Local analysis of dynamical systems and
application to nonlinear waves

Guillaume James

Inria Grenoble Rhéne-Alpes, Tripop Team
Univ. Grenoble Alpes, Grenoble INP, CNRS, LJK

Ecole thématique - DYNOLIN - 2018

Méthodes de dynamique non linéaire pour I'ingénierie des structures



Part Il : center manifolds for maps

Outline :

Introduction : main ideas, basic references

Discrete spatial dynamics, unbounded infinite-dimensional
maps

Center manifold theorem for unbounded maps

Application : time-periodic oscillations in FPU



Introduction
Problem : dynamics of an iterated map close to a fixed point.

Classical context : Poincaré map for an autonomous or periodic
differential equation / PDE

From : J.D. Meiss, Differential dynamical systems, SIAM '07

e Fixed point xp of the Poincaré map P < periodic orbit v of
the flow.

e From local dynamics of P : stability of ~, local bifurcations.

e Can such informations be extracted from a lower-dim map?



Introduction
Example : N + 1 coupled oscillators  y, + f(Vn, ¥n) = €8n(y,y)

e Phase space in the uncoupled case e = 0 :

e A periodic orbit v with oscillations localized near n = 0
persists for € « 1 under nondegeneracy conditions (Sepulchre
and MacKay, Nonlinearity 10, '97).

e Spec(DP(xp)) = 2N stable eigenvalues (|- | < 1) u{oo}

e If g ~ 1 (while stable spectrum remains far away) : local
reduction to 1D map on a center manifold



Introduction

Example of a 1D center manifold for a 2D map :

1
Xp+l1 = H—€ "*EXnYn
1
Yo = 5 (= x3)

For = 1.01, orbits close to the origin are attracted by a center
manifold which contains a pair of (stable and unstable) fixed
points :




Introduction

Local center manifolds for CX maps (k > 2) :
Upp1 = F(ump), F:RVNxRP SRNisCk,  F(0,00=0

RN = X, @ Xj, invariant under L = D,F(0,0)

Eigenvalues oy : for Lix_ : o] =1, for Lix, : |ow| #1

Local dynamics :  upy1 = Lup,  ugy1 = Flug,p) (u~0)

Xe fenter manifold




Introduction

Properties of the C¥ center manifold M, for p~0:

e M, locally invariant by F(., 1)

e M, has same dimension as X, is tangent to X. at u = 0 for
uw=20

e M, contains all orbits staying in some neighborhood of u =0
forall ne Z

e If |ok| <1 on Xj (i.e. no unstable eigenvalue in the hyperbolic
part of the spectrum for p = 0) :
M, is locally exponentially attracting, and the stability of
fixed points of F(., 1), close to u = 0 is the same as for

F(.,pm).



Introduction

Bibliography :
J. Carr, Applications of center manifold theory, Springer, 1981.

Case of infinite-dimensional CX maps (in Banach spaces) :

e G. looss, Bifurcation of maps and applications, Math. Studies
36 (1979), Elsevier-North-Holland, Amsterdam.

e J. Marsden and M. McCracken, The Hopf bifurcation and its
applications, Springer Verlag, NY, 1976.



Discrete spatial dynamics

Provides an application of center manifold reduction involving
unbounded infinite-dimensional maps

Fermi-Pasta-Ulam (FPU) model :
d?x,
dt?

xp(t) € R

= V' (xp41 — xn) = V'(Xp — Xn—1), NEZ
Anharmonic interaction potential V' :  V’/(0) =0, V”(0) > 0.
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Discrete spatial dynamics

d?x,

F = V/(XnJrl - Xn) - VI(X" - anl)’ nez

Invariances :
Xp(t) = xp(t) + ¢ (c€R), xu(t) > —x_p(t)

e We want to determine time-periodic solutions (period T)
close to x, = 0.

e In particular breathers (spatially localized)

Xn(t+ T) :Xn(t), limp— 400 HXH—Ci HLac =0, cteR



Discrete spatial dynamics

d?x,
dt?
V'(0) =0, V'(0) =1

= V/(Xn+1 — Xp) — V/(Xn — Xn-1), nEL

e New variable : y,(wt) = V/(x,(t) — x,-1(t)), T =27/w
e Breather solutions satisfy lim,_ 1o || yn|lre =0

e We search for y, satisfying :

27
fo Yalt)dt =0, ya(t +27) = ya(t)

Reformulation of FPU :
W = (V)7!, frequency w = bifurcation parameter
2 d?

w EW(Yn) = Yn+1 — 2¥n + Yn—1, nez



Discrete spatial dynamics

Notations : H® = L2_ (0, 2r) (square-integrable periodic functions)

Sobolev space Hpe(0,27) : pth first derivatives in L2,,.(0, 27)

per

27
HP ={y € Hp..(0,27) /y is even,J ydt =0}
0
Mapping for Y, = (yn_1,yn)e D,  loop space D = H? x H?
YneZ, Yoi1=Fu(Y,) in X=H?xH°
2 d?
Fuo(Yn—1,¥n) = (yn, w gz W(yn) + 2yn _)/nfl)
F,: D — Xis Cknear Y =0

e F,and T commute, (TY)(t)=Y(t+m)
e Reversibility : Y, solution = R Y_, solution, R = ( 01 )



Discrete spatial dynamics
Linearized operator at Y =0: D < X — X closed, unbounded

DF0)(x,y) = (v (2% +2)y — x)

Eigenvalues ok, 0, ' (k=1): 0%+ (wk?®—2)o+1=0

Eigenvalues near the unit circle »m /\ /m
forw~ 2 A R
w>2 w=2 w <2

For w = 2 : spectrum on the unit circle = double non semi-simple
eigenvalue —1

X =X @ X X = Span {(cos t,0), (0,cos t)}
l {
gen. eigenspace for o = —1  Xi = Span {(cos(kt),0), (0, cos(kt)), k > 2}



Center manifolds for unbounded maps

VYneZ, u,€D,
Hilbert spaces
Upt1 = Lup + N(up,p) € X

L:Dc X — X closed unbounded linear operator

Nonlinear term : N:DxRP— XisCk (k=2)
N(0,0) =0, D,N(0,0)=0.

Parameter p € RP, o ~ 0.
L = DF,—(0), pp=w?—4

FPU: Yoi1 = Fu(Y5)
N=F,—L=0(Yalp + |Yalolul)



Center manifolds for unbounded maps

SPECTRUM OF L :

CR)

o(l) =0svocuUoy,

SPECTRAL SEPARATION :

Sup |z| <1, |z|=1 Vzeo,, Inf |z| >1
ZE oS zeo,



Center manifolds for unbounded maps

SPECTRUM OF L :

o(l) =0svocuoy,

spectral projections on stable / central subspace (regularizing) :
-1
2m SC (zI — L)~* dz,

Te = == Sc(R) (zI — L)t dz — s

2im

Xe=nm. XD, Xs=ns XD,
mh=Ix—7mc, Xp=mp X, Dp=myD



Center manifolds for unbounded maps

upt1 = Lup + N(up, ) (E)

THEOREM 1 : Assume spectral separation for L

Then there exist neighborhoods of 0: Q< D, AcRP,
a Ck local center manifold M,, = D (ueA) :

e M, same dimension as X, tangent to X. at v =0 for . = 0,
My={yeD/y=x+(x,pn), xeXc n Q}, ¥ : X:xRP — Dy

e M, is locally invariant under L + N(., 1),

e (E) invariant under a linear isometry = M, invariant under
this isometry,

e (E) reversible mapping (+ technical assumptions) = M,
invariant under the reversibility symmetry.



Center manifolds for unbounded maps

Unt1 = Lup + N(up, p) (E)
THEOREM 1 : (sequel)  Assume spectral separation for L

M,={yeD/y=x+(x,p), xe XenQ}, o : XcxRP — D

e Local reduction of (E) :

(up) solution of (E)
= u,e M, forallneZ
up,eQforallneZ

If dim X < o0 :
local infinite-dimensional problem <= finite-dimensional mapping

on M,



Center manifolds for unbounded maps

Reduced mapping on the center manifold : if u, € M, for all n€ Z
then u§ = mcup satisfies the Ck recurrence relation in X, :

VneZ, ufy = f(u5p)
Flop) =7 (L+N(C p)o (I + (., 1)
Functional equation satisfied by the reduction function 1) :
Y(Le x+me N(x+1(x, ), 1), 1) = Ly p(x, ) +7n N(x+1(x, p), 1)

To compute the Taylor expansion of ¢ at (x,u) = (0,0) :
e expand each side of the functional equation with respect to
(x, 1) and identify terms of equal order

e — hierarchy of linear problems for the Taylor coefficients of
1) which can be solved by induction, starting from lowest order



Center manifolds for unbounded maps

General ideas of the proof

Cut-off on nonlinear terms : N-(u, ) = N(u, ) x(e7 1 |u]p)

R e (O X(x) =1 for x € [0, 1],
X R=Ris €7 {X(X)=Oforx>2.
Locally equivalent problem :

Uny1 = Lup + No(up,pu) VneZ

Splitting on central and hyperbolic subspaces :

CcC __ —
U5+1 - LC Uﬁ + Te Ng(un,,u,), un = T¢c Un: LC - L‘XC
h h h_ _
upow = Lpup 47 Ne(up, p), Uy = Thun, Lp = Lix,

Step 1 : corresponding affine equations f = (f)nez, U = (Un)nez



Center manifolds for unbounded maps
Affine equation on X, :  wf = Lcup + f7, VneZ

Le, L7t € £(X.) = initial value problem has unique solution :

n—1
2 Lr=1=k forn>1,
k—
up =Ll ug+ (Ko F€)n, (Kcf)h=1+4 0 for n =0,
-1
- Z L1k f for n < —1.

Possible divergence of u : f € £y (Xc) = u € £y(Xc). Appropriate
spaces :

feB,(X) = ueB,(X) since limeyo [LEK| £y, = 1

€(0,1), B,(Xc)={u/unse X, nSlépZ U ugx. < 400}



Center manifolds for unbounded maps

Affine equation on X, :  for any f € £,,(X}), we solve
uh et (D), Wb =Lydl N Vnez.

Ly : Dpc Xy — Xp unbounded. Unique bounded sol. u = K, fh

a) EX|stence

L3 for g >
uh = Z Gnk fk Gq _ { s s =
up n— ) —_1\1—q

Pt —(L;%)" "my forg <

1,
0.
Notations :
o(Lp) =osuoy =o(Ls)uo(Lly), Xn=Ds®Xy, Ix, =ms+my.
DSC Dh; Ls = L|Ds € ﬁ(Ds)
L, : D,c X, — X, unbounded,  L;'e £(X,,D,)

Spectral gap = Gq : Xy — Dp, |Gqlz(x,,0,) < <wrld re(0,1)



Center manifolds for unbounded maps

b) Uniqueness : spectral separation = for " = 0, nontrivial
solutions u” # 0 diverge exponentially as n — 400 or —o0.

Step 2 : non-local equation
u=LIug+ (Keme + Kpm) Nz (u, 1)

Solved for e ~ 0 and any fixed (uf, 1) € Xc x RP, with |u| < 2.
Contraction mapping theorem in B, (D) = unique solution

Un = Pn(ug, 1)
By uniqueness unyp = ¢, ,(u§, 1) = &5 (ug, ). Fixing n=0:
up = ¢g(up, ) VpeZ

#5(., 1) : Xe — D continuous (Ck for e < gg(k), more technical).



Breathers in FPU

2

d
VHEZ, Yn € H27 wzﬁw()/n) :}/n+1_2)/n+yn—1 (E)

27
H2 — {ye ng,(0,27r)/y is even,f ydt =0}
0
THEOREM 2 : Reduction near y, =0and w =2 (bif. at 0 = —1)
If v = (yn) solution of (E), [yl (H2) + |w — 2| small enough,

then y, = (3, cost + @w(ﬁnflaﬁn)a Puw - R? — H?is CK

pu = —15 VO (0)cos (2t) (81 B+ 3 B2y — T B2) + hot.

“Reduced” recurrence relation :  invariances n — —n, 8, — —f3,
Brs1+ 280+ Bn-1 = —4(w—2) B+ bB3+ hot,
1

b=VH(0) - (v(0))?



Breathers in FPU

= study of a reversible mapping in R? :

up = (=1)"Bny  Uns1—2Un+ Up_1 = 4w —2)u,— buj + ho.t.

Un+1 = Gw( Un)v

C R

Uy = (Um Vn)r Vph = Up — Up—1. - @)*(@

\

Orbits of the map . Eem ey
forb>0, w>2 w=x?2: :

Continuum limit : p=4(w—-2)~0

u,,—\/g ulny/p) +0(lp) = v =u—-0d?

Under this approx : b > 0 = homoclinic orbits to 0 = “breathers”



Breathers in FPU

= study of a reversible mapping in R? :

up = (—1)" Bn, Upt1—2Up+ Up—1 =4 w—2)u,— b ui + h.o.t.

Un+l = Gw( Un),

Un = (UnyVn), Vo= Up— Up_1. N (’3**‘6\ 777777

Orbits of the map T e
forb>0, w>2, w~x?2:

(G,Ri)? = I, symmetries Ry (u,v) = (u—v,—v), Rs = R1 G,
Dashed curves : fixed points of R; (axis v = 0) and R».

Reversible orbits homoclinic to 0 : R U£n+2 = UL, RyU?, = U?
= “breathers”



Breathers in FPU

Reversible mapping in R? :

up = (—1)" Bn, Upt1—2Up+ Up—1 =4 w—2)u,— b ui + h.o.t.

Uni1 = Gw(Un): - e v
Un = (UnyVa), Vo= Up— Up_1. . | @ |

Orbits of the map
forb<0, w<2 w=x2: R

(GUJF\’,-)2 =/, symmetries R3=—Ry, Ry = —R»
Dashed lines :  fixed points of R3 (v =2u) and Ry (u = 0).

b < 0 = heteroclinic orbits : R3U3,., = U3, RyU*, = U}
= “dark breathers”



Breathers in FPU

d?x,
dt?

= V' (o1 = xa) = V' (50 — xa—1), Ya(t) = V' (xo = xp-1)(t/w)
2

d
Vo€ Hoer(0,27), @ =z W(yn) = ynt1 =2 + ¥p1, nEL

THEOREM 3 : d solutions x,, frequency w ~ 2, amplitude
O(|w — 2|*2), “breathers” (w > 2) or “dark breathers” (w < 2).

a) If %\/(4)(0) — (V(3)(0))2 > 0 : breathers y}, y2,

im il =0, ylea(t) =yt m), (0 = YA

b) If 2V#(0) — (V(®(0))? < 0 : dark breathers y3, y#
homoclinic to a binary oscillation y% = y(t + nm)

Jim vy = yoialwe =0, limly, = yplee =0

yin-&-l = yr?? yin(t) = y:(t+71')



Breathers in FPU

Principal part of y, = slow spatial modulation of a standing wave
of the linearized problem : y,(t) = (—1)" cost

0.2 T T T

i)
0.2 L L L L L L L L L L L L
-40 -30 20 -10 0O 10 20 30 40 -20 -10 0 10 20

n n

FIGURE: Breather FI1GURE: Dark breather

1 Profiles for w ~ 2 : (Sanchez-Rey, G. J., Cuevas, Archilla, '04)
e numerically computed solutions for polynomial potentials
(circles)

e analytical approximations obtained using the reduced map
(dashed line)



Breathers in FPU

d?x,

dt?

Relative displacements and interaction forces :

= V' (Xp11 — Xn) — V' (xn — Xn—1)

Zn = Xp — Xn—_1, ya(wt) = V'(z,)(¢), p=w?—-4<«1
Exact breather solutions : z, = (—=1)"u, cos (wt) + O(|u|)
Ups1l + Up—1 —2Up = LUy — bug +hot, (u,b>0)

Principal part as p — 0 :
up = \/g u(ny/p) + O(Jp|)  with " =u—0u?

zp(t) = (—1)”4/%% + O(|u|) close to NLS approx.
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Part Il : center manifolds for differential equations

Outline :

e Finite-dimensional case

e Differential equations in Banach spaces
(PDE, lattices, differential equations with delay and/or
advance terms,...)

e Application : pulsating traveling waves in the
Fermi-Pasta-Ulam model



Center manifolds for finite-dimensional ODE
Example (Lorenz system) :

X = y—x
y = x—y-—xz
Z = xy—z

e spectrum of the linearization at 0 : {0} U {—1, -2}

e kernel spanned by (1,1,0)7

e in a neighborhood of 0, trajectories attracted (exponentially)
by a 1D center manifold (in red), 0 asymptotically stable :




Center manifolds for finite-dimensional ODE

Local center manifolds for Ck (k > 2) differential equations in R" :
(E) o' =F(up), F:RVxRPRNisck — F(0,0)=0

RN = X, ® Xj, invariant under L = D,F(0,0)

Eigenvalues o : Reoy =0 for L. = L|XC , Reoy # 0 for Ly = L|Xh

Local dynamics: v’ =Lu, o =F(u,p) (u~0)

Xe fenter manifold




Center manifolds for finite-dimensional ODE
Properties of the C¥ center manifold M, for p=~0:

e M, locally invariant by the flow

e M, has same dimension as X, is tangent to X. at u = 0 for
uw=20

e M, contains all orbits staying in some neighborhood of u =0
forall te R

e If Reox < 0 on X} (i.e. no unstable eigenvalue for ;1 = 0) :
M, is locally exponentially attracting, and the stability of
equilibria close to u = 0 is determined by the flow on M,,.

e (E) invariant under a linear isometry = 3 M, invariant under
this isometry,

e (E) reversible (i.e. F(., ) anticommutes with a symmmetry)
= 1 M, invariant under the reversibility symmetry.



Center manifolds for finite-dimensional ODE

Notations :

o F=L+N, N(up)=O(|ul+|ul?)
e 7,7y : spectral projections on X., Xy
e M, locally the graph of (., p) : Xc = Xp
Reduced equation on the center manifold :
if u(t) e M,, for all t € R then uc = mcu satisfies the reduced

equation in X :

U,C = f(”C) ,U,)

F(om) =me (L4 NG p)o (I +9(, 1)



Center manifolds for finite-dimensional ODE

The reduction function ) satisfies :

(P) Dxtp(x, p) f(x, 1) = Lnp(x, 1) + 7n N(x + ¥ (x, 1), p)
e If dim X, > 2 then (P) corresponds to a PDE.

e Interpretation of (P) : vector field L + N(., 1) tangent to the
center manifold

To compute the Taylor expansion of ¢ at (x, u) = (0,0) :

e expand each side of (P) with respect to (x, i) and identify
terms of equal order

e — hierarchy of linear problems for the Taylor coefficients of
1) which can be solved by induction, starting from lowest order
e if the parameterization of M, is changed by allowing v to

have a component of X¢, the reduced equation may be greatly
simplified (normal form).



Center manifolds for finite-dimensional ODE

Bibliography :

e J. Carr, Applications of center manifold theory, Springer,
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Center manifolds in infinite dimensions

General framework : differential equation in a Banach space X :

d
CT: =Lu+ N(u,pu) peRP small parameter

Assumptions :

e Consider three Banach spaces with continuous embeddings :
DcYcX

e Linear term L e L(D, X)
e Nonlinear term N e CK(D x RP,Y) (k = 2), N(0,0) = 0,
D,N(0,0) =0
e u(t)e D, %(t) eX
Applications :
PDE, lattices, differential equations with delay, advance-delay



Center manifolds in infinite dimensions
Example :
Ut = Uxx + U+ U — u(ux)2, x € (0,m)

with boundary conditions t =0 at x =0and x =7

e Identification u(x, t) — [u(t)](x).

e Basic space : X = L?(0, 7). Domain : Sobolev space
D = H?(0,7) n HX(0, ).

e We search for ue CO(R,D) n CL(R, X) solution of

%zLu—FN(u,,u)

with L = d22+1
N(u,p) = uu—u( ©)? D xR — HYO,7m) =Y



Center manifolds in infinite dimensions
Assumption 1 : spectral separation o(L) = 0. U op
occ iR, inf |[ReA| >0
)\EO'h

Assumption 2 : o, consists of a finite number of eigenvalues with
finite multiplicities.  (X. := @ generalized eigenspaces — D)

Spectral projection on X; : 7 = ﬁ Sc (zI — L) tdz
Notations : mp = — e, Xp = 7p X, D =71 D, Yo =71 Y



Center manifolds in infinite dimensions

Assumption 3 : on the affine equation on X}

dup

ﬁ = LUh+ fh(t)

For all fy € G2 ..q(R, Yp), there exists a unique solution
up € G2 (R, Dy) and the map f, = uj, is continuous.

e Automatic if L € £(X) with spectral separation, in particular
in finite dimension :

L

elsTrs for 7> 0
—e T, for 7 < 0

Uy — JR G(t—s)fy(s)ds, G(r) —

e Tools : semigroup theory (resolvent estimates), transform
techniques (Fourier, Laplace)



Center manifolds in infinite dimensions

Under assumptions 1,2, 3 on the linear problem, there exists for
1~ 0 a CK local center manifold M,, (same dimension as X,
tangent to X, at u = 0 for p = 0) satisfying :
e M, locally invariant by the flow (well-defined on the
finite-dimensional center manifold)

e M, contains all orbits staying in some neighborhood of u =0
in D for all te R

e M, invariant under the symmetries of the evolution problem
(isometries in D)

e If Reo(L) <0 on X, (i.e. no unstable eigenvalue for ;1 = 0),
and if the homogeneous linear initial value problem on Dy, is
well posed for t > 0, with u = 0 exponentially asymptotically
stable in Dp, then M,, is locally exponentially attracting.



Center manifolds in infinite dimensions

Example (continued) :
Ue = U + U+ pu—u(uy)?, xe(0,7)

with boundary conditions u =0at x=0and x =7

L= %22 + 1 with the above boundary conditions
o(L) : simple eigenvalues 1 — k? (k > 1), eigenvectors sin(k x)
oc = {0}, mc = orthogonal projection (wrt (.,.);2) on X. = R sinx

Solution to the affine equation :

(100 = Y sinlhx) [ el R, (5)a

k=2 —©

for [f()](x) = Zk>2 sin(k x) by (t)



Center manifolds in infinite dimensions

Example (continued) :
Ue = U + U+ pu—u(uy)?, xe(0,7)

with boundary conditions u =0at x=0and x =7

For i1 &~ 0, there exists a one-dimensional local center manifold
My ={u=Asinx+¢(An), Ac(—p,p)}

Y 1 R? - (sinx)t n D, ¥(A u) = O(A]} +|Aul) is odd in A

Reduced equation :
1 1 3
A :MA_ZA + h.o.t.

= supercritical pitchfork bifurcation (invariance A — —A).



Center manifolds in infinite dimensions
Bibliography :
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Application : pulsating traveling waves in FPU

d?u,
dt?
(V'(0) = 0,V"(0) = 1)

We look for pulsating traveling waves :

= V,(UnJr]_ — Un) - V/(Un - unfl)v nez

un(t) = up—p(t—p7), forfixedp=>=1and7 >0

Formulation in a frame moving at constant velocity :

un(t) = yn(x), x =n—t/t
Advance-delay differential equation for y,(x) = up(7(n —x)) :

1 d%,
T2 dx?

= V/(}/n+1(x +1) — )/n(X)> - VI(Yn(X) — yn_1(X — 1))

Yn+p(X) = ¥n(x)



Pulsating traveling waves in FPU

Formulation as an infinite-dimensional reversible evolution pb. :

Additional variables : Y,(x,v) = yo(x + v), &, = ‘g)’:

dy,

dX - 5/77

dn / !

0= V(Y1) = () = V() — Yoo 1) ]
oYa Y

ox  Ov

Evolution problem for U(x) = (Un(x))nez,

Un = (Yns&n, Yn(V))Ta Untp = Un, Yn\v:O =VYn



Pulsating traveling waves in FPU

du
— =1, 2
o U+1M(U)

D := D(L,) : sequences U = (Up)pez in R? x C1([—1,1]), with
period p, general term U, = (yn,&n, Ya(v)) T with Yalv=0 = Yn.

&n
(LTU)n = ( 7_2(51 Yn+1 _3\}//n + 571 Ynfl)
dvn

M(U) : D — D,
M(U) = O(|UJ?) as U — 0.



Pulsating traveling waves in FPU

e Reversibility symmetry R
(R U)n = (_Y—mf—m _Y—n(_v))T'

U(x) is a solution = RU(—x) is a solution
e Index shift o
(UU)n = Un+1
U(x) is a solution = o U(x) is a solution

e First integral ( x plays the role of time! )
12 1
Z.(U) = 5 > (gn — TZJ V' (Yoi1(v) = Yo(v — 1)) dv)
n=1 0

Originates from the invariance y, — y, + ¢
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Spectrum of L, : isolated eigenvalues, finite multiplicities
p—l 2
z eigenvalue < H [ = +2(1—cosh(z—2imm/p)) | =0
m=0 T

Spectrum on the imaginary axis given by : z = i\ (A € R),

Al A m _
7—2|S|n(2 7Tp)|, me{0,...,p—1}.

Particle displacements : normal modes
un(t) = yn(n—t/7) = aeNn=t/m) gmin@rm/p) | ¢ o — geilan—wt) e c

with [w| = 2[sin(g/2)|, g=X—2tm/p, w=2

g
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Spectrum of L, near the imaginary axis

° °
p-1 pairs
%7
T<1 T=1 I<KI<T T=T 1I<I<]

FiGUurE: Eigenvalue : ¢ = simple, x = double, * = quadruple.



Pulsating traveling waves in FPU

The critical parameter values 1 <7 <o < ... < T < Tga1 < ...
(and bifurcating eigenvalues i)) are given by :

A2
=4/14+ =
T —1-4

A A m
Eztan(E—W;), me{0,...,p—1}.

For the corresponding normal modes :

?1k = w/(q) (group velocity), w'(q)(q + 2r) = w(q).
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Spectrum of L = L;, on the imaginary axis :

N simple eigenvalues

=1
e N = p+2(k—1) pairs of simple eigenvalues +il\q, ..., £ily,
Aj — m = mj, eigenvector (j,

e 2 pairs of double eigenvalues +i)g,
Ao — m = myg, eigenvector (p, generalized eigenvector 1,

e double eigenvalue 0,
A =0— m =0, eigenvector xo, generalized eigenvector xi.

= dimension of the central subspace = 2/ + 6
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solution y,(x) = ax + b = solution U(x) = (ax + b)xo + ax1
invariance y, — ¥, + g = invariance U — U + gxo

Invariant subspaces under L, :
D = Vect(xo, x1) ® D1

Ux) = q(x)xo+d(x)x1+ V(x) U
—_—

= gt W) ; é g

Wi(x)

d Y !
dx
W _ LW+ 72 M(W)
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Small amplitude solutions : Sup | W(x)|p=~0

THEOREM 1 :
For 7 ~ 74, small amplitude < 2N + 6-dim center manifold :

U(x) = A(x)G + B(x no+Zc X)Gj + c.c. + D(x)x1 + q(x)xo
+(A(x), B(x), C(x M( ), B(x), C(x), D(x),7),

with C = (Cy,..., Cy).
Coordinates of solutions :

(A,B,Ci,...,Cn,A B, Cy,...,Cn, D, q) e C2NT4 x R2

P e CM(CN*H x R2 D),  4(0,7) = 0,D9(0,7%) = 0.
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for [W|p ~ 0, 7 ~ 7%)

A
37 = iNA+B+IAP(|AP,1,Q.D) + h.o.t.,
B
ZTX = B +[iBP + AS](|AP,1,Q,D) + h.o.t.,
d¢;
= INGHIGQ(AP1,Q.D) + ho.t, (j=1,...N)
dD
& 0
dg . _ o
= DTxi(W(AB.CABCD.7).

Reversibility symmetry R : (A,B,C,D,q) — (A, —B,C,D,—q)
Invariance under

. _2ix™0  _ojgxM0 _oipM _2ix TN
o=diag(e “"r,e " e T, .. e TR 11
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for [W|p ~ 0, 7 ~ 7%)

A

37 = XA+ B+IAP(|AP,1,Q,D) + ho.t.,

B

37 = iXoB + [iBP + AS](|AP. 1, Q. D) + ho.t,

dC;

2 = NG +IGQ(APRL,Q.D) + hot, (j=1,..N)
dD

x

dq . o

o = D+X{((AB,C,AB.C.D,7)).

X7 : linear form (coordinate along x1).
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for [W|p ~ 0, 7 ~ 7%)

Cc%‘ = iMA+B+iAP(|AP1,Q,D) + h.o.t.,

c:Tf = iXB +[iBP + AS](|A]%,1,Q, D) + h.o.t.,

% = iNG +iGO;(|AP,1,Q,D) + hot., (j=1,...N)
dD

& Y

dq . o

o« = D+xi(W(AB,CABCDT).

Principal part : cubic polynomial in A, B, C, complex conjugates,
and D.
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THEOREM 2 : Normal form of order 3
The center manifold can be parameterized locally in order to
have (for |W|p ~ 0, 7 ~ %)

% = iMA+B+iAP(|AP1,Q,D)+h.o.t.

Cij = iXoB + [iBP + AS](|A]%,1,Q,D)+h.o.t.,

% = iNG +iGQ(JAP 1, Q,D)+ho.t., (j=1,...N)
dD

= -0

dg . o

o« = D+xi(W(AB.CABCDT).

Higher order terms are independent of g.
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Truncated normal form

dA
= = iXA+ B +IiAP(JA?,1,Q, D),

dB ) . 2

o = PeB+[BP+AS|(AP% 1, Q,D),

dG; . . ,

CL = NG +IGARLQ.D), (=1,...N)
dD

&« — 0

First integrals : D, Q = (|G1|?,...,|Cn|?), I = i(AB — AB).
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We fix D, Q = (|C1|?,...,|Cn|?)
— 1 :1 resonance with reversibility. Integrable system
(looss-Péroueme '93).

dA
= = XA+ B+ iAP(|A%, 1, Q, D),
X

dB . . 2

— = B+ [iBP +AS|(|AP,1,Q, D).

For 7 ~ 7 and |D| + ||C|? « |7 — 74| :

P = po(r)+r|AP+fl+ ho.t.
S = s(1)+s|AP+gl+ho.t.

r,s,f,g,po(7),5(7) €R, po(7x) = so(7x) = 0.
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dA

d— = i)\oA+B+iAP(|A|27/707D)7
X

dB . . 2

— = B +[iBP+AS|(IA1,Q, D).

For 7 ~ 7 and |D| + | C|? « |7 — 74| :

P = po(r) +r|AP +fl+ ho.t.
S = s(1)+s|AP+gl+ho.t.

V(x) = 1+ $3 + x* +hot, b=38—4a
Wave velocity : ¢x = ?lk 0 < cxk <1, cx dense in [0, 1] for p, k > 1.

s=—16[b— cZ(b +2a?)]

Case s < 0 = localized solutions, agrees with NLS (Tsurui '72)
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Truncated system, 7 ~ 7 with 7 < 74, D ~ 0 with |D| « |7 — 74|

Zi‘ — oA+ B+ iAP(AP1,Q, D),

X

dB . . 2

a = /)\OB+[IBP+AS](‘A| ;I7Q7 D)7

dG; . . 2 ;

= irNG +iGQ;(|AP1,Q,D), (j=1,...N)
dD

w 0

s <0 = 3 homoclinic orbits to N-dim tori, N = p +2(k — 1).
Approximate solutions of the FPU system :

un(t) ~ A(n—t/7) —2””"0"/P+2 j(n—t/7) e ?™m"P ) c.c.4q(n—t/7)
j=1

with d—q D — 8a|A]%.
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Homoclinic orbits to O :

//

p

w/

A=p(x)e

= so(1)p + s p°

= po(7) + rp?

i(Aox+1(x))

i

Case s <0
(50<7'<Tk) >0)

B — ,0/(X) ei()\ox-‘rl/)(x))

AN
\ot

@
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Generic non-persistence of reversible homoclinics to 0 : heuristic
Case D =0, normal form for A, B, G, ..., Cp.

Phase space : dimension 2/ + 4. Stable manifold of 0 : dim 2.
Reversibility symmetry R : dimFix(R) = N + 2.

Stable manifold of 0

Stable manifold of 0

Unstable manifold of 0

spiting

. " Unstable manifold of 0
Fix (R) Fix (R)

Truncated normal form Complete normal form

Stable manifold nFix(R) : 3N + 4 conditions. = codimension N
(N = p)
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Rigorous results : reversible (iXg)?(iA1) resonance (N =1, 7 ~ 71)
-case p = 1 (traveling waves)
-case p = 2, V is even, invariance under —o : (yp) — —(¥n+1)

3

i,

Stable manifold of periodic orbit

Stable manifold of 0

e Splitting distance of W*(0) and Fix(R) exponentially small in
|7 — 71| (and does not vanish generically) : Lombardi '00

e J reversible solutions of the complete normal form homoclinic
. . . . . 1/2
to periodic orbits with amplitudes O(e=</I7=7"*) (¢ > 0).
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THEOREM 3 : Assume V is even and V*(0) > 0
Exact FPU solutions : traveling breathers u,(t) = (—=1)"y(n —t/7)
superposed at o0 on periodic oscillations, with 7 ~ 7, ~ 3 (7 < 71)

up(t) = (=1)"A(n— t/Tz + g—l)” G (n— t/Tz +c.c. + h.o.t.

N

Pulse Periodic wave

*Pulse : modulation of a plane wave with wave number gg ~ 2.5,
*Periodic wave : modulated plane wave, wave number g; ~ 0.8

Families of —u_p(—t) = wup(t) (reversible under R)
reversible solutions : u_n(—t) = wup(t) (reversible under — R)

For fixed 7 (and up to a phase shift), each solution family is
parameterized by the amplitude of the limiting periodic orbit, with
lower bound O(e*C/“*”'l/z) (c > 0).
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