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Computations of equilibria

Equilibria for LCS

Linear Complementarity Systems (LCS)

x(t) = Ax(t) + BA(t) +a, xe€R"AcR"
y(t) = Cx(t) + DX(t) + b (1)
0<y(t) LA(t)>0

Mixed Linear Complementarity Problem (MLCP)

We have to solve a Mixed Linear Complementarity Problem :

0=AX+ B\ + a,
y=CXx+DX+b (2)
o<y LA>0

o = = = = DAl
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Computations of equilibria

Equilibria for LCS

Existence of solutions to MLCP
» Trivial case a =0,b = 0. X = 0 is an equilibrium.
> If A invertible, then we can substitute ¥ = —A~!(B\ + a) to get a LCP

0<(D—CA 'B)A+AYa+bLA>0 (3)

If (D — CA™1B) is a P-matrix, it exists a unique solution X for all a and b. The
equilibrium is obtained with ¥ = —A~1(B\ + a)

Computations of equilibria — 5/37
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Computations of equilibria

Equilibria for LCS

Existence of solutions to MLCP
Reformulation into inclusion

(& YE B e o

—(Mz + q) € OVgnyprr (2) (5)

as

Theorem
If M is a semi—definite positive matrix, then the inclusion (5) is solvable if and only if
it is feasible, that is

Jz, zeR"xRY and Mz+ q € 0" x R} (6)

Application of a more general Theorem 2.4.7 of [1].

Example
Trivial case a=0,b > 0.
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Computations of equilibria

Equilibria for differential inclusion

Computation of equilibria
The equilibria of

—(x(t) + f(x)) € T(x(1)) (7)
are given by the following generalized equation
—f(%) e T(X) (8)
Generalized Equation
0€ f(xX)+ T(x) 9)
=) = = = T 9ac
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Equilibria for differential inclusion. The simple case f(X) =0

T(x)

0e T(%) < xe T7Y0)

A condition for T=1(0) # 0 is 0 € D(T~!) = R(T).

T71(x)

=

Computations of equilibria — 8/37
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Computations of equilibria

Equilibria for differential inclusion. The simple case f(X) =0

Theorem
Let ¢ : R" — R U 400 be a proper convex function. Then

0 € 9¢(X) <= X € argmin ¢(z) (10)
zERN
A solution to 0 € 9f(X) exists if min crn ¢p(z) > —oc0

Ix| san(x) = x|

NS x

Figure: Absolute value function
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Computations of equilibria

Equilibria for differential inclusion. The simple case f(X) =0

Example (¢(x) = Wc(x))

argminV¢(z) = C (10)
zERN

o 5 = = £ DA
Computations of equilibria — 8/37



Introduction to nonsmooth dynamical systems Lecture 3. Equilibria and stability

Computations of equilibria

Equilibria for differential inclusion. The affine case f(X) = AX + a

T(x) = V¢ (x) with C a polyhedral set C = {Cx + d > 0}

We(x)= Ne(x) ={s=—CTA\0< AL Cx+d>0} (11)

The generalized equation
— (AX 4 a) € OV (X) (12)

is equivalent to the following MLCP

AX4+a=CTX
y=Cx+d (13)
o<y LlLA>0

that can be written in turns as an inclusion

(e 75 B ) oo (1) 0

T
If A is semidefinite positive then {é ((): :| is semi-definite positive. If the inclusion

is feasible, then it is solvable.

Computations of equilibria — 9/37
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Computations of equilibria

Equilibria for differential inclusion. The affine case f(X) = AX + a

T(x) = Ve(x) with C a convex set and A symmetric definite positive
We can define a convex function ®(x) = W¢(x) + %XTAX +a’x. Then

: o 17 To_ .17 T
Zn€1]|]£1nd>(x)_zr2]|R?"\Uc(x)+ X Ax + a x = min =x Ax+a'x (15)

This is a convex minimization problem that possess a solution and the optimality
conditions are

0 € OD(%) = A% + a+ OV (X) (16)
Remark
If a polyhedral set C = {Cx + d > 0}, then the optimality condition are
Ax+a=CT)

y=Cx+d (17)
0<ylX>0
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Stability of Linear Complementarity Systems

Lyapunov stability (Recap.)

Definition (Lyapunov stability)
The equilibrium X is said to be stable in the sense of Lyapunov if

for every € > 0,36 > 0, such that ||x(0) — X|| < 6 then ||x(t) — X|| < e,Vt > 0. (18)

Definition (Asymptotic Lyapunov stability)
The equilibrium X is said to be asymptotically stable in the sense of Lyapunov if
> it is stable and
> for every € > 0,36 > 0, such that ||x(0) — X|| < § then lim:— ;o |[x(t) —X|| =0

Definition (Exponential Lyapunov stability)
The equilibrium X is said to be asymptotically stable in the sense of Lyapunov if
P it is asymptotically stable and

> Ja, 3,6 > 0, such that ||x(0) — X|| < § then
Ix(2) = X1l < allx(0) — &5, ¥t > 0

Stability of Linear Complementarity Systems — 12/37
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Stability of Linear Complementarity Systems
Linear Time Invariant (LTI) passive systems

LTI passive systems

Linear Time Invariant (LTI) systems

Let us consider the following system:
x(t) = Ax(t) + BA(t)
y(t) = Cx(t) + DX(t)
with a quadratic function V(x) = %XTPX with P = PT.
Let us define the composition:

(19)
V(t) : (20)

[m]

=
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Stability of Linear Complementarity Systems

L Linear Time Invariant (LT1) passive systems

LTI passive systems

Derivation of V(t)
V(t) = xT (£)Px(t) (19)
xT(t)Px(t) = xT (t)PAx(t) + xT (t)BA(t)
xT(£)Px(t) = AT(t)y(t) = xT (t)PAx(t) + xT () PBA(t) — AT (t)y(t)
xT()Px(t) = AT(t)y(t) = xT (t)PAx(t) + AT ()BT Px(t) — AT(t)(Cx(t) + DA(t))

xT(£)Px(t) — AT (t)y(t) = xT (t)PAx(t) + AT (t)(BT P — C)x(t) — AT (t)DA(t)
(20)

Stability of Linear Complementarity Systems — 13/37
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Stability of Linear Complementarity Systems

Linear Time Invariant (LTI) passive systems

LTI passive systems

Derivation of V(t)

]
V(x(T) = V(x(0) — /0 AT (t)y(t)dt

/TXT(t)PAx(t) + AT ()(BTP — C)x(t) — AT (¢)(DA(t))dt
0

- R TR B [

(19)

[m] = = = Q>

PASN

Stability of Linear Complementarity Systems — 13/37



Introduction to nonsmooth dynamical systems Lecture 3. Equilibria and stability
Stability of Linear Complementarity Systems

L Linear Time Invariant (LT1) passive systems

LTI passive systems

Linear Time Invariant (LTI) systems

x(t) = Ax(t) + BA(t
{3za@ray (20)

Definition

The system X (A, B, C, D) given in (20) is said to be passive (dissipative with respect
to the supply rate ATy) is there exists a function V : R" — R (a storage function)
such that

V(X(tO))Jr/tt)\T(t)y(f)dt = V(x(1)) (21)

holds for all ty and t with t > ty and for all £?-solutions (x, y, \).

Stability of Linear Complementarity Systems — 14/37
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Stability of Linear Complementarity Systems

Linear Time Invariant (LTI) passive systems

LTI passive systems

Theorem
The system X(A, B, C, D) is passive if and only if the following linear matrix inequality
(LMI)
ATP+PA PB-CT
-
= <

P=P'>0and \'prp” "o (ppTy <O (22)
has a solution.
In this case, V(x) = %XTPX is the corresponding energy storage function.

Stability of Linear Complementarity Systems — 15/37
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Stability of Linear Complementarity Systems

Linear Time Invariant (LTI) passive systems

LTI passive systems

Theorem
The system ¥(A, B, C, D) is passive if there exist matrices L € R"*™ and W € RM™*m
and a symmetric positive semi-definite matrix P € R"*", such that:

ATP+PA=—LLT (23)
B"P—C=-wWwTLT (24)
-D-D"=-wTw. (25)

Stability of Linear Complementarity Systems — 16/37
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Stability of Linear Complementarity Systems

Linear Time Invariant (LTI) passive systems

LTI passive systems

Reformulation
ATP+PA PB—CT 1 _ [T aw ) _ [L]7[L]a g (23)
BTP—C —(D+D7)| = |\WTLT wTw|~ " |w| |w|~

[m]

5 =

DAy
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Stability of Linear Complementarity Systems

L Linear Time Invariant (LT1) passive systems

LTI passive systems

Dissipation inequality
The dissipation equality

T T T
V((T))=V(x(0)) = %/O /\T(t)y(t)+%/0 [)A(Eiﬂ Q [i%g} dt, ¥ T >0 (23)

in terms of the positive semi-definite matrix

A LLT  wTLT ”
N\ w owrw ) (24)
then implies that
.,
V(AT = VIx(O) = 5 [ AT <o (25)

Strictly passive LTI systems
The system is said to be strictly passive when Q is positive definite.

Stability of Linear Complementarity Systems — 16/37
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Stability of Linear Complementarity Systems

Linear Time Invariant (LTI) passive systems

LTI passive systems

A special case

> D=0.
(D+DY=WTW=0 = W=0 (26)
B"P—C=-WTLT=0= C=B"P = CB=B'"PB>0
The matrix CB is a semi-definite positive matrix

(27)

[m]

=
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Stability of Linear Complementarity Systems
L Lyapunov stability of LCS

Passive LCS

Assumption
The trajectory x(t) of the LCS is continuous.

Definition (Passive LCS)

The LCS
x(t) = Ax(t) + BX(t)
y(t) = Cx(t) + DX(t) (28)
0<y(t) LA(t)>0

is said to be (strictly) passive if the system (A, B, C, D) is (strictly) passive

Supply rate
The complementarity condition implies that A7 (t)y(t) = 0 for all t > 0. Then the
dissipation inequality reduces to

V(x(T)) - V(x(0)) <0 (29)

Stability of Linear Complementarity Systems — 18/37
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|—Stabi|ity of Linear Complementarity Systems
L Lyapunov stability of LCS
:
Lyapunov stability of LCS

Theorem

» If the LCS is passive, then the LCS is Lyapunov stable.

> If the LCS is strictly passive, then the LCS is globally exponentially stable
The energy storage function plays the role of a Lyapunov function.

[m]

=
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|—Stabi|ity of Linear Complementarity Systems
[ Lyapunov stability of LCS
Lyapunov stability of LCS

> If the LCS is passive, then D is a semi-definite positive matrix

[} 5 =

Stability of Linear Complementarity Systems
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Stability of Linear Complementarity Systems
Lyapunov stability of LCS

Lyapunov stability of LCS

Example (The RLC circuit with a diode. A half wave rectifier)
A LC oscillator supplying a load resistor through a half-wave rectifier.

1

iL Vb iR

Figure: Electrical oscillator with half-wave rectifier
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Stability of Linear Complementarity Systems
L Lyapunov stability of LCS

Lyapunov stability of LCS

Example (The RLC circuit with a diode. A half wave rectifier)
The following linear complementarity system is obtained :

. -1 -1
e (0 T ). (v < ).
(F)=(3 5)-(5)+(5 )
together with a state variable x and one of the complementary variables X :

X:(V'C)’ A =ip, Y =—=VD

and
y=-w= (-1 0)x+( R )X
Standard form for LCS

x = Ax + B\
y=Cx+ DX
0<ylAiz0

Stability of Linear Complementarity Systems — 21/37
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Stability of Linear Complementarity Systems
Lyapunov stability of LCS

Lyapunov stability of LCS

Example (The RLC circuit with a diode. A half
» D=RsoD"+D=2R>0

cC 0
| 4 =
We choose P [0 L]

1 1.
V(x) = ECV% + ELIE

we get
PB—-CT = [g], ATP + PA
0 0 0
Q=10 0 o
0 0 2R

wave rectifier)

(30)
-l &)
(32)

Stability of Linear Complementarity Systems — 21/37
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Lyapunov stability of monotone differential inclusions
Absolutely continuous functions

Lyapunov stability of monotone differential inclusions

[m]

=
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Lyapunov stability of monotone differential inclusions

Application of standard results for stability and asymptotic behavior

Sufficient assumptions

> Existence of absolutely continuous solution.
» Continuity with respect to initial conditions.
» Lyapunov function V € C!

» Invariants in the interior of the domain of maximal monotone operators

With these assumptions, the main result for smooth systems can be
proved

> Lyapunov stability theorems.

> Lasalle invariance principle.

Relaxed results

In the literature, a large number of results relax the assumptions that are sometimes
not necessary. For the sake of simplicity, we assume that there are valid for our
applications. In the sequel, we present more specific results for Maximal Monotone
differential inclusions

Lyapunov stability of monotone differential inclusions — 23/37
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Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Monotone differential inclusions, x(0) = xo
> Standard form
— X(t) € T(x(t)) (33)
» Standard perturbed form
— (x(t) + f(x(t),t) € T(x(t)) (34)
» Sub-differential of ® convex, proper and lower-semicontinuous

— (x(t) + f(x(t), t) € 0P(x(t)) (35)

Solutions
We assume that there exists an absolutely continuous solution such that one of the
previous inclusion is satisfied almost everywhere

Lyapunov stability of monotone differential inclusions — 24/37
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Lyapunov stability of monotone differential inclusions

L Absolutely continuous functions

Absolutely continuous functions

Definition

Let / be an interval in the real line R. A function f : | — R is absolutely continuous
on | if for every positive number ¢, there exists a positive number § such that
whenever a finite sequence of pairwise disjoint sub-intervals (x, yx) of | satisfies

> vk —x) <6 (36)
P

then
S 1(ve) — F(x)l < = (37)

k

Lyapunov stability of monotone differential inclusions — 25/37
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Lyapunov stability of monotone differential inclusions

L Absolutely continuous functions
Absolutely continuous functions

Proposition
The following conditions on a real-valued function f on a compact interval [a, b] are
equivalent:

1. f is absolutely continuous

2. f has derivative almost everywhere, the derivative is Lebesque integrable, and

f(t) =f(a)+ /t f'(t)dt (36)

for all x on [a, b].

3. there exists a Lebesgue integrable function g on [a, b] such that

t
F(t) = F(a) + / g(t)dt (37)
a
for all x on [a, b].
If these equivalent conditions are satisfied then necessarily g = f’ almost everywhere.
Equivalence between (1) and (3) is known as the fundamental theorem of Lebesgue

integral calculus, due to Lebesgue.

Lyapunov stability of monotone differential inclusions — 25/37
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Lyapunov stability of monotone differential inclusions

L Absolutely continuous functions

Absolutely continuous functions

Properties

» The sum and difference of two absolutely continuous functions are also absolutely
continuous.

» If the two functions are defined on a bounded closed interval, then their product
is also absolutely continuous.

> If an absolutely continuous function is defined on a bounded closed interval and is
nowhere zero then its reciprocal is absolutely continuous.

> Every absolutely continuous function is uniformly continuous and, therefore,
continuous. Every Lipschitz-continuous function is absolutely continuous.

> If f:[a, b] — R is absolutely continuous, then it is of bounded variation on [a, b].

> If f:[a, b] — R is absolutely continuous, then it can be written as the difference
of two monotonic nondecreasing absolutely continuous functions on [a,b].

> If f:[a, b] — R is absolutely continuous, then it has the Luzin N property (that
is, for any L C [a, b] such that A(L) = 0, it holds that A(f(L)) = 0, where A
stands for the Lebesgue measure on R).

> f: 1 — R is absolutely continuous if and only if it is continuous, is of bounded
variation and has the Luzin N property.

» The composition of two absolutely continuous functions is not necessarily a
absolutely continuous function

Lyapunov stability of monotone differential inclusions — 25/37
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Lyapunov stability of monotone differential inclusions
Absolutely continuous functions

Absolutely continuous functions

Proposition

Let f be Lipschitz continuous on R and g be an absolutely continuous function on
[a, b]. Then the composition f o g is absolutely continuous on [a, b].

[m]

=
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Lyapunov stability of monotone differential inclusions

L Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Differentiability of the Lyapunov function
Let us assume that we have a C! Lyapunov function, then

V(t): R R
W2 V(x(t) (36)

is absolutely continuous if x(t) is also absolutely continuous.
This implies that V(t) exists almost everywhere
Futhermore, if V(t) < 0 almost everywhere then

V(t) —V(0) = /.-t V(t)dt <0 = V(t) is decreasing (37)

Lyapunov stability of monotone differential inclusions — 26/37
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|—Lyapunov stability of monotone differential inclusions
= Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Monotone differential inclusions —(x(t) + f(x(t))) € T(x(t))

Let us formulate the autonomous differential inclusion as

x(t) + f(x(t)) = (¢t
{ —(Agt) E(T(()z()t)) N (38)

If Vis C1, we want to satisfy

V(t) = Vi V(x(t)) - [-F(x(t)) + A(£)] < 0 with — A(t) € T(x(t)) (39)

=] (=)

o>
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Lyapunov stability of monotone differential inclusions

L Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Monotone differential inclusions,—x(t) € T(x(t))
The case when f(x(t)) = 0 and we choose V(x) = %HX —%|I?, VxV(x) = (x — X)
than we get

V(t) = (x(t) — %) TA(t), with — A(t) € T(x(t)) (40)
Let us consider and equilibrium point X € D(T), 0 € T(X) then the monotony implies
(=A(1) = 0) T (x(t) = %) > 0 (41)

that is
V(t) = (x(t) — %) TA(t) <0 (42)

For a monotone differential inclusion —x(t) € T(x(t)), a equilibrium with X € D(T) is
Lyapunov stable. If T is strictly monotone, X is asymptotically stable.

Lyapunov stability of monotone differential inclusions — 28/37
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|—Lyapunov stability of monotone differential inclusions
= Lyapunov stability of monotone differential inclusions
:
Lyapunov stability of monotone differential inclusions

Monotone differential inclusions

If X € 9D(T), the classical Lyapunov stability theorem does no longer apply

immediately, since it is not possible to find a open set Q that is a neighborhood of %.

[m]

=
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Lyapunov stability of monotone differential inclusions

L Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Assumption 1
Let us consider the differential inclusion

— (x(t) + f(x(t)) € OP(x(t)), dt-a.e (43)

with
> & :R" — R a proper lower semi-continuous convex function
> f:R" — R" a Lipschitz continuous function
> an equilibrium point in 0 € D(9®), that is

—£(0) € 8(0).

If Assumption 1 holds then we have a unique absolutely continuous solution whatever
xo € D(09).

Lyapunov stability of monotone differential inclusions — 29/37



Introduction to nonsmooth dynamical systems Lecture 3. Equilibria and stability
Lyapunov stability of monotone differential inclusions

L Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

The following theorems are extracted from [2].

Theorem

Let us assume the Assumption 1 holds. Suppose that there exist R > 0,a > 0 and
V € CY(R",R) such that

(Vx € D(T), lIxl[ = R), V(x) > a (43)
and
VxV(x)-f(x) + ®(x) — ¢(x — VV(x)) > 0. (44)
Then, for any xg € D(0®) with ||xo]| < R and V(x0) < a, the solution x(t; to, x0)
satisfies
vVt > to, [[x(t; to, x0)[| < R (45)

Lyapunov stability of monotone differential inclusions — 29/37
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Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Idea of the proof:

V(t) = Vi V(x(t)) - x(t) a.e (46)

with
Xx(t) + F(x(t)) = A(t) with — X(t) € 9P(x(t)) a.e (47)

Applying the definition of the sub-differential,

—A(t) € 09(x(t))
(48)
)T (v — x(t)) + ®(v) — d(x(t)) = 0,Yv € R"

we get
(x(t) + F(x()) T (v = x(t)) + d(v) — d(x(t)) > 0,Vv € R" (49)

Lyapunov stability of monotone differential inclusions — 30/37
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Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Idea of the proof:
Let us choose v = x — V, V(x(t))

— (x(t) + f(x(t)))TVx V(x(t)) + ®(x(t) — VxV(x(t))) — ®(x(t)) > 0ae (46)
thus

V(t) < = [Fx()) VRV (x(0) + O(x(1)) — O(x(1) = VV(1))] ae  (47)

from the assumption we get )
V(t) <0 ae (48)

Lyapunov stability of monotone differential inclusions — 30/37
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Lyapunov stability of monotone differential inclusions

L Lyapunov stability of monotone differential inclusions

Lyapunov stability of monotone differential inclusions

Let us denote by B, the ball of radius ¢ > 0, B = {x | ||x|]| < o}
Theorem (Stability)

Let us assume the Assumption 1 holds. Suppose that there exists o > 0 and
V € CY(R",R) such that V(0) =0

Vx € D(0®) N B, V(x) = a(||x||) (49)
with a: [0,0] — R, a(t) > 0,Vt € (0,0), and
Vx € D(OP) N By, Vi V(x)-f(x) + ®(x) — ¢(x — VV(x)) > 0. (50)

Then 0O is a stable equilibrium.

Lyapunov stability of monotone differential inclusions — 31/37
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|—Lyapunov stability of monotone differential inclusions
= Lyapunov stability of monotone differential inclusions
:
Lyapunov stability of monotone differential inclusions
Example

Let us consider this example:

and

f(x) = [_ Si’r‘f(XI)] , xeR?

We choose

(51)
O(x) = Vg2 (x)

and we obtain

(52)
2

V(x) =1—cos(x1) + ?2

and

(53)
VaV(x) = {Si"gl)]

VxV(x)-f(x) =0

(54)

(55)

[m]

=
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Lyapunov stability of monotone differential inclusions
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Example
There exists o > 0 such that
2
x| >0 = 1—cos(x1) > ’% (51)
Thus
x2 +X2
Ixll 2o = V(x) > % (52)
We have also ]
x € Ri = x— VyxV(x) = {Xl N ?)In(Xl)i| € Ri (53)
Thus
x € Ri, Ixlle = VxV(x)-f(x)+ ®(x) — d(x — VV(x)) =0. (54)

With the previous theorem, we can conclude to the stability of the equilibrium X = 0.
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Example

level sets of V(z) = 1 — cos(zy) + 1/2x2
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Theorem (Asymptotic Stability)

Let us assume the Assumption 1 holds.
Suppose that there exist o > 0,\ > 0 and V € C*(R",R) such that V(0) = 0

Vx € D(8®) N By, V(x) = a(||x||) (51)
with a: [0,0] — R, a(t) > ct™,Vt € (0,0) for some ¢ > 0,7 > 0, and
Vx € D(8®) N By, VxV(x)-f(x) + ®(x) — ®(x — VV(x)) = AV(x). (52)

Then 0 is an asymptotic stable equilibrium.
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Definition (Set of stationary points)

S(F,®) = {x € D(0®) | —f(x) € 0P(x)} (53)
or equivalently
S(F,®) = {x € D(3®) | fT(x)(v — z) + ®(v) — d(x),Vv € R"} (54)
Definition
Let V € C1. We define

E(F,®,V) ={x € D(0P) | ViV(x) - f(x)+ ®(x) — d(x — ViV(x)) =0} (55)
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Theorem
Let us assume the Assumption 1 holds.
Let A be a subset of R". Suppose that there exists V € C'(R"; R) such that

Vx € D(O0P) N A, ViV (x)-f(x)+ &(x) — d(x — VV(x)) > 0. (56)
Then
S(F,®)NAC E(F,®,V) (57)
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Theorem
Let us assume the Assumption 1 holds.
Suppose that there exist o > 0 and V € C}(R";R) such that
Vx € D(0P) N By, VxV(x) - f(x) + ®(x) — (x — VV(x)) > 0. (58)
and
E(F,®, V)N B, = {0} (59)
Then the stationary solution is isolated in S(F, ®)
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Assumption

Theorem
Let us assume the Assumption 1 holds.
Suppose that there exists V € C1(R";R) such that

Vx € D(0®), Vi V(x)-f(x) + ®(x) — &(x — VV(x)) > 0. (60)
and
E(F,®, V)= {0} (61)
Then S(F,®) = {0} that is the stationary solution is the unique equilibrium point.
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