p^Á ��t~s¨n�tS¥ ! t ��r0n !�����n^Á�����y^p^Á
ABr+1

§�{~uJn(��m�pLy(��y&s	r0s	m�pW{~p^u$z$u2n&x¨s¨nW|���{~yLt~s6Ó�y(��m t~s¨nW����z2s	{~y&nWt~s
r ¬

	¤��{ nW��z$z2��m n��-��u$yWt ��m nWz��]n^{~u$p&s�t~s¨n�r0x	p^Á ��t~s¨nL|9��{~y�|D��z$z$u2s	yW ¨s�t~x��
��{~p ¬
��= � N»O�� RT[YB �>E6FIO���F����¢F �"R � � � ELGIU B�ELA 


r + 1
	 � �

(AMr+1)

�Q_��Q_ b �+>@< ,+º�<=:�.
³ s»|~y^u$m  	u$|9s»t~sP ¨��m n^p^y^{  	p^u2��m t~s¨n>r0x	p^Á ��t~s¨n*tS¥ ! t ��r0n ! �Ò��{~z$p&��m s¨n^p]u2t~s	m�p^u2§�{ s8°Ò ¨s	z${~u�t~s¨n]r0x !

p^Á ��t~s¨nItS¥ ! t ��r0n !�����n^Á��©��y^p^Á ¬Q³ �Òt�uwv9x	y&s	m  ¨sÌr�� � s	{~y&sPs¨n^pI§�{ sÌz
¥¦��m½y&x���z$u2n&s�{~m sÌu$m�p&s	y^|9��z���p^u2��m�s	m½u$m !
 	z${D��m�pLz2s�|���u$m�p

(tn+1, fn+1) ¬Â"m� ¨��m n^u2t~q	y&sWz2sL|9��z$o�m ��r0s
p?

n,r

t~sWt~s	Ó�y&x
r+1

§�{~u u$m�p&s	y^|9��z2sLz2s¨n3|���u$m�p&n
(tn−i, fn−i),−1 ≤ i ≤ r

�

p?
n,r(t) =

r∑

i=−1

fn−iLn,i,r(t) ª � ¬���¬$­�®
��¯

Ln,i,r
n&��m�pLz2s¨n�|9��z$o�m ��r0s¨n"t~s�´D��n&s�t~s ³ ��Ó�y(��m~Ó-s>t~��m~m x¨nL|D��yJ�

Ln,i,r(t) =

r∏

j=−1,j 6=j

t− tn−j

tn−i − tn−j
ª � ¬���¬ � ®
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³ ¥¦x¨§�{D��p^u2��m ª � ¬ « ¬$­�® |9s	{~pLt~��m   1	p^y&s���|~|~y&�� &Á x¨s�|D��yJ�

y(tn+1) ≈ y(tn) +

∫ tn+1

tn

r∑

i=−1

fn−iLn,i,r(t) dt ª � ¬���¬ÐÏ-®

≈ y(tn) +

r∑

i=−1

∫ tn+1

tn

Ln,i,r(t) dtfn−i ª � ¬���¬ «�®

≈ y(tn) + hn

r∑

i=−1

b?
n,i,rfn−i ª � ¬���¬��-®

���-s¨ 

b?
n,i,r =

1

hn

∫ tn+1

tn

Ln,i,r(t) dt ª � ¬���¬ � ®
³ ¥Ð��z$Ó-��y^u$p^Á~r0s�tS¥ ! t ��r0n�! �£��{~z$p&��m °

r + 1
|D��n ¡ m ��p&x�s	m£��´~y&x	Ó-x

AMr+1
n�¥¦x¨ 	y^u$pLt~��m  ��







b?
n,i,r =

1

hn

∫ tn+1

tn

Ln,i,r(t) dt

yn+1 − hnb?
n,−1,rf(tn+1, yn+1) = yn + hn

∑r
i=0 b?

n,i,rfn−i

tn+1 = tn + hn

fn+1 = f(tn+1, yn+1)

ª � ¬���¬.-�®

% ��� '(��)+*2� ,

­�¬L³ s» ���z2 	{~z�t~s¨n
b?
n,i,r

|9s	{~pIz��£��{ n&n&u 1	p^y&s» ���z2 	{~z2x¨n0°8z
¥Ð������m  ¨sPn^u²z2sÌ|D��n>t~s»p&s	r*| n]s¨n^p> ¨��m n&p(��m�p
s	p�x	Ó���z�°

h ¬ Â"m¼t~��m~m s0z2s¨n>����z2s	{~y&n�t~s� ¨s¨nI ¨��s�1� 	u2s	m�p&nI|���{~y>t~s*�
��u$´~z2s¨n�����z2s	{~y&n�t~s
r
t ��m n�z2s

p(��´~z2s���{ � ¬ �� ¬"¿ ��m�p^y(��u$y&s	r0s	m�p"��{�µ0r0x	p^Á ��t~s¨n²tS¥ ! t ��r0n�!�� ��n&Á�����y^p^Á ¡ z2s¨n²r0x	p^Á ��t~s¨n AMr+1
n&��m�p t~s¨n3r0x	p^Á ��t~s¨n

u$r*|~z$u2 	u$p&s¨n ¬+
 z�s¨n^p�t~��m  ]m x¨ ¨s¨n&n(��u$y&s�t~s]y&x¨n&��{ t�y&s]{~m s0x¨§�{D��p^u2��m ¡ x	�-s	m�p^{ s	z$z2s	r0s	m�p]m ��m z$u$m x���u$y&s�°
 &ÁD��§�{ s�u$m  	y&x	r0s	m�p ¬D¶ m}y&q	Ó�z2s�Ó-x	m x	y(��z ¡ ��mP{~p^u$z$u2n&s�{~m s¤r0x	p^Á ��t~s�u$p&x	y(��p^u$�-s�r0x	p^y^u2§�{ s�´D��n&x¨s6n&{~y²z2s
p^Á x¨��y&q	r0s�t�{Ì|9��u$m�p+�~µ~s ¬ ·Y��{~yL�¨�-��u$y²{~m s¤��|~|~z$u2 ���p^u2��m8 ¨��m�p^y(�� 	p(��m�p&s ¡ t ��m n²z
¥ Á�o�|���p^Á q¨n(s"��¯ f

s¨n^p
k− z$u$| n& (Á~u$p��¨u2s	m~m s ¡ u$z�s¨n^p�m x¨ ¨s¨n(n(��u$y&s�§�{ s�z2s�|D��nWt~s6t�u2n& 	y&x	p^u2n(��p^u2��m£r��.µ�u$r>{~r ¡ hmax

�-x	y^uw�Ds��

hmax ≤
1

kγ?
r

, γ?
r = max

n
|b?

n,i,r| ª � ¬���¬��-®

��_��Q_a` � ��.Di :+k=.
¿ ��m n^u2t~x	y&��m n6z
¥¦s�µ~s	r*|~z2s]z2sI|~z${ n6n^u$r*|~z2s]t~s¨n�r0x	p^Á ��t~s¨n�tS¥ ! t ��r0n�! �£��{~z$p&��m |9��{~y

r = 0 ¬S³ sI|���z$o�!m ��r0s�tS¥ u$m�p&s	y^|9��z���p^u2��m
p?

n,0

u$m�p&s	y^|9��z2s�z2s¨n�|9��u$m�p&n
tn, fn

s	p
tn+1, fn+1 ¬(
 zJn�¥¦x¨ 	y^u$p"t~��m  ��

p?
n,0(t) = fn +

fn+1 − fn

tn+1 − tn
(t− tn) ª � ¬���¬��-®




-� 	����Q�(� �P%����9��,~�(�6,�� �¤,����0��� � ����'
�;��� �
r + 1

�J���
(AMr+1)

� �

r b?
−1,r b?

0,r b?
1,r b?

2,r b?
3,r b?

4,r β?
r =

∑

−1≤i≤r |b?
i,r| βr+1

0 1/2 1/2 1 2

1 5/12 2/3 −1/12 1, 16.. 3, 66..

2 9/24 19/24 −5/24 1/24 1, 41.. 6, 66..

3 251/720 323/360 −11/30 53/360 −19/720 1, 73.. 12, 24..

3 95/288 1447/1440 −133/240 241/720 −173/1440 3/160 2, 34.. 22, 14..

� ;���� � ¬ � Î È��.Æ � Ê��
Æ
� �
b?
i,r

Ç�Æ 	 	�����Ë ��Ç�Æ 	ÌÇ�Æ �WÇ 
 	 	
��� ��É � � ��� � ��É �ÌÇ�Æ � 
��
Ä��$Æ
	 � 
 �$Æ	É � 	»Ç�Æ
r
Æ��"É��

� 
 	�Ê ��� 	 � 
�� �
����m}u$m�p&x	Ó�y(��p^u2��m  ¨��m t�{~u$pWt~��m  �°

∫ tn+1

tn

p?
n,0(t) dt = fnhn +

fn+1 − fn

hn

1

2
h2

n ª � ¬���¬$­��-®
=

1

2
hn [fn+1 + fn] ª � ¬���¬$­�­�®

Â"m��*t~��m  
bn,−1,0 =

1

2
, bn,0,0 =

1

2
ª � ¬���¬$­ � ®

³ �]r0x	p^Á ��t~s�n�¥¦x¨ 	y^u$pLt~��m  ��
yn+1 = yn +

1

2
hn [fn+1 + fn] ª � ¬���¬$­�Ï-®

Â"m}y&s¨ ¨��m~mD�
�2pWz��]r0x	p^Á ��t~s�t~s ¿ y(��m���!�	Wu2 (Á ��z2n&��m ¬
�Q_��Q_43 )+*�,3f?<cfj-/8 ,3ºK.�.�-£fj-/8�¹�<ck�<¸-�j
��� ����������� 	J���9��� ³ s¨nLr0x	p^Á ��t~s¨n"tS¥ ! t ��r0n ! �£��{~z$p&��m

AMr+1
n&��m�pLtS¥¦��y&t�y&s

r + 2 ¬
❏

���&Æ�É���Æ ���g��u$y ª��������! #"%$'&)(+*)$-,/.!��0 ¡ ­�� � � ®
❏

��� ����������� 	J���9���Ã����{ n¤y&x¨n&s	y^�-sI§�{ sIz��Ì ¨��m t�u$p^u2��m t~sI ¨��m��-s	y^Ó-s	m  ¨s ª � ¬���¬��-® t~s>z���r0x	p^Á ��t~s>u$p&x	y(��p^u$�-s
n&��u$pYy&s	r*|~z$u2s ¡ z��"r0x	p^Á ��t~s tS¥ ! t ��r0n ! �£��{~z$p&��m�°

r+1
|D��n

AMr+1
s¨n&pQn&p(��´~z2s ¬ ���¤ ¨��m n^p(��m�p&s�t~s+n^p(��´~u$z$u$p&xs¨n^pLt~��m~m x¨s6|D��yJ�

M = exp

(
β?

rkT

1− γ?
rkhmax

)

ª � ¬���¬$­	«�®
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��¯

β?
r = max

n

∑

−1≤i≤r

|b?
i,n,r| ª � ¬���¬$­ �-®

❏

% ��� '(��)+*2� ,

­�¬ ·Y��{~y hmax �
1

kγ?
r

¡ ��mÌy&s	p^y&��{~�-s�§�{ s
M ≈ exp(β?

rkT ) ¬�³ �> ¨��r*|D��y(��u2n&��m���{~mP��y&t�y&s"u2t~s	m�p^u2§�{ s
s	m�p^y&s¤z2n+r0x	p^Á ��t~s¨n tS¥ ! t ��r0n !�����n^Á��©��y^p^Á}s	p+z2s¨n²r0x	p^Á ��t~s¨n tS¥ ! t ��r0n ! �£��{~z$p&��mPr0��m�p^y&s	m�pL§�{ s" ¨s¨n
t~s	y^m~u2q	y&s¨nWn(��m�pL´9s���{  ¨��{~|8|~z${ nLn^p(��´~z2s¨n ¬

��=�� NPO��ZRT[YB �IE6FIO�� 	>C9[�F>K(HJB�O�G>C �-HYE�C�C�O�H�B�O�G>C
PECE

³ ¥ u2t~x¨s½t~s¨n£n& (Á x	r���n
PECE

s¨n^pÒt~sÀ ¨��m n^p^y^{~u$y&s½t~s¨n£n( &Á x	r���n ��{ n&n^uIn^p(��´~z2s¨n£§�{ s z2s¨nÒn& (Á x	r���n
tS¥ ! t ��r0n�! �£��{~z$p&��m r���u2n¤s	m�x	��u$p(��m�p"z2s¨nW|~y&��´~z2q	r0s¨n¤z$u2x¨n"°*z��0y&x¨n&��z${~p^u2��m£tS¥ {~m sIx¨§�{D��p^u2��m�m ��m !
z$u$m x���u$y&s
° ®  &ÁD��§�{ s6u$m  	y&x	r0s	m�p ¬
��_��Q_cb � >f< ,3º�< :�.

³ s |~y^u$m  	u$|9s�t~s� ¨��m n^p^y^{  	p^u2��mÌt~s¨nQr0x	p^Á ��t~s¨ngt~s |~y&x¨t�u2 	p^u2��m !c ¨��y^y&s¨ 	p^u2��m}s¨n^pQz2s�n^{~u$����m�p ¬ Â"m�n&s t~��m~m s
{~m s>|~y&x¨t�u2 	p^u2��m t~s>z��*����z2s	{~y

yn+1
¡ m ��p&x¨s pyn+1

t~��m~m x¨s�|D��y¤{~m n& &Á x	r��»s�µ�|~z$u2 	u$p&s ¬S¿ s	p^p&s>����z2s	{~y¤s¨n^ps	m n&{~u$p&s"{~p^u$z$u2n(x¨s¤t ��m n²{~m}n& (Á x	r���u$r*|~z$u2 	u$p&s ¡  ¨��r*r0s¤z2s¤n& &Á x	r��ItS¥ ! t ��r0n Î �Ò��{~z$p&��m}|9��{~y²y&x���z$u2n(s	y+{~m s
 ¨��y^y&s¨ 	p^u2��m ¬ ·�z${ nL|~y&x¨ 	u2n(x	r0s	m�p ¡ ��m£��´~p^u2s	m�pWz
¥Ð��z$Ó-��y^u$p^Á~r0s>n^{~u$����m�pJ�






(P )
|~y&x¨t�u2 	p^u2��m

pyn+1 = . . . ª °]|D��y^p^u$yWt~s¨n yn−i, fn−i, 0 ≤ i ≤ r
n& (Á x	r��0s�µ�|~z$u2 	u$p&s ®

(E)
x	����z${D��p^u2��m

pfn+1 = f(tn+1, pyn+1)

(C)
 ¨��y^y&s¨ 	p^u2��m

yn+1 = yn + hn
∑r

i=0 b?
n,i,rfn−i + hnb?

n,−1,rpfn+1, AMr+1

(E)
x	����z${D��p^u2��m

fn+1 = f(tn+1, yn+1)

ª � ¬ � ¬$­�®

Â"m8 ¨��m n^p(��p&s6´~u2s	m�§�{J¥Ð°]p^y(���-s	y&nW ¨s	p^p&s���z$Ó-��y^u$p^Á~r0s>§�{ s�z2s�n( &Á x	r��*��´~p&s	m�{ s�s¨n^pLs�µ�|~z$u2 	u$p&s ¬
% ��� '(��)+*2� ,

­�¬ 	¤��{ nI���-��m n>{~p^u$z$u2n(s	y>{~m¾n& &Á x	r��£tS¥ ! t ��r0n ! �Ò��{~z$p&��m�|���{~y>y&x���z$u2n&s	y]z
¥¦x	p(��|�s»t~s� ¨��y^y&s¨ 	p^u2��m ¬ Â"m|9s	{~pL ¨s	|�s	m t ��m�pW{~p^u$z$u2n&s	yLmJ¥ u$r*|9��y^p&s�§�{ s	z�n& (Á x	r��]u$r*|~z$u2 	u$p&s ¬� ¬ z2sÒt~x	r���y^y(��Ó-s t~sÒ ¨sÒp o�|9s£t~sÒr0x	p^Á ��t~sÒm x¨ ¨s¨n&n^u$p&s  ¨��r*r0s |���{~y»p&��{~p&s¨nPz2s¨n»r0x	p^Á ��t~s¨n8°¼|D��n
r�{~z$p^u$|~z2s¨nWz2s� ���z2 	{~zJ|~y&x���z���´~z2s>t~s¨n�|���u$m�p&n

yi, fi, 0 ≤ i ≤ r ¬
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Ï�¬L³ sP ¨���~p0t~sP ���z2 	{~zLt~s¨nIr0x	p^Á ��t~s¨n�t~sÌ|~y&x¨t�u2 	p^u2��m !c ¨��y^y&s¨ 	p^u2��m ´D��n&x¨sPn^{~y]{~m�n& &Á x	r�� tS¥ ! t ��r0n !
�Ò��{~z$p&��m8s¨n^p s	m���u$y&��m8z2s�t~��{~´~z2s6t~s¤ ¨s	z${~uStS¥ {~m s�r0x	p^Á ��t~s6tS¥ ! t ��r0n !�����n^Á��©��y^p^Á8t~s"r 1	r0s6��y&t�y&s ¬
	¤��{ nQ�-s	y^y&��m nQ|D��yg ¨��m�p^y&s�§�{ s n(�¤n^p(��´~u$z$u$p&x s¨n^pQ´~u2s	m*r0s	u$z$z2s	{~y ¬�¿ s� ¨���~pQt~s  ���z2 	{~z~y&s¨n^p&s  ¨s	|9s	m t ��m�pr0��u$m t�y&s�§�{ s� ¨s	z${~u�t~s¨nLr0x	p^Á ��t~s¨n # {~m~Ó-s Î�� {~p^p(�*n&��|~Á~u2n&p^u2§�{ x¨s¨n"tS¥¦��y&t�y&s ≥ 3

�Q_��Q_�` �¤>@2 >�.
.Q-Òfj-/8�¹�<ck�<¸-�j 29.Df£f�º@6gj�i 8Sf
PECE

³ ¥¦x	p^{ t~s�t~s�z
¥¦s	y^y&s	{~yWt~s� ¨��m n^u2n^p(��m  ¨s�|���{~yLz2s¨nWn& &Á x	r���n
PECE

 ¨��m t�{~u$p"��{�µ}y&x¨n^{~z$p(��p&nLn^{~u$����m�p&nJ�
­�¬L³ ¥ u$m�
 { s	m  ¨s>t�{� &Á ��uwµ}|~y&x¨t�u2 	p&s	{~y¤s¨n^p�m s	p^p&s	r0s	m�p"r0��u$m nLu$r*|9��y^p(��m�p"§�{ s6 ¨s	z${~u�t�{� ¨��y^y&s¨ 	p&s	{~y ¬
� ¬ ��u�z
¥¦��m* &Á ��u2n^u$p�{~m*n& (Á x	r��¤|~y&x¨t�u2 	p&s	{~y3tS¥¦��y&t�y&s

r+1
s	pQ{~m* ¨��y^y&s¨ 	p&s	{~y3tS¥¦��y&t�y&s

r+1 ¡ |D��y�s�µ~s	r*|~z2s
AMr+1

¡ z2s6n& (Á x	r��
PECE

s¨n^pW��z2��y&nWtS¥¦��y&t�y&s
r + 2 ¬

l"m s»x	p^{ t~s}t~s»z�� n^p(��´~u$z$u$p&x»r0��m�p^y&s8§�{ s»z
¥¦��m� ¨��m n&s	y^�-sPz2s¨n]|~y&��|~y^u2x	p&x¨n�t~s»n&p(��´~u$z$u$p&x}t~s¨n*n& &Á x	r���n
tS¥ ! t ��r0n ! �Ò��{~z$p&��m�|9��{~y�{~m s� ¨��m n^p(��m�p&s>t~s6n^p(��´~u$z$u$p&x�x¨§�{~u$����z2s	m�p&s ¬

�Q_��Q_43 � ��.Di :+k .Df
� ��� �Q� �-� ��*2� ���$���
� ���»� ��� * �4���#� �-���-������� �-� ��*2� ���$���
� ���0� �
	���' ��� ��� � � � � �4,���� � ³ ¥Ð��z$Ó-��y^u$p^Á~r0ss¨n^pLt~��m~m x�t~s�z��]r���m~u2q	y&s�n^{~u$����m�p&s��







(P ) pyn+1 = yn + hnfn

(E) pfn+1 = f(tn+1, pyn+1)

(C) yn+1 = yn +
1

2
hn [fn + pfn+1]

(E) fn+1 = f(tn+1, yn+1)

ª � ¬ � ¬ � ®

¿ s	p3��z$Ó-��y^u$p^Á~r0sW ¨���©m  	u2t~s"�¨�-s¨ �z��¤r0x	p^Á ��t~sLt~s �¤s	{~m ¡ §�{~u�mJ¥¦s¨n^p²��{~p^y&s�§�{J¥ {~m s�r0x	p^Á ��t~s�t~s # {~m~Ó-s Î
� {~p^p(�*t~x�� m~u2s6|D��yJ�

0 0 0

1 1 0

1

2

1

2
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(AMr+3)







(P ) pyn+1 = yn−1 + 2hfn

(E) pfn+1 = f(tn+1, pyn+1)

(C) yn+1 = yn + h

[
5

12
pfn+1 +

8

12
fn −

1

12
fn−1

]

(E) fn+1 = f(tn+1, yn+1)

ª � ¬ � ¬ÐÏ-®
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 ¨��m n^p(��m�p&s�t~s ³ s	´9s¨n^Ó�{ s ¡ ­��
t~s	Ó�y&x�tS¥Ð��|~|~y&�¨µ�u$r���p^u2��m ¡ ­�­t�uwv9x	y&s	m  ¨s�t�u$��u2n&x¨s ¡ �
s	y^y&s	{~yLtS¥ {~m s¤r0x	p^Á ��t~s6tS¥ u$m�p&x	Ó�y(��p^u2��m�m�{~r0x	y^u2§�{ s ¡

Ï �s¨n^|D�� ¨s6t~s �"u$z$´�s	y^p ¡ � ­
����m  	p^u2��m nWn^|~z$u$m s¨n ¡ ­ �����y^r0s¤t~s 	"s���p&��m}t�{»|���z$o�m ��r0s�tS¥ u$m�p&s	y^|9��z���p^u2��m ¡

-����y^r>{~z2s�t~s�§�{D��t�y(��p^{~y&s
x	z2x	r0s	m�p(��u$y&s ¡ Ï � ¨��r*|9��n&x¨s ¡ Ï �����y^r>{~z2s¨nWtS¥ u$m�p&x	Ó�y(��p^u2��m
t~s)%6��{ n&n ¡ « ­t~s)%6��{ n&n�! ¿ Á s	´�o� &Á s	� ¡ « ­t~s)%6��{ n&n�! �"s	y^r*u$p&s ¡ « ­t~s)%6��{ n&n�! ³ ��Ó�{ s	y^y&s ¡ « ­t~s)%6��{ n&n�! ³ s	Ó-s	m t�y&s ¡ « ­t~s 	¤s���p&��m ! ¿ ��p&s¨n ¡ Ï�­


 m�p&s	y^|���z���p^u2��mt~s �¤s	y^r*u$p&s ¡ ­	«t~s ³ ��Ó�y(��m~Ó-s ¡ �|D��y �©��m  	p^u2��m nWn^|~z$u$m s¨n ¡ ­ �u$m�p&s	y^|9��z���p^u2��m�|9��z$o�m ��r*u���z2s ¡ «
r0x	p^Á ��t~s

t~s¨nLt�uwvSx	y&s	m  ¨s¨nWt�u$��u2n&x¨s¨n ¡ -r0x	p^Á ��t~s�tS¥ u$m�p&x	Ó�y(��p^u2��m
t~s � ����z2s ! �¤u$z$z���y& ¨s���{ ¡ Ï �t~s���u$r*| n&��m ¡ Ï �t~s¨n�y&s¨ 	p(��m~Ó�z2s¨n¤°*t�y&��u$p&s ¡ � �

t~s¨n�y&s¨ 	p(��m~Ó�z2s¨n�°IÓ���{  &Á s ¡ � �t~s¨n�p^y(��|9q ��s¨n ¡ � �t�{8|9��u$m�pWr*u$z$u2s	{ ¡ � �r0x	p^Á ��t~s¨nWtS¥ u$m�p&x	Ó�y(��p^u2��m
 ¨��r*|9��n&x¨s¨n ¡ � �t~sJ%���{ n&n ¡ � �r0s	u$z$z2s	{~y&s>��|~|~y&��µ�u$r���p^u2��m£|���z$o�m ��r*u���z2s ¡ «

m ��y^r0s ¡ � ­
��y&t�y&s�tS¥ {~m s6r0x	p^Á ��t~s�tS¥ u$m�p&x	Ó�y(��p^u2��m ¡ Ï �
|9��u$m�p&nWt~s ¿ Á s	´�o�n&Á s	� ¡ ­�Ï|9��z$o�m ��r0s ¡ «tS¥ u$m�p&s	y^|���z���p^u2��m t~s �"s	y^r*u$p&s ¡ ­	«tS¥ u$m�p&s	y^|���z���p^u2��m t~s ³ ��Ó�y(��m~Ó-s ¡ �t~s6´D��n(s6t~s �"s	y^r*u$p&s ¡ ­	«t~s6´D��n(s6t~s ³ ��Ó�y(��m~Ó-s ¡ �t~s6´D��n(s6t~s 	"s���p&��m ¡ -t~s6r0s	u$z$z2s	{~y&s>��|~|~y&�¨µ�u$r���p^u2��m ¡ ­��|9��z$o�m ��r0s¨n

t~s ¿ Á s	´�o�n&Á s	�t~s6|~y&s	r*u2q	y&s�s¨n^|9q¨ ¨s ¡ � «t~s�n&s¨ ¨��m t~s�s¨n&|�q¨ ¨s ¡ � «t~s �¤s	y^r*u$p&s ¡ � «t~s����� ¨��´~u ¡ � Ït~s ³ ��Ó�{ s	y^y&s ¡ � «t~s ³ s	Ó-s	m t�y&s ¡ � Ï|9��z$o�m ��r0s¨nL��y^p^Á ��Ó-��mD��{�µ ¡ ���|~y&��t�{~u$pWn& ���z���u$y&s ¡ � ­
n& (Á x	r��*t~s � ��y^m s	y ¡ ­

u$u$u
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�! #"%$'&)(+*-,. #"%$!/+"102 #3546"%7#8:9
pn ; (+9<(+9-=>,.*<&5"@?A*-,'&)9-/+,B #/C*-=EDF32G n ; GIHJ K9ML1H-&)9-"KN.$B,.*J9-3)$ ; &POQ9>O ; pn ∈ Pn

O
RTS  #U@V'9-NW(@/YXJZM[@\M]:^`_Eacbcd#egf2aMeC9J$'Nh( S *-i>DF35/%9-,IHJ9j0k #3546"%7#8:9l9-"m/+"n02 #&5"ENI(+9j3oDp(@,. #&5N.9q,.*J9-353)9

z
O2r<"%9

8:*-N's% K(+9I"tDFuviw9IHJ #"%$'&)$'N.9IGl9Mxy9JH-N'/%9-,z3 S DF35=w #,'&5N's+8:9j{
|C}�~��t�#�o�������`� �BDF3)H-/+3)9-,

pn(z) =

n∑

i=0

aiz
i ��� *-N's% K(+9h"tDFuviw9

� �K�������F�%�
n, z, ai, 0 ≤ i ≤ n����� �����t�

p =

n∑

i=0

aiz
i

p← a0

q ← 1� ���
i = 1

N. 
n � �

q ← q ∗ z

p← p + aiq� � � � �t�

��"�HJ #"%$'N�DFN.9I�K/%9W3 S  #" 9Mxy9JH-N'/%9cGqH.stD#�K/%9h&5N.*-,�DFN'&) #" ; (+9-/@¡p8¢/+35N'&50+35&)H£DFN'&) #"%$�9-N¤/+"%9¢D#(+(@&5N'&) #"�O%¥� #/%$DF353) #"%$z(+ #"+"%9-,�(%DF"%$z3oDl$'/+&5N.9W/+"%9h8:*-N's% 6(+9h0+35/%$z9ML1H£D#HJ9c0k #/+,z*-i>DF35/%9-,z3)9W02 #354K"%7#8:9>O

¦�§�¨ ©hª2« [T¬�­�®j¯±°�²¤³2´j¯�³¶µt·¢³¶¸�­º¹J»¤³2¬�¯ ª ­z´j»z´¢¼�½�·j¯
�! #"%$'&)(+*-,. #"%$<3oD¢?A #,'8:9IH£DF"% #"+&)�K/%9I(@/�02 #3546"%7#8:9

pn ; *-i>DF35/%*cDF/¾02 #&5"EN z ¿
pn(z) = a0 + a1z + a2z

2 + . . . + anzn ÀAÁ O5Â>O5Â�Ã
Â
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��������������������� � �!�#"$���&%'��(�)
��*,+.-�/0�1���32�/54�67)#�
����8:9�+����7+

��" ,.9-81DF,.�E/%9I�K/%9IHJ9W02 #354K"%7#8:9I0k9-/+Nz$.9�?PD#H-N. #,'&)$.9-,<$� #/%$¤3oD¢?A #,'8:9c$'/+&5i#DF"KN.9 ¿
pn(z) = a0 + z

[
a1 + a2z + . . . + anzn−1

] ÀAÁ O5Â>O � Ã
= a0 + z

[
a1 + z

[
a2 + . . . + anzn−2

]] ÀAÁ O5Â>O {wÃ
· · ·

= a0 + z [a1 + z [a2 + z [. . . + zan] . . .]] ÀAÁ O5Â>O ;KÃ
Á 0tDF,'N'&5, (+9�HJ9-N'N.9�,.9-81DF,.�K/%9 ;  #" 0k9-/+Np(+*=<%"+&5,13 S DF35=w #,'&5N's+8:9n(+9?>A@#,'"%9-,C�K/+&<$ S *JH-,'&5Np(+9¾3oD 81DF"+&CB-,.9$./+&5i#DF"KN.9 ¿
|p}�~t���F� �������?D �BDF3)H-/+3)9-,

pn(z) =
n∑

i=0

aiz
i �FE H.s%*-81D1(+9:>G@#,'"%9-,

� �E���������t�
n, z, ai, 0 ≤ i ≤ n�W��� ���F�%�

p(z) =

n∑

i=0

aiz
i

p← an� �t�
i = n− 1

N. 
0 � �

p← zp + ai� � � � �t�
��" ,.9-81DF,.�K/%9 (�BJ$:3) #,.$C�E/ S  #" 9Mx29JH-N'/%9 0+35/%$1�K/ S /+"%9 D#(+(@&5N'&) #" 9-NC/+"%9¾8c/+35N'&50+35&)H£DFN'&) #" G H�stD#�E/%9

*-N�DF029>OH>� #,'8l&)$B3)9<=EDF&5" $'/+U%$'N�DF"KN'&)9-3�9-"CN.9-8l0%$B(+9�H£DF3)H-/+3 ; 3)9�$.H�s%*-81D¢(+9A>A@#,'"%9-,¤D¢(+9�Uk #"+"%9J$!0+,. #0+,'&)*-N.*J$HJ #"%HJ9-,'"tDF"KN�3)9J$<9-,',.9-/+,.$<( S DF,',. #"%(@&)$£O
¦�§JI ©hªk« [T¬�­º®j¯ ° ²¤³2´¢¯�³�µt·¢³¶¸.­º¹J»z³2¬�¯ ®¢¯LK ¯NMPO�»z´

Q 9
3oD¤8SR-8:9 81DF"+&CB-,.9 ; 3)9 $.H.s%*-81D�(+9T>A@#,'"%9-,�029-/+NUR-N',.9 *-N.9-"%(@/qGz3oDB?v #,'8:9 (+9 ¥�9�V¤N. #"j(@/c02 #354K"%7#8:9( S &5"KN.9-,'0k #3oDFN'&) #"�O��! #"%$'&)(+*-,. #"%$�3)9h02 #354K"%7#8:9
pn ∈ Pn

�K/+&y&5"EN.9-,'02 #3)9
f
DF/�02 #&5"EN {xi}0≤i≤n

O R Dq?A #,'8:9(+9c¥�9�V¤N. #" (@/¾02 #3546"%7#8:9h0k9-/+NGR-N',.9h*JH-,'&5N.9 ¿
pn(z) = α0 + α1(z − x0) + α2(z − x0)(z − x1) + . . . + αn(z − x0)(z − x1) . . . (z − xn−1)

= α0 + (z − x0) [α1 + α2(z − x1) + . . . + αn(z − x1) . . . (z − xn−1)]

= α0 + (z − x0) [α1(z − x1) [α2 + . . . + αn(z − x2) . . . (z − xn−1)]]
ÀAÁ O � O5Â�Ã

Á 0tDF,'N'&5,!(+9�HJ9-N'N.9�*JH-,'&5N'/+,.9 ;  #"p029-/+N!*JH-,'&5,.9�3 S DF35=w #,'&5N's+8:9h(+9G>A@#,'"%9-,!0k #/+,!3oDh?v #,'8:9<(+9�¥�9�V¤N. #" (@/02 #3546"%7#8:9I( S &5"EN.9-,'02 #3oDFN'&) #" ¿
W 3k9J$'N U2 #" (+9<,.9-81DF,.�K/%9-,¤�E/%9�3)9J$

αi
$. #"KN 3)9�,.*J$'/+35N�DFN¤(+9�3oDI8:*-N's% 6(+9�(+9J$B(@& xy*-,.9-"%HJ9J$B(@&5iK&)$.*J9J$�O@�!9J$

(+9-/@¡ DF35=w #,'&5N's+8:9J$�0k9-/+iw9-"KN�R-N',.9cD£i#DF"KN�DF=w9-/%$.9-8:9-"ENWHJ #/+0+3)*J$£O
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|C}�~��t�#�o�������
� �BDF3)H-/+3)9-,
pn(z) =

n∑

i=0

aiz
i �FE H.s%*-81D1(+9:>A@#,'"%9-, ;��  #,'8:9I(+9I¥�9�V¤N. #"

� �K�������F�%�
n, z, αi, 0 ≤ i ≤ n����� �����t�

p(z) =

n∑

i=0

aiz
i

p← αn� ���
i = n− 1

N. 
0 � �

p← (z − xi)p + αi� � � � �t�
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� §g¨ � »¤³2¬�¯ ¯! #"j¸�¼ ª ¼�O�¯ ®j¯
µ$"C»z¸&%h´('<¬�¯
µ ®j¯*) « ¯,+-%hµ « ¯,.
/  >$. #"%$

∀θ ∈ IR, Tn(cos θ) = cos(nθ) À10 O5Â>O5Â�Ã
 #/�(+9h81DF"+&CB-,.9I*J�K/+&5i#DF3)9-"KN.9I02 #/+,

x = cos θ ;
∀x ∈ [−1; 1], Tn(x) = cos(n arccos x) À10 O5Â>O � Ã

��"�HJ #"%$'N�DFN.9I?vD#H-&53)9-8:9-"KN<�E/%9 ¿
T0(x) = 1, T1(x) = x À10 O5Â>O {wÃ

Q 9W0+35/%$ ;  #"`Dj3)9J$¤,.9-3oDFN'&) #"%$�$'/+&5i>DF"EN.9J$ ¿
Tn+1(x) = cos((n + 1) arccos x) À10 O5Â>O ;KÃ

= cos(arccos x) cos(n arccos x)− sin(arccos x) sin(n arccos x) À10 O5Â>O32wÃ
= xTn(x)− sin(arccos x) sin(n arccos x) À10 O5Â>O34wÃ

Tn−1(x) = cos((n− 1) arccos x) À10 O5Â>O65>Ã
= cos(− arccos x) cos(n arccos x)− sin(− arccos x) sin(n arccos x) À10 O5Â>O37wÃ
= xTn(x) + sin(arccos x) sin(n arccos x) À10 O5Â>O38wÃ

�E/�HJ #"%(@/+&)$�9-"EN�Gj3oDl,.9-3oDFN'&) #" (+9h,.*JH-/+,',.9-"%HJ9 ¿
Tn+1(x) = 2xTn(x)− Tn−1(x) À10 O5Â>O5Â:9wÃ

��"�9-" (+*J(@/+&5N.9:�K/%9q0k #/+,
n ≥ 1 ; Tn

9J$'NW/+" 02 #354K"%7#8:9l(+9l(+9-=>,.*
n
O R 9lHJ 69ML1H-&)9-"EN¢(+9jN.9-,'8:9:(+90+35/%$¤stDF/+N<(+9-=>,.*I9J$.N

2n−1 O/ DF,�DF&5353)9-/+,.$ ; 9-"�02 >$�DF"KN θ = arccos x ;  #"¾029-/+N<*-i>DF35/%9-,¤3 S &5"EN.*-=>,�DF3)9j$'/+&5i#DF"KN.9 ¿
∫ 1

−1
Tn(x)Tk(x)(1 − x2)−1/2 dx =

∫ π

0
cos(nθ) cos(kθ) dθ = 0,

$'&
k 6= n À10 O5Â>O5Â>Â�Ã

2



4 �G������� ���1
�� � 2T" ���&%���(�)
� 21�����U4�����%�274�� �

R 9J$¾02 #354K"%7#8:9J$
Tn

$. #"EN�(+ #"%H�3)9J$¾0k #3546"%7#8:9J$  #,'N's% #=w #"tDF/@¡ 02 #/+,¾3oD�?v #"%H-N'&) #" 0k #&)(+$
ω(x) =

(1− x2)1/2 O	�
" 0k >$�DF"KN ;
pn(x) = 21−nTn(x) À10 O5Â>O5Â � Ã

3)9J$<0k #3546"%7#8:9J$
pn
$. #"EN�(+ #"%Hh3)9J$¤02 #354K"%7#8:9J$z(+9j� s%9-UE4@$'s%9-ikO

R Dj"% #,'8:9c(+9J$z0k #3546"%7#8:9J$z(+9¢� s%9-UK46$'s%9-i¾9J$'Nz(+ #"+"%*J9I0tDF, ¿
∫ 1

−1
Tn(x)Tk(x)(1− x2)−1/2 dx =

{

π
$'&

k = 0
π

2

$'&5"% #"�O À10 O5Â>O5Â£{wÃ
� �K��
+������� R 9J$ 0k #3546"%7#8:9J$ (+9m� s%9-UK46$'s%9-i 0k9-/+iw9-"KN R-N',.9n #U+N.9-"K/%$¾(@&5,.9JH-N.9-8:9-"EN¾0tDF, 3)9`0+,. KHJ*J(+*
( S  #,'N's% #=w #"tDF35&)$gDFN'&) #"n(+9
�W,�DF8�� E H.s+8l&)(@N ¿

p0(x) = 1 À10 O5Â>O5Â�;KÃ

p1(x) = x−

∫ 1

−1
x(1− x2)−1/2 dx

∫ 1

−1
(1− x2)−1/2 dx

À10 O5Â>O5Â:2wÃ

= x−

[

−(1− x2)−1/2
]1

−1
[
sin−1 x

]1

−1

= x À10 O5Â>O5Â:4wÃ

p2(x) =







x−

∫ 1

−1
x3(1− x2)−1/2 dx

∫ 1

−1
x2(1− x2)−1/2 dx








.x−








∫ 1

−1
x2(1− x2)−1/2 dx

∫ 1

−1
(1− x2)−1/2 dx








.1 À10 O5Â>O5Â 5>Ã

= [x− 0]x− π/2

π
= x2 − 1

2
À10 O5Â>O5Â:7wÃ

. . . À10 O5Â>O5Â:8wÃ
� § I � ­ ª ¼�´¢¯
µ ®j¯
µ$"C»<¸&%h´ '<¬�¯
µ ®j¯ ) « ¯,+-%hµ « ¯,.

R 9J$¤,�D#H-&5"%9J$�$'/+,
[−1, 1]

(@/¾0k #3546"%7#8:9I(+9¢� s%9-UK46$.s%9-i $� #"ENz(+ #"+"%*J9J$z0tDF, ¿
pn(x) = 0⇔ Tn(x) = 0 À10 O � O5Â�Ã

cos(n arccos x) = 0 À10 O � O � Ã
n arccos x =

π

2
+ kπ, k ∈ IN À10 O � O {wÃ

arccos x =
π(1 + 2k)

2n
, k ∈ IN À10 O � O ;KÃ

x = cos(
π(1 + 2k)

2n
), 0 ≤ k ≤ n− 1, k ∈ IN À10 O � O32wÃ

R 9J$z,�D#H-&5"%9J$�(+9J$z02 #354K"%7#8:9J$�(+9¢� s%9-UE4@$'s%9-i�$. #"KNz/+N'&535&)$.*J9J$�HJ #8l8:9I02 #&5"EN<( S &5"KN.9-,'0k #3oDFN'&) #"m02 #354K"% ��
8l&oDF3)9¢9-NzHJ #8l8:9h02 #&5"EN<( S &5"KN.*-=>,�DFN'&) #"n(%DF"%$<3)9J$¤N.9JH.s+"+&)�K/%9J$<(+9
�IDF/%$.$�� � s%9-UE4@$'s%9-i2O


