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Solitary waves : spatially localized traveling waves

1 COS[q(X—Ct)] C: wave
or

typical rest state perturbation = .
cosh™(x—ct) cosh(x —ct) velocity

= balance between dispersion and nonlinearity

Internal solitary wave in a density-stratified fluid Impact in a chain of beads
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Melo et al, Phys Rev E 73, ‘06

Numerical computation of contact forces :
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Breathers : spatially localized oscillations
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oscillator array :

20lje|

(Sato et al,
Chaos 13, ‘03)

: : cos|g(x—ct)—Qt x: discrete or continuous
typically : field = rest state + [Q( ) ]

cosh(x —ct) space coordinate
¢ = 0 = static breather (time-periodic, or more general types of oscillations)

¢ =0 = traveling breather ( = time-periodic in moving frame)

Static breathers common in nonlinear lattices (large discrete systems) :

bounded phonon band, spectral gaps, nonresonant breather frequencies



An application : nonlinear granular metamaterials

Localized nonlinear defect mode / breather 1n a granular chain :

small oscillations

large perlodlc oscillations (exponentlal spatial decay)

Precompression :
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External load smaller bead

Observation of « acoustic diode » behavior induced by defect mode :

Boechler, Theocharis and

Daraio, Nature Materials transmitted power
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Link between defect mode and acoustic diode behavior :

1- driving far from defect 2- driving near defect

Defect particle

Fo —>0$QOOQ DO «= defect mode
19 1

defect mode A
llneal’ - fd .............. x (_)f
dr f x
frequency Bandgap T far
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Acoustic (pass) band = %) fc
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Particles from actuator
Particles from actuator

N . d. t . d
O periodic wavetrains, an defect mode unstable through

defect mode not excited , , , ,
bifurcations (quasi-period. and chaos)

=> low energy transmission

=> high energy transmission




Module outline :
I — introduction to nonlinear localized waves in lattices :
models supporting solitary waves, breathers

approx via amplitude PDE (application to precompressed granular chains)

IT - center manifolds for maps (finite and infinite dim)

application : bifurcations of time-periodic breathers in lattices

III - center manifolds for differential equations (finite and infinite dim)

bifurcations of propagating localized waves in lattices

IV - modulation equations for strongly nonlinear spatial couplings

-- strongly nonlinear discrete / continuous NLS equations
-- application : breathers in uncompressed granular chains



| — Introduction to nonlinear localized waves in lattices

Outline :
1 -- Fermi-Pasta-Ulam model, application to granular chains
2 -- solitary waves, Korteweg-de Vries (KdV) approximation
3 -- breathers, nonlinear Schrodinger (NLS) approximation,

application to oscillators chains



1 - Fermi-Pasta-Ulam model and applic. to granular chains

Fermi-Pasta-Ulam (FPU) lattice (E.Fermi, J.Pasta and S.Ulam, 1955) :

d*u,,
dt?

Infinite-dimensional hamiltonian system

H = Z (d“”> FV (tngs — Un),  un(t) €R.

n=——oo

= V/(Un_|_1 — Un) — V,(un — un—l)a n ez

Anharmonic interaction potential V' :  V’(0) = 0, V"(0) > 0.
e mechanical mass-spring system : E

® ionic crystals (Sievers and Takeno 1988)



FPU models for granular chains

Model 1 : fully nonlinear Hertz potential Vi (x)
X, =Vy (X, =%,) =V, (x, = x, ) \
V,(x)= L( ), a>1, (a), =Max(a,0) " O "
— . (@), , V/(0)=0

contact force between two

spherical beads : F = 677

Hertz potential for a=3/2 :

granular chain : (x, = displacement of bead n)




Model 2 : Hertzian interaction potential including precompression

overlap 0

— COO0000000000~—

External load New reference position : x,

displacement u, (¢) i =V'u,, -u)-V'u -u_) (FPU)

n+l

from reference position

Renormalized potential: . V(X)
V(x) =V, (x=8) =V} (=8) x=V,, (~6)
V'(0)=a 8" =c? >0

_n PR |
c, ="sound velocity 0 X




Linear approximation for small amplitude oscillations :
2

C, 2
Vix) == x
(x) 5

i/.tn = Cs2 (un+1 _Zun + un—l) n E Z

Linear periodic traveling waves ("Phonons") :

u,(t)=acos(gn-w,t+ @)

w, =%2c Isin(g/2) || (dispersion relation)
. . . . do .
Dispersive equation : the group velocity ; 1 varies with ¢
q
— localized initial conditions disperse : |[(u(?),iu(r))|| = I 1((0),i1(0))
+
(Mielke and Patz, Appl. Anal. 89, 2010) u(t) = (un ( t))

=2 no robust localized waves (solitary waves, breathers)
in homogeneous (or periodic) linear chains !



2 — Solitary waves and KdV approximation

In FPU: nonlinearity compensates linear dispersion = solitary waves

granular chain solitary wave . ;} c>cC, = W

At small ¢c—-C
. u, () —u, (t)=- >
amplitudes : : ch’[+/c - c. (n—ct)]

Mathematical theory of FPU solitary waves :
existence theorems, stability, continuum limit (KdV, error bounds), two-
soliton solutions, generalized solitary waves with dispersive « tails »...

Kalyakin (‘89), Friesecke and Wattis (‘94), Smets and Willem (‘97), Friesecke and
Pego (‘99,°02,’04), Schneider and Wayne (°00), Iooss (‘00), Pankov and Pfugler
(‘00), Friesecke and Matthies (‘02), Treschev(‘04), Iooss and G.J. (‘05), Bambusi
and Ponno (°05,’06), Hoffman and Wayne (‘08,°09), G.J. and Pelinovsky (‘14)...



Approximate solitary wave solutions in the KdV continuum limit

i =V'w,-u)-Vu -u_) (FPU)

n+l

Assume V"(0)>0, V?(0)=0
Renormalization (rescaling of  and u) = V"(0)=1, V®(0)=-1/2

Ex: rescaled dynamical equations for a granular chain with precompression

(relative displacements small wrt precompression)

. 2 3/2 3/2
u =—(d+u,_, —u —(l+u, —u
3(( n-1 n) ( n n+1) )

n

Taylor expansion of V and truncation at order 3 :

it, —Au, = —i((un+1 —u ) —(u, - un—l)Z)

Au, =u  —2u +u, _,



Approximate solitary wave solutions in the KdV continuum limit

it —Au, = —i((un+1 —u )’ —(u, - un—1)2)

Au, =u, —2u +u _

=> Ansatz for small amplitude long waves : € : small parameter

u,()=cuET)+e RET) E=en-1t) T=¢'t

u,  ()—u(t) 1
] —
. ,
o] —
& I c=1+0(g%)




4

1

A=gd; + 5840"54 + O(&°)

97 = 820"52 — 284&§T + O(&°)

} (9] =M, =295 u - éﬁagu + O(e°)

(01 = 1,)° = (u, =11, ) = €°. ] (deu)” |+ O()

Neglect O(g°) terms in :

1

u,—Au, = _Z((unn -u,)” - (u, - un—l)z)

— PDE satisfied by

y(&,‘b’) = —0'%14

Korteweg-de Vries (KdV) equation :

nonlinearity (Burgers) + dispersion (Airy)

T
(T_ﬂ)

d.y+0yd.y+ &g’y =0




Traveling wave solutions of KdV : Y(E D) =z(n) n=&-v7

=> Stationary KdV equation (integrable ODE):

—v&nz + 6zo”nz + &SZ =0

By integrating once (and canceling the integration constant) :
, %
&§z+U(z)=O, U(z)=z3—522

case v>(

:fi U(z) KdV soliton solution :

homoclinic trajectory

/ N/ Z z(n) =% sechz(\/j n)




: : v
We introduce the wave velocity : ¢ =1+ ﬁgz

The KdV soliton z(n) = % sech’ ( \/g 77) yields the following approximate

solitary wave solutions for the granular chain, parameterized by ¢ > I:

12(6'-1) (CS=1)

un+1(t)_un(t) - Ch2[\/6(c—1) (n-ct)]

Qualitative properties : small amplitude « long waves »

— supersonic wave velocity ¢ > ¢,

— wave amplitude = ¢ —c,

— exponential decay, wave width = 1/4/c —c,



Solitary waves without precompression

Solitary wave in Newton’s cradle :

Impacting = bead ¢jection
bead In fact, multiple
Collision Balls, lmpaCtS !
Nesterenko (84) : e

contact forces = f(n——ct), I;lim f(E)=0 | (n:bead index)

Experimental studies of Nesterenko’s solitary wave :
Lazaridi and Nesterenko (85), Coste, Falcon and Fauve (97), Falcon et al (98)



Solitary waves without precompression
configuration

. 3/2 3/2
'xn = ('xn—l - xn )+ — ('xn — xn+1 )+

Nesterenko’s solitary wave (84) : formal continuum limit

Approximate solution with compact support :

x ()=y(n-ct), y'(€)=~-c*sin’ (\/g E)for0<& < n\/g, y'(E) =0 elsewhere

Solitary wave width = 5 balls =% not a long wave

Mathematical results on solitary waves: existence, doubly-exponential decay

Friesecke and Wattis ‘94, MacKay ‘99, Ji and Hong ‘99,
English and Pego ‘05, Herrmann ‘10, Stefanov and Kevrekidis ‘12



3 — Breathers in oscillator chains, continuum NLS approx

The excitation of discrete breathers can be enhanced by

local confining potentials :

X,+Wix,)=V(x, -x)-Vix,-x,)

n+l

V'(0)=W'(0)=0,

\/\/ \/ \/\/K/K/ V'(0)=0, W'(0)>0

eV @ NNV @/ NNV N @QNN N QNN QLN VN @

>V harmonic (linear discrete Laplacian) = Klein-Gordon lattice

>V anharmonic = mixed FPU / Klein-Gordon lattice



Example 1 : granular chain with local potential

i i i strongly nonlinear
X, 0" x,=(x,; —X,)," = ('xn -~ xn+1)+ coupling : V"(0)=0

Classical Newton’s bead collision time

cradle :

= but w ~

local oscillation period

w ~107" for impact velocity ~1m/s

Collision Balls,

Stiff attachements (plates) : o~1
G.J., Kevrekidis, Cuevas ’13

Beads 1n an elastic matrix :

Hasan et al, Granular Matter ’15

<1



Example 2 : precompressed granular chain with local potential

ﬁ m/] 000 (W h
External load .
Matrix Granular beads

. 2 3/2 3/2
u+ou =(1+u,_ —u) " -(A+u -u,_)

u (t) =displacement from reference position

The interaction potential involves a harmonic part : V"(0) >0



Waves generated by an impact (G.J., Kevrekidis, Cuevas ’13)

efecces

initial velocity < k>?m™""?y~?
Contact forces = -(x, —x_ )"
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Waves generated by an impact

Case 2 : soft anharmonic local potential

. 3 3/2 3/2
X +x +sx =(x_,—-x ), —-(x,—-x ). s<0

Initial condition : x,(0)=0, x,(0)>0, X, (0)=0forn=1

B 3/2
Contact forces =—(x, —x,,,)>

o
®
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o7 =15 Breather maximal
traveling Zos T2 energy density
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Waves generated by an impact

Case 3:
hard local potential

. 3 3/2 3/2
xn+ xn + 'xn = ('xn—l — xn)+ — ('xn - xn+1)+

Initial impact : x (0)=0, %,(0)=1.9, x (0)=0 forn=1

=>traveling breather
=>»breather pinning
=>direction-reversal

lenerlgy densﬁy onset of direction reversal :

0 18
500> _ 1.6 . 0'3_
- B Xn (1) o «protected»
o} & areaW
t 2000 =" . ! ‘o.o—m\m/\/ [\«
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Waves generated by an impact

Case 4 : hard anharmonic local potential, precompression

.o 3 3/2 3/2
un+un+un=(5+un—1_un)+ _((S+un_un+1)+ (S=1/2

=> traveling breather with oscillatory tail
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Mechanisms for static breather generation

1- Traveling breather-defect interaction

xn ( l-) t=0.0324834
. . 2o-00] traveling breather
harmonic local potential | g
mass defect ] —_—
O M _____ |

bead displacements from equilibrium )

mass displacement x, (7)

Bead displacements from equilibrium

n =

1804
1604

1404

Some vibrational energy

1204

60+

remains trapped !

-1.3e-05
40

= static breather,

-25e-05
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Mechanisms for static breather generation

2 - Modulational instability of a nonlinear mode (homogeneous chain)

Perturbed m-mode Breathers
(neighbors out of phase) -
non-propagatin
£ (0)~ x (1), (non-propagating)
o ——
modulational
= instability
ooooo e — . m
50 n 50
. = Z,oom on contact forces
RS JH T e b
(grey levels) o] o]



Mechanisms for static breather generation

3 - Imitial compression of two beads

n=n,andn=n,+1 '
(n=n, o+ 1) ——— displacements ——
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Analysis of vibrational localization using modulation theory :

—PDE approximating evolution of small well-prepared initial conditions
— Formal derivation of the nonlinear Schrodinger (NLS) equation
d*u,,
dt?
V'(0) = W'(0) =0, V"(0) >0, W"(0) >0

+ W (up) = V' (tupyr — up) — V'(Up — tp_1), n € Z

Linearcase: V(u) = %u?, W(u)= %u’
U, (t) = Aeflin=t 1 cc.

= dispersion relation  w? = 4v;(sin (q/2))? + wy

Weakly nonlinear case :

NLS limit : approximate solutions — modulated plane waves
Remoissenet (86), Konotop (96)



i, +Wiu,)=V'u,, -u)-Viu,-u,)

n+l

un(t) = € A(€*, e(n — ct)) e 4 c.c. + O(€?)

k
() = 30 D Ay (s, ) el

k>1 p=—Fk

Slow variables : s = ¢€%t, £ =¢(n — ct)

= ¢ =w'(q)
= NLS equation for the envelope A (s, ¢)

1
1 0,A = —;w"(q) O; A+ h|APPA,

h depends on q and the derivatives of V, W at 0 up to order 4.



Giannoulis and Mielke (2004,2006) :
validity of NLS over times of order O(1/¢?).

d*u,,
d; + W (up) = V' (tupe1 — up) — V' (Up — Up_1), n € Z
V, W sufficiently regular, V'(0) = W'(0) =0, V"(0) >0, W"(0) >0
1
i 0, A = _§w"(q) A+ h|APPA, (NLS)

THM: Let A : [0,79] x R — C be a solution of (NLS) with A(0,.) € H*(R) and
{UA(t)} = e A(€*t, e(n — ct)) ") L ce., c=W'(q)

Forsmall enough ¢, ({u(0)}. {i(0)}) — ({UA(O)}, {UAO)}) lsrty < 2
then for all t € [0, 75 /¢”]

| ({u()}, {a(t)}) — ((UADYATADY) laxes < C 2

FPU case (W=0) : Tsurui ‘72 (derivation of NLS), Schneider *10 (error bounds)



Formal existence of spatially localized oscillations
d?u,,

st W' (un) = V' (Uups1 — ) — V'(tp — Uup_1), n € Z

un(t) = € A(€%t, e(n — ct)) ' 4 c.c. + O(€2).

1
i 0, A = —§w"(q) 8§2A +h|A]P4, c=dW'(q)

Focusing case w” (q) h < 0:

pi(an—(w+0(2))t)

cosh (e(n —cpy) T ©¢ T OE)

Un(t) = e

w'(km) = ¢ = 0 = breather
w'(q) # 0 = pulsating solitary wave (travelling breather)
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Extension 1 : exact breathers (static/traveling) close to NLS approximation

d*u,,

dt?

+ W (up) =V (tUpy1 — un) — V(U — tp_y1), n € Z

ei(qn—wt)

Approximate solutions in the NLS limit : u,,(t) = e v —% ey T CC T+ O(€?)

—> Exact solutions of the atomic chain close to the NLS approximate solutions ?

e Not obvious ! Counterexample of the semilinear wave equations on IR :
no exact breather solution except for special potentials (Kichenassamy 91, Birnir 94)

e numerical computation of 7
| 1n general, small
nondecaying
oscillatory tail

a traveling breather :
(Sire, G.J. ‘05)

W(x)=1-cos(x), V harmonic IR 2

Exact solutions can be obtained using center manifold reduction and

spatial dynamics, in the discrete (part II) or continuous (part III) settings



Extension 2 : discrete NLS equations
Example : cubic DNLS  id A =y(A -2A +A _)+hA |A I’
Ansatz: x*°(t)=¢eRe(A (e’t)e")+h.odt.

—approx. general small initial conditions, captures more phenomena
(wave 1nteractions, pinning), several continuum approx., inhomogeneities

Newton's cradle : impact at n =0 x (0)=0,x (0)=0V n=1
" -~ %0 x,0=06), e=10°
= - 2 | | "%t =415
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