Local analysis of dynamical systems

and application to nonlinear waves

Guillaume JAMES

INRIA Grenoble Rhone-Alpes, Tripop Team
Univ. Grenoble Alpes, Grenoble INP, CNRS, LJK

Ecole thématique — DYNOLIN — 2018

Méthodes de dynamique non lin€aire pour I'ingénierie des structures



IV — Modulation equations for lattices with

strongly nonlinear spatial coupling
Outline :

O Different types of strongly nonlinear lattices and localized
waves relevant to granular metamaterials

O Discrete p-Schrodinger (DpS) limit in Newton’s cradle,
existence of stationary breathers

G.J. (2011)

B. Bidégaray-Fesquet, E. Dumas, G.J. (2013)
G.J., P. Kevrekidis, J. Cuevas (2013)
G.J., Y. Starosvetsky (2014)

O DpS limit in mass-with-mass systems, long-lived breathers

L. Liu, G.J., P. Kevrekidis, A. Vainchtein (2016)

O Continuum limits of DpS and traveling breathers : G.J. (2018)



| — Strongly nonlinear lattices and
granular metamaterials

Model 1 : Fermi-Pasta-Ulam lattice (FPU), fully nonlinear potential

A

%, = V(3 - x,) = V(x, - x,.) \ V()

V(ix)= 1 (-x)’, p>2, (a),=Max(a,0) X
p

contact force between two
Hertz potential for p=5/2 :

spherical beads : F = 6

granular chain : (x, = displacement of bead n)

_>-4_




Model 2 : granular chain with local potential (Newton’s cradle)

. 2
X +wx =(x_,—x,)

3/2
+

3/2
o ('xn - xn+1 )+

Classical
Newton’s cradle :

Collision Balls,

Stiff attachements (plates) : w~1

G.J., Kevrekidis, Cuevas ’13
T

bead collision time
= but w ~

local oscillation period

w ~107* for impact velocity ~1m/s

Beads in an elastic matrix :

Hasan et al, Granular Matter ’15

<1



Model 3 : locally resonant granular chain

jén-l_ k('xn — n) = (xn— — 'xn )i/z - ('xn o xn+ )?—/2
Y 1 1 (MwM)

py,+k(y,—x,)=0

y,: displacement of external ring resonator
Gantzounis et al, J. Appl. Phys. 114 (2013)

Variants :

*mass-in-mass system:
Bonanomi, Theocharis, Daraio,
Phys Rev E 91 (2015)

swoodpile structures:

Kim et al, PRL 114 (2015)

Piezo-
electric \
sensor -

MwM interpolates between FPU-Hertz (o = 0) and Newton's cradle (o = «)



Model 4 : discrete p-Schrédinger equation (DpS)

G.J., Math. Models Meth. Appl. Sci. 21 (2011), Starosvetsky et al ‘12 (coupled chains)

id, A, =(A, —A)IA,  —A 7 —(A, -A DA -A, "

n+l

p

p>2, Hamiltonian E

n=—0oo

An+1 — A

n

Reminiscent of DNLS equation, but purely intersite nonlinearity

Continuum limit : id,A =J,(d.A13.AF™*) — p-Laplacian

DpS equation (p=5/2 for Hertz contact) approximates the slow
modulation in time of small oscillations in :

-Newton’s cradle : Bidégaray-Fesquet, Dumas, G.J. 13

-MwM with heavy secondary masses initially close to resting state :

Liu, G.J., Kevrekidis, Vainchtein ’16



Different types of localized waves generated by
localized perturbations :

FPU - Hertz :
Contact forces —(x, —x,,,)>" : o .

SOlitaI'y wave M -19

(Nesterenko *83)
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Newton’s cradle: DpS : x,(t)=2eRe(e"A, (7 1))
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Different types of localized waves :

MwM for mass ratio p=1/3: (k=1, x,(0)=1)

Contact forces :
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Study of impact propagation in MwM
Xu, Kevrekidis, Stefanov '15

Kim et al ’15, Vorotnikov et al '18



Il - From Newton’s cradle to DpS, stationary breathers

(NC) jén-l- 'xn = (’xn—l - ‘xn)-?-C - ('xn - ‘xn+1)i‘ (O{ > 1)

Leading order solutions (small amplitude ¢€) :

xM () =eA (e De" +eA (e t)e™" slow time : 7=¢""t

Collect terms O(e“) xe” = DpS equation (G.J. '11)

27id,A, = (A, —A) A, —A, " —(4, - A, DIA, -A_ I

n+l

(z,=1S5fora=3/2)

=> phase invariance, conservation of ¢, norm, scale invariance



Formal derivation of the DpS equation :

o

-V'(x) = (—x)

o>1

x+x =V'ix, ,—x)=-V(x -x ) +

n+l

Small amplitude ¢, slowly modulated time-periodic solutions :

1

x (t)=¢eX (r,t) 1= e*' t slow time : f; _ 'Vi(-¢)ldt = ¢

X (t,t+2m)=X (7,1)

[(ea‘lﬁr +3d)° + I]X ="' 5V'(5X)

X = (Xn)n’ (6+X)n = Xn+1 - Xn’ (6_X)n = Xn B Xn—l



Formal derivation of the DpS equation :

(679, + 0, +1]X =" 8'V'(6X)

Expansion : X = X' + ' X' + o)

—order&’: [} +1]X°=0= X)(1.)= A, (D)e" +c.c.

t

= order £*': [0"2 + I]X1 = =2id_A(T)e" +c.c.+ 8'V'(6X")

4

X' 27 - periodic in ¢ = solvability condition f Ozﬂ e"xRHS dt =0
nd 210')1:An = f(An+1 — An) — f(An — An—l)

1 JU . ! . . 1
F@)=— [TV (ze" + Ze ) dt = —7 17 I
2w V0 T,



Newton’s cradle vs discrete p-Schrodinger : error bounds

Infinite lattice (n € Z ), phase space = sequence space £ with p € [1,0]

The DpS equation approximates true O(¢) solutions of N.C.

up to an error O(e“), over long times O(e" %) :

Theorem (Bidégaray-Fesquet, Dumas, G.J. '13)

Fix a solution of DpS:  A,(7): [0,T]|—=( (Z)

For all € small enough, the solutions of N.C. with initial conditions
(x,(0),%,(0)),=(x,"* (0), %, (0)),+O(e") in £}, (7, ) satisty :

(x,(0),x, (1) =(x(1), x> (1), +O(¢*) in éi ( 7, ) uniformly in t €[0,Te" ]

Method :
Consistency : x** + O(¢“) correction solves N.C. up to an error O(¢**™),

Gronwall estimates for large times t = O(g'™)



Error bound for DpS approximation : SKETCH OF PROOF

Known approximate solution : x. (#)=(e X’ +&“ X" )(e*'t,t) = x** (1) + O(&“)
pp app

2
Residual : R(x, )= (% +1-8"V'(§ ))(x )=0(e** ) +e™*?92 X!
4

app app

No terms O(¢) and O(¢*) in R(x_) with the choice of X° (solution of DpS) and X'

app

Singular term ¢ X' |(distribution !) must be eliminated:

0
N.C. equivalent to : @=JM+G(M), U= x , J= 01 , G= 'ae
dt X -1 0 oV'(6)
. 2 .« 1 . . xapp
with u(¢) € (¢ (Z))".Modified C" approximate solution|u, = ot -
Xppp =€ 0. X

Residual E(u, ) = (% -J - G)(uapp) =

app

+ 0(8205—1) — 0(820(—1)

R(x, )-&“ 7?9’ X'

app

. . dr
Error r:=u—-u,  satisties —=Jr+G(u

, +r)-G(u,,,) - E(u,,). By Gronwall:
4

app

Ir®)] =[]+ [ OtHE(uapp)(s)Hds +Ce [ Ot”r(s)”ds = O(e*) for t = O(e"™) O



Breather solutions of DpS (time-periodic)
and long-lived breathers in Newton’s cradle

DpS: id A =(A

n+l

~A)IA A1 —(A -A NIA -A "

Time-periodic solutions to DpS: A, (T)=a,e” [a €R

Breathers : lima, =0

n—=+oo

Stationary (real) DpS equation :

-1 -1
_an ? (an+1 — an) l an+1 - an lO’{ - (an — an—l) l an — an—l Ia
\ N J/
b

n

Spatial dynamics : stationary real DpS < 2D mapping

(a,.b, )=G(a,,b)  Greversible, area- preserving,

not differentiable at the origin



Stationary Dps equation :
some orbits of the « spatial map » G
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bond-centered site-centered

Theorem : for all o >1, n ] ! a, .. .

existence of reversible f

homoclinics (a,, b, )—0 TNATTTTTTT L | [ eeeenenes
n—>zxo0 - ’ -

(GJ. and Starosvetsky '14)| = e n |

Method : W"(0) and W*(0) intersect on a reversibility axis —> S

See also : Flach 95, Rosenau and Schochet 05, "
Qin and Xiao 07, Yoshimura ’17 (periodic BC)

DpS breathers = )
=> long-lived breathers x (t)=2ea, cos[(l+ —27: Ve ]+ O(e%)
in Newton’s cradle 0

(Bidégaray et al ’13) over long times t =~ '™




Numerical computation of breathers in Newton’s cradle

. 3/2 3/2
xn+ ’xn = ('xn—l - 'xn)+ - ('xn - 'xn+1)+

Breather solution : x (t+7)=x (), limx (r)=0

n—>+00

Computation by Newton’s method : (G.J., Kevrekidis, Cuevas '13)
Bond-centered breather Site-centered breather

x,(0)

- 0O
T

energy density
Small perturbation (energy +0.01%) ~

of a stable breather (bond-centered)
=>traveling breather :

-
W © ®© N o a0 » N

o 40 50 70 80 90



More on localized solutions of DpS :
absence of complete scattering

DpS equation (ax > 1) :
id A =(A,  —A)IA —AI""—(A -A )IA -A [

n+l

Theorem (Bidégaray-Fesquet, Dumas, G.J. '13):

DpS 1s globally well - posed in ¢ ,(Z). It A(0) =0, then
1
[ 1 a+l\ -1
H2 6 "A(0)
for all times : |A(7)|_ = Jas
|40,
\ J

Al’l

+oo I/p
(6°A), =A -4, |A] = (Emn |p) ., ||All, =Sup



Proof of the theorem use two conserved quantities :

“and || = E|An|2 (Kopidakis et al, '08)

energy H = E A —-A
- s -
0" A(0) = Ha* = . (energy conservation)
<2||A(7)| (triangular inequality)
2 2
< Z(HA(T)Hoo )1 tra (HA(‘L’)H 2)““ (interpolation inequality)
-z 2
< 2(HA(t)Hw) lra (HA(O)H2)1+O‘ (conserved /, norm)
1
/ 1 0“"1\;
o+l ) ) 6+A(O)
= Ao =gl a0, (ol = B e




lll — DpS limit and breathers in MwM (heavy secondary mass)

jén-l_'xn=(’Xn—1_xn)f_(xn_‘X"n+1)f+yn OC>1
— ) yi=1/p=0("")
— X -
ARG Lottt ¢ small parameter
Theorem (Liu et al '16) phase space = ¢ (7,) with p €[1,]

Fix a solution of DpS: A, (7): [0,T]|—=¢,(Z )
For all € small enough, the solutions of MwM with initial conditions

(x,(0),%,(0)),=(x,"“(0), %, (0)),+0(¢"),  (3,(0),6™¥,(0)),= O(¢*)
satisfy uniformly in t €[0,7€"*] :

(x, (1), X, (1), =(x2°(©), %25 (1)), +O(e%),  (3,(1),& "y, (1)), = O(e“)

a-1

x (t)=2&a, cos[(1+ Vt]+O(e%)

DpS breathers = MwM breathers 21,

1-a .

over long times t = ¢ " : y ()= 0@, V.(f)= 0>




Breakdown of DpS approximation over long times

No nontrivial T-periodic breather solutions
Satisfying lim Hxn — LTn—1 HLOO(()?T) =0

n—+oo

(Liu et al ’16)

. . 1 . o
average interaction force : f, = - f (x,,—x,), dt =0 as n — o (localization)
0

MWM ylelds : jén-l_ p yn = ('xn—l - xn )f - ('xn - 'xn+1 )f
= f independentofn = f =0

= (x_(®)-x,(1))] =0 V¢ (beads not interacting) = only trivial breathers

Wlth jén=yn_xn’ Ioj}n=xn_yn (freq'w=\/1+y) D

Numerical simulation of MwM for p =1000 (a=3/2)
Initial condition at # =0 : approximate DpS breather with £ =0.01 (black)

Blue : evolution at r = 36 breather periods, red : r =80 periods

x107°




IV — Continuum limits of DpS and traveling breathers

d
iﬁan:(APa)n, n € 7, p=a+1>2

(Ap (1')71. — ((-l“n.—i— 1 — (-l“r'z.) |(-I-'7‘z.+ 1 — Un ’p—‘Z — ((-1'71. — Un— 1) |(1'n. — Unp—

2000 ‘ w
Small perturbation of an unstable 1500/ ‘An (t)‘ | Ho.04
breather (site-centered) leadingto _ .~ 7
translational motion, for p=5/2 : 0.02
500¢

0

20 40
|dea to describe traveling breathers :
use p-2 as small parameter for a « weakly nonlinear » analysis

See also : G.J. and Starosvetsky '14 (stationary breathers in DpS),
Chatterjee '99, G.J. and Pelinovsky 14 (solitary waves in granular chains)



Formal derivation of generalized NLS equations (G.J., '18)

d
iﬁan = (Apa),, n€Z, p=2

scale invariance :  an(t) — Ran(|RP 1)

Ansatz : a2PP(t) = 2 () AT Pp(t) = & [R[P~* t—qn)

" VQ
Q(g) =4sin’(q/2), q€ (0,7]

*Exact periodic traveling wave for A=1 (wavenumber g, amplitude R)

*Slow modulation in time and space for p = 2

E=Vp—2(n—cg|RP°t)  ¢g=D(q) =2sing
r=(p-2) IR



Formal derivation of generalized NLS equations
Evaluation of residual error:  E := (i jt A, )(a®PP)

= (p—2) 28— ¢ (30, A + QN (A) — cosq (D2A)|AP~2 + O(/p=2))

A \pz_l
—2=AIH‘A‘+O(p—2)
p-

Amplitude equations yielding E = O((p —2)

N,(A)=A

32y .
)

: - i~n - (Bialynicki-Birula and Mycielski 76,
logarithmic NLS equation = ¥ 7Y - = o 80, ...)

10, A = cos qé’gA — QA In |A] (log-NLS)

fully-nonlinear Schrodinger equations :
i0-A = cosq (9 A) |AP~2 —QNy(A)  (FNLS-I)
10+ A = cos q@?(A AP~?) — Q N, (A) (FNLS-IT)



NLS approximations of traveling breathers

Stationary equations FNLS-I and FNLS-II (Ahnert-Pikovsky '09)
admit compactons for g€ (11/2,1] :

Afe) = { Aifcos(M)|77, [€] <

0, €l > 3

with constant coefficients A, (p), A(p,q) =0H/p-2)

—> approximate traveling breathers for DpS with compact support :

QP (1) = % e VR t=am) 4 [ /573 (n— 2 sing |RP21)]

log-NLS equation admits Gaussian solutions for g€ (11/2,11] :

()
Ax(8) = Veexp (4 COS ¢ €2> i hmp_ﬂ AC(@




Traveling breather solutions of the DpS equation :
numerical computation

We compute localized initial conditions a,(0) in DpS such that :

'’ ani1(1/v) = an(0), Vn € Z| =a0=a-n/ve’"

Parameters v,0 . traveling breather velocity and phase

Numerical tools : time-integration and Newton” s method

Ansatz (compacton or Gaussian) :

QPP(1) = L G (QURP T tman) 4 1 /T (9 sing [RIP2 )]

n \/ﬁ
Wavenumber g and amplitude R must satisfy :
q — tan (q/2) = 0 (2m)

2 sing |RP % =w



Numerical validation of NLS approximations

Relative error between Ansatz (¢ =37 /4, R=1) and a numerically exact

traveling breather a (1) =a,(t—n/v) e”'’" (velocity v = J2 , phase shift 6 = -0.06)

Numerical solution : 71 Maximal error Compacton |
Newton-type method o451 overtandn
Aubry, Cretegny '98 0.4 -
Yoshimura, Doi ‘07 . Gaussian
Gaussian profile of 0.25 -
P Compacton |l
la, (0)| forp=2.02 : 02
R | “ AN S . | ) .

Hertzian p=5/2



Numerical validation of NLS approximations

Example : p=5/2

. : ‘ao(t)‘
numerical (Newton) "
Gaussian
Compacton II |
.1Re(a,(0)) ... Re(a,(0))
Zoom j;jjj; oscillatory
x100 .. tail

R S S
S 2 8 8 8




Numerical validation of NLS approximations

Dynamical simulation for p=2.1 (initial perturbation of first particle)

|an(t)] 02 -
1600 -
0.15
1
1 400 -
0.1 4
1200 - 0.05
0.75
~~
NaE
1 000 - <
3
© -0.05
S 8004 0.5 et
A
600 - o5 4
0.25
400
200 ~ s
: n
0

T T T T T T T T 1
0 100 200 300 400 500 600 700 800 %00

t
numerical time integr. N
Gaussian —

Re a,(t)

compacton |
compacton Il

We fix g and R to match the numerical

velocity v =1.5 and phase 60 =0.3



Conclusion

**Nonlinear lattices modeling 1D granular metamaterials :
FPU (Hertz type potential, p>2) + local potential or attached masses

s Time-periodic or transient (long-lived) breathers and traveling breathers
obtained numerically

¢ asymptotic model : discrete p-Schrodinger equation (DpS)
-approximates small oscillations over long (but finite) times

-existence of time-periodic breathers
-traveling breathers approximated through formal continuum limits

Works in progress :
¢ error bounds in the multiscale analysis for p = 2

¢ dissipative impacts
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