
D
R

A
FT

�������� �

	
 � ������ �� ���� �� ����� �
� �������� �� ���������

�� !" # $# �%&'(!)" *
+ ,- ./012345062/ , , , , , , , , , , , , , , , , , , , , , , , , , , , , , , , 78+ ,9 :2062/; 3< 01=/;> 210 ? 52/;<1@=062/ <0 >12>=A=062/ , , , , , , , , 78B CD CE FGGHIJKLJMNO PH QRSONT UOV PV JKLOIQNKJ VJ PV QKNQLWLJMNO C C C C C XYB CD CD ZNKT V [NOIVK\LJM\V VJ ]NKT V ]NKJV C C C C C C C C C C C C C C C C C C C XDB CD CB ^LKL[JUKV R_QVK`NGMaHV VJ GMVO L\V[ GVI bcd R_QVK`NGMaHVI C C C C C XB+ ,+ e f0g23<; 3<; 5=1=50f16;06h4<; , , , , , , , , , , , , , , , , , , , , 7iB CB CE j SJRNPVI PVI [LKL[JSKMIJMaHVI QNHK G kSaHLJMNO PV JKLOIQNKJ l [NV]mn[MVOJI [NOIJLOJI C C C C C C C C C C C C C C C C C C C C C C C C C C C C C XoB CB CD j SJRNPVI PVI [LKL[JSKMIJMaHVI QNHK G kSaHLJMNO l [NVp [MVOJI \LKML`GVI XqB CB CB rSINGHJMNO QKLJMaHV QLK GL T SJRNPV PVI [LKL[JSKMIJMaHVI C C C C C C C Xs+ ,i t< >12u vwx < 3<; 52/36062/; =4y v6x 60<; , , , , , , , , , , , , , , , 7zB Co CE {|VTQGVI VJ QNIMJMNO PH QKN` GUTV C C C C C C C C C C C C C C C C C C C X}B Co CD ~VI INGHJMNOI PLOI GVI WKLOPVI GMWOVI C C C C C C C C C C C C C C C C C C sY+ ,� �g25; ? � f0</0< <0 ;2v4062/; �=6u v<; , , , , , , , , , , , , , , , , , �-+ ,7 t26; 3< 52/;<1@=062/ </ x f5=/6h4< 3<; x 6v6<4y 52/06/4; , , , , �9B CX CE �VI[KMQJMNO VHGSKMVOOV VJ PVI[KMQJMNO GLWKLOWMVOOV C C C C C C C C C C sDB CX CD {aHLJMNOI PV [NOIVK\LJMNO C C C C C C C C C C C C C C C C C C C C C C C sBB CX CB ~NM PV [NOIVK\LJMNO PV GL T LIIV C C C C C C C C C C C C C C C C C C C C sqB CX Co ~NM PV [NOIVK\LJMNO PV GL aHLOJMJS PV TNH\VT VOJ C C C C C C C C C C sq+ ,� �401<; =>> v65=062/; , , , , , , , , , , , , , , , , , , , , , , , , , , , ��B Cs CE jNPUGV PV PSTNWKLQRMV�rVONH\VGGVT VOJ [VGGH GLMKV C C C C C C C C C C ssB Cs CD jNPUGV PV [NTTHOM[LJMNO �^� C C C C C C C C C C C C C C C C C C C C ssB Cs CB ~VI SaHLJMNOI [MOSJMaHVI C C C C C C C C C C C C C C C C C C C C C C C C ss+ ,� e f0g23<; /4xf16h4<; =;;2 56f<; , , , , , , , , , , , , , , , , , , , �z+ ,z �y<1565<; � �>>v65=062/ 3< v= x f0g23< 3<; 5=1=50f16;06h4<; , , , �8



D
R

A
FT

�� ���� � �� 	 
 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

� ������� 

!"#$% &'( ) *+,-. /0��120��3 4 5 �.6789:. /0��120��34

; <= >��?�@AB����

CDEFG HIJIFDK LMN OPQRSTUVN WM SXRVNY UXS NUVS ZMN �� ZTVORTXMN WQ YXM[ TMX UXWXM \ ] RVN ZM
^RN _TWT[ MVNTUVVMZ ` MZZMN Y MQaMVS N bO^XTXM NUQN ZR cUX[ M dOVOXRZM NQTaRVSM

a(x, t)ut(x, t) + b(x, t)ux(x, t) + c(x, t)u(x, t) = d(x, t)
/1 \e\e4

NQX QV WU[ RTVM
(x, t) ∈ Ω ⊂ IR2 \ LR NM^UVWM aRXTR_ZM MNS NUQaMVS VUSOM

t
Y UQX NUQZTdVMX QVM

OaUZQSTUV MV SM[YN \
fUQN aMXXUVN PQM Z bUV Y MQS MVaTNRdMX WM ZR [ g[ M cRhUV WMN OPQRSTUVN ZTVORTXMN WQ YXM[ TMX

UXWXM WRVN WMN MNYR^MN WM WT[ MVNTUV NQY OXTMQXM MV ^UVNTWOXRVS PQM ZR aRXTR_ZM
x ∈ IRn \ iV U_STMVS

RZUXN QVM cUX[ M YZQN dOVOXRZM Y UQX Z bOPQRSTUV WM SXRVNY UXS j

a(x, t)ut(x, t) + b(x, t).∇xu(x, t) + c(x, t)u(x, t) = d(x, t)
/1 \e\04

kZ MNS T[YUXSRVS WM XM[ RXPQMX PQM ZM SMX[ M
b(x.t)

MNS WMNUX[ RTN aM^SUXTMZ WR[ N ^MSSM cUX[QZRSTUV \

; <l ������ @m �?�� n �?� o B�� m?p����� m� n?�n�q����� <

* rs rt uvv#w!)&!(� $# '%x �yz " $" !)& w'�)! "! $" ')�'&{&!(� 
|UQX [ RSOXTRZTNMX ZR VUSTUV WM YXUYRdRSTUV UQ WM SXRVNY UXS ` ^UVNTWOXUVN ZR ^RN }U[ Ud~VM

ZTVORTXM � ^UM� ^TMVSN ^UVNSRVSN j

aut(x, t) + b ux(x, t) = 0
/1 \0 \e4

�V NQQY UNRVS PQM
a 6= 0

` UV Y UNM
c =

b

a

YUQX U_SMVTX

ut(x, t) + c ux(x, t) = 0
/1 \0 \04

�T Z bUV ^UVNTW~XM ^UVVQM QVM NUZQSTUV � Z bTVNSRVS
t = 0

`

u(x, 0) = φ(x),
/1 \0 \14

RZUXN UV ^UVVR�S ZR NUZQSTUV Y UQX SUQS
t
\ �MSSM NUZQSTUV MNS WUVVOM YRX j

u(x, t) = φ(x − ct)
/1 \0 \3 4

�V M�MS ` NT UV Y UNM
z = x − ct

`

ux(x, t) =
∂φ

∂z

∂(x − ct)

∂x
=

dφ

d z

/1 \0 \�4

ut(x, t) =
∂φ

∂z

∂(x − ct)

∂t
= −c

d φ

d z

/1 \0 \�4
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W bU� j
ut + cux = −c

d φ

d z
+ c

d φ

d z
= 0

/1 \0 \�4
iV ^UVNSRSM WUV^ PQM ZR NUZQSTUV MNS �SXRVNZRSOM	 ` UQ NT Z bUV YXOc~XM YXUYRdOM � ZR aTSMNNM

c ^U[[M
Z bTZZQNSXM ZR 
dQXM 1 \e\ iV Y MQS XM[ RXPQMX � SXRaMXN ^MSSM TZZQNSXRSTUV PQM SUQSM cUV^STUV RX_TSXRTXM
φ(x−ct)

MNS NUZQSTUV WM Z bOPQRSTUV /1 \0 \04 \ ]M YZQN ` ZR XONUZQSTUV WQ YXU_Z~[ M VO^MNNTSM ZR WUVVOM
W bQVM ^UVWTSTUV WTSM TV TSTRZM

u(x, 0)
MS VUQN ZM aMXXUVN YZQN SRXW WM ^UVWTSTUVN RQ� ZT[ TSMN RQ�

_UXWN \

t

x

u(x, t)

1
c

�� � 1 \e 2 � � ���������� �� �� ������ �� ���������

�UVNTWOXUVN Z bOPQRSTUV WM SXRVNY UXS Y UQX
x ∈ Ω ⊂ IRn /1 \e\e4 ` Y UQX ZRPQMZZM VUQN NQYYUNUVN

PQM ZR cUV^STUV a(x, t)
MNS VUV VQZZM YRXSUQS NQX

Ω
\ fUQN Y UQaUVN RZUXN O^XTXM PQM j

ut(x, t) +
b(x, t)

a(x, t)
.∇xu(x, t) =

d(x, t) − c(x, t)u(x, t)

a(x, t)
=

f(u, x, t)

a(x, t)

/1 \0 \�4

iV YUNMXR WRVN ZR NQTSM ZM aM^SMQX v(x, t) =
b(x, t)

a(x, t)
∈ IRn YUQX XMO^XTXM Z bOPQRSTUV NUQN ZR cUX[ M j

ut(x, t) + v(x, t).∇xu(x, t) =
f(u, x, t)

a(x, t)

/1 \0 \�4

|UQX QVM NUZQSTUV
u(x, t)

` TZ RYYRXR�S PQ bMV QV Y UTVS
(x, t)

ZR WOXTaOM SUSRZM WM
u

WRVN ZR
WTXM^STUV v(x, t)

MNS OdRZM � f(u, x, t)

a(x, t)

\ ] RVN ZM ^RN }U[ Ud~VM ` T \M \`
f(u, x, t) = 0

` ZR WOXTaOM SUSRZM
WM

u
WRVN ZR WTXM^STUV v(x, t)

MNS VQZZM MS WUV^ ZR NUZQSTUV MNS ^UVNSRVSM WRVN ^MSSM WTXM^STUV \ kZ
RYYRXR�S WUV^ QVM VUSTUV WM YXUYRdRSTUV WM ZR NUZQSTUV

u(x, t)
RaM^ QVM ^OZOXTSO v(x, t)

WOY MVWRVS
WQ YUTVS

(x, t)
\

iV XRYY MZZM PQM ZR WOXTaOM WTXM^STUVVMZZM SUSRZM W bQVM cUV^STUV N^RZRTXM f
WRVN ZR WTXM^STUV vMNS WUVVOM YRX j

Dvf(x0) =
d f(x0)

d v
= lim

h→0

f(x0 + hv) − f(x0)

h

/1 \0 \e�4
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MS NT
f

MNS WT� OXMVSTR_ZM ` UV R
Dvf(x0) = ∇xf(x0).v

\ ] RVN VUSXM ^RN ` UV ^UVNTW~XM ZR aRXTR_ZM `

X =

[

t

x

]

MS QVM WTXM^STUV V (x, t) =

[

1

v(x, t)

]

\ LR WOXTaOM W bQVM NUZQSTUV
u(x, t) = u(X)

WRVN
ZR WTXM^STUV V (x, t)

MNS WUVVOM YRX

DV u(X) = ∇Xu(X).V = ut(x, t) + v(x, t).∇xu(x, t)
/1 \0 \ee4

* rs rs ��)y " �� w")�&!(�" "! ��)y " ��)!"
�J G�G�� KG �	�� KG �UVNTWOXUVN Z bM�M[YZM NQTaRVS W b�� WQ YXM[ TMX UXWXM PQRNT
ZTVORTXM j

ut(x, t) + a(u)ux(x, t) = 0
/1 \0 \e04

] RVN ZM ^RN U�
a(u) =

∂f(u)

∂u

` UV Y MQS RZUXN XOO^XTXM Z bOPQRSTUV 1 \0 \e0 ^U[[M j

ut(x, t) + f(u)x = 0
/1 \0 \e14

�MSSM OPQRSTUV Y MQS gSXM TVSMXYXOSO ^U[[M ZR ^UVNMXaRSTUV WM ZR PQRVSTSO
u
\ �V M�MS ` Y ZRhUVN

NQX QV WU[ RTVM
[0, T ]× [a, b]

MS NQYY UNUVN PQM
u(x, t)

MNS ZR WMVNTSO W bQVM dXRVWMQX PQMZ^UVPQM �
Z bTVNSRVS

t
MV

x
\ L R PQRVSTSO SUSRZM WM ^MSSM dXRVWMQX NQX ZM NMd[ MVS

[a, b]
� Z bTVNSRVS

t
N bM�YXT[ M

YRX

U(t) =

∫ b

a

u(x, t) dx
/1 \0 \e3 4

MS ZR aTSMNNM WM aRXTRSTUV WM ^MSSM dXRVWMQX N bM�YXT[ M YRX

dU(t)

d t
=

d

d t

∫ b

a

u(x, t) dx
/1 \0 \e�4

iV VUSM
f(x, t)

Z bRYY UXS M� SOXTMQX WM ^MSSM dXRVWMQX MV QV Y UTVS
x
� Z bTVNSRVS

t
\ � NQMZZM[ MVS `

UV RYY MZZM ^MSSM RYY UXS QV �Q� \ iV NQYYUNM Y UQX NT[YZT
MX PQM ^M �Q� WM [ RST~XM V bMNS Y UNNT_ ZM
PQ bRQ� M� SXM[ TSON MV MNYR^M WQ WU[ RTVM \ LM �Q� SUSRZ NM ZT[ TSM WUV^ �

f(a, t) − f(b, t)
PQT MNS

OdRZM � ZR aRXTRSTUV WM ZR PQRVSTSO
U(t)

NUTS j

dU(t)

d t
=

d

d t

∫ b

a

u(x, t) dx = f(a, t) − f(b, t)
/1 \0 \e�4

aM^ WM _ UVVMN }�Y US}~NMN WM XOdQZRXTSO NQX
u
MS

f
` ^MSSM OPQRSTUV MNS OPQTaRZMVSM � j

∫ b

a

ut(x, t) dx = −

∫ b

a

fx(x, t) dx
/1 \0 \e�4

iV U_NMXaM PQM NT Z bOPQRSTUV /1 \0 \e14 MNS XMNY M^SOM RZUXN Z bOPQRSTUV YXO^OWMVSM MNS aOXT
OM \ �T WM
YZQN ^MSSM WMXVT~XM MPQRSTUV MNS aOXT
OM PQMZPQM NUTS Z bTVSMXaRZZM

[a, b]
MS RaM^ WM _ UVVMN }�Y US}~NMN

WM XOdQZRXTSO ` UV Y MQS U_SMVTX Z bOPQTaRZMV^M MVSXM /1 \0 \e14 MS /1 \0 \e�4 \
�V
V ` NT ZM �Q� MNS ZTVORTXM MV

u
` ^ bMNS � WTXM

f(u) = C(x, t)u(x, t)
` UV U_STMVS RZUXN QVM ��

WQ YXM[ TMX UXWXM ZTVORTXM j

ut(x, t) + f(u)x = ut(x, t) + C(x, t)ux(x, t) + Cx(x, t)u(x, t) = 0
/1 \0 \e�4
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CDEFG HIJIFDK ] bQVM cRhUV YZQN dOVOXRZM Y UQX
u : Ω ⊂ IRn 7→ IR

` UV WO
VTS ZR cUX[ M ^UVNMX

aRSTaM WMN OPQRSTUVN WM SXRVNY UXS WM ZR cRhUV NQTaRVSM j







ut(x, t) + divx(a(x, t)u(x, t)) = 0, t ∈ IR, x ∈ IRn

u(t = 0, x) = u0(x)

/1 \0 \e�4

U�
a(x, t) : IRn × IR 7→ IRn MNS QV ^}R[Y WM aM^SMQXN WUVVON \  ^UVSXRXTU ` UV WO
VTS ZR cUX[ M

cUXSM WMN OPQRSTUVN WM SXRVNY UXS WM ZR cRhUV NQTaRVSM j







ut(x, t) + c(x, t)∇xu(x, t) = d(x, t, u)

u(t = 0, x) = u0(x)

/1 \0 \0�4

* rs r* �&)&�!z)" %�'")�� v(�#" "! v(" &�"� v"w ��� %�'")�� v(�#"w
LMN OPQRSTUVN WM SXRVNY UXS NUVS RQNNT PQRZT
OMN W b}�Y MX_ UZTPQMN ^RX MZZMN cUVS RYYRXR�SXM

QVM VUSTUV WM YXUYRdRSTUV � aTSMNNM 
VTM \ LR WTXM^STUV WM YXUYRdRSTUV b(x, t)

a(x, t)

MNS RQNNT RYY MZOM
��������� ���������� �����\ LM ZTMV RaM^ ZMN �� }�Y MX_ UZTPQMN [ UWOZTNRVS ZMN YXUYRdRSTUV W bUVWMN
Y MQS gSXM cRTS WTXM^SM[ MVS \ �UVNTWOXUVN QV N� NS~[ M }�Y MX_ UZTPQM WM YXUYRdRSTUV W bUVWMN j



















wtt − c2∆xw = 0, t ∈ IR, x ∈ IRn

w(x, t = 0) = w0(x)

wt(x, t = 0) = v0(x)

/1 \0 \0 e4

U�
c
WONTdVM ZR ^OZOXTSO WMN UVWMN \ �MSSM OPQRSTUV Y MQS gSXM [ TNM NUQN ZR cUX[ M W bQV N� NS~[ M WM

n + 1
ZUTN WM ^UVNMXaRSTUVN WQ YXM[ TMX UXWXM \ iV TVSXUWQTS Y UQX ^MZR ZMN PQRVSTSON







v = wt

u = c∇xv

/1 \0 \004

MS Z bUV U_STMVS RZUXN QV N� NS~[ M WM ZUT WM ^UVNMXaRSTUVN j






vt − cdivx u = 0

ut − c∇xu = 0

/1 \0 \014

	 MdRXWUVN [ RTVSMVRVS ZMN RNY M^SN OVMXdOSTPQMN W bQV N�NS~[ M WM YXUYRdRSTUV W bUVWMN \ iV
RNNU ^TM NUQaMVS QVM OVMXdTM WM ZR cUX[ M j

E(t, x) =
1

2

(

|wt|
2 + c2|∇xw|2

)

=
1

2

(

v2 + |u|2
) /1 \0 \03 4

�V [QZSTY ZTRVS YRX
v
ZR YXM[ T~XM OPQRSTUV WQ N�NS~[ M /1 \0 \014 MS ZR NM^UVWM YRX

u
` UV U_STMVS

MV RWWTSTUVVRVS j
1

2

∂

∂t

(

v2 + |u|2
)

− cdiv(vu) = 0
/1 \0 \0�4

�	����� ��� �� �� ������	 � ���
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�MSSM ZUT SXRWQTS QV YXTV^TY M WM ^UVNMXaRSTUV NQYYZO[ MVSRTXM \ �V M�MS ` MV TVSOdXRVS Z bOPQR

STUV /1 \0 \0�4 NQX

Ω
/NQYY UNUVN PQM ZMN cUV^STUVN NUTMVS

L2 4 MS YRX TVaMXNTUV WMN WOXTaOMN MS WMN
TVSOdXRZMN /XOdQZRXTSO NQ� NRVSM4 Z bOPQRSTUV NQTaRVSM MNS U_SMVQM j

∫

Ω

(

v2 + |u|2
)

dx =

∫

Ω

(

v2
0 + |u0|

2
)

dx,∀t ≥ 0, u0 = c∇w0
/1 \0 \0�4

] RVN ZM ^RN VUV ZTVORTXM ` VUQN aMXXUVN PQ bQVM ZUT WM ^UVNMXaRSTUV ^U[[M ^MZZM
^T MNS RYY MZOM
MVSXUYTM \ �M ^UV^MYS MNS SX~N T[YUXSRVS RQNNT _ TMV Y UQX Z bRVRZ�NM [ RS}O[ RSTPQM WM ^MN OPQRSTUVN
PQM Y UQX ZMN [ OS}UWMN VQ[ OXTPQMN \

; <; � ����@m @m B�?�B��?� ���Am 

iV WUVVM ` WRVN ^M YRXRdXRY}M ` PQMZPQMN XONQZSRSN ^UV^MXVRVS ZMN NUZQSTUVN WMN OPQRSTUVN WM
SXRVNY UXS \ iV SXUQaMXR YZQN WM WOSRTZN NQX ZMN RNY M^SN [ RS}O[ RSTPQMN WRVN QV UQaXRdM ^U[[M
/� �6:9� �.6 ` e���4

] RVN ^M YRXRdXRY}M ` UV WUVVM W bR_ UXW PQMZPQMN XONQZSRSN NQX ZMN NUZQSTUVN WMN OPQRSTUVN
WM SXRVNY UXS � ^UM� ^TMVSN ^UVNSRVSN YQTN aRXTR_ZMN \ | ZQN PQM ZMN XONQZSRSN W bM� TNSMV^M MS W bQVT

^TSO VUQN R^^UXWUVN W bRaRVSRdM W bT[Y UXSRV^M � ZR ^UVNSXQ^STUV MS � ZR cUX[ M WMN NUZQSTUVN \ �MN
XONQZSRSN ^UVNTW~XMVS WMN YXU_Z~[ MN Y UNON NQX SUQS

x ∈ IRn \

* r* rt � x!%�$"w $"w �&)&�!x)(w!(�#"w '�#) v 	x�#&!(� $" !)& w'�)! 
 ��"� �
� (" !w �� w!& !w r

�UTS
v ∈ IRn ` ^UVNTWOXUVN ZM YXU_Z~[ M WM �RQ^}� }U[ Ud~VM W bTV^UVVQM u ≡ u(x, t)

` NQX
IRn × IR+ j







ut + v · ∇xu = 0, t > 0, x ∈ IRn

u(x, 0) = u0(x), x ∈ IRn

/1 \1 \e4

U� ZR cUV^STUV u0(x)
MNS QVM WUVVOM WQ YXU_Z~[ M \

�QYYUNUVN PQM ZR cUV^STUV u
MNS WM ^ZRNNM C1 NQX

IRn× IR+ MS Y UNUVN
φy(t) = u(y + tv, t),∀y ∈

IRn \ L R cUV^STUV φy

MNS WM ^ZRNNM C1 /^U[[ M ^U[YUNOM WM cUV^STUVN C1 4 Y UQX SUQS y ∈ IRn MS Z bUV
R  j

d

dt
φy(t) = (

∂

∂t
+ v · ∇x)u(y + tv, t) = 0,∀t > 0

/1 \1 \04
LR cUV^STUV φy

MNS WUV^ ^UVNSRVSM NQX
IR+ j

u(y + tv, t) = φy(t) = φy(0) = u0(y)
/1 \1 \14

�V YUNRVS
y = x − tv

` UV U_STMVS ZM XONQZSRS WO� � MVaTNRdO YXO^OWM[[MVS j

u(x, t) = u0(x − tv), t ≥ 0, x ∈ IRn /1 \1 \3 4

�� d

dt
=

∂

∂t

d t

d t
+

∂

∂x

dx

d t �� �� �� ������� �� ���� �� �� ���������� df

=

∂f

∂t
dt +

∂f

∂x
dx

�	����� ��� �� �� � �����	 � ���
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	 O^TYXUPQM[ MVS ` NT
u0 ∈ C1(IRn)

` ZR cUV^STUV u : (x, t) 7→ u0(x−tv)
MNS WM ^ZRNNM C1(IRn×IR+)MS UV [ UVSXM PQ bMZZM MNS NUZQSTUV WM /1 \1 \e4

�M ^RZ^QZ NT[YZM MNS ^UVVQM NUQN ZM VU[ WM � ������ ��� ���������������� \ iV RYY MZZM ������
��������������� WM Z bOPQRSTUV /1 \1 \e4 SUQSM ^UQX_ M YRXR[ OSXOM YRX

t
WRVN

IRn × IR+ WM ZR cUX[ M
t 7→ (t, x + tv)

\ LR [ OS}UWM WMN ^RXR^SOXTNSTPQMN M�YZUTSM NT[YZM[ MVS ZM cRTS PQM ZR NUZQSTUV
WM Z bOPQRSTUV /1 \1 \e4 MNS ^UVNSRVSM ZM ZUVd WMN ^UQX_ MN ^RXR^SOXTNSTPQMN \ fUQN aMXXUVN PQM ^MSSM
[ OS}UWM Y MQS NM dOVOXRZTNMX RQ� �� ZTVORTXMN WQ NM^UVW UXWXM \

	 ONQ[ UVN ^M YRXRdXRY}M QV XONQZSRS W bM� TNSMV^M MS W bQVT^TSO j
��I�F�� G � 	� 	
 |UQX SUQSM cUV^STUV u0 WM ^ZRNNM C1(IRn)

` ZM YXU_Z~[ M /1 \1 \e4 RW[ MS QVM
QVTPQM NUZQSTUV

u
WM ^ZRNNM C1(IRn × IR+)

\ �MSSM NUZQSTUV MNS WUVVOM YRX j

u(x, t) = u0(x − tv), t ≥ 0, x ∈ IRn /1 \1 \�4

❏

� F�� K�� G J�J ��� �H�JG �J G�GF� 	�G�� �UTS
c ≡ c(x, t)

MS
d ≡ d(x, t)

WMQ� cUV^STUVN WM
^ZRNNM C1(IR+ × IRn)

\ iV Y MQS [ UVSXMX PQM Y UQX SUQS
u0 ∈ C1(IRn)

` ZM YXU_Z~[ M






ut + v · ∇xu + cu = d, t > 0, x ∈ IRn

u(x, 0) = u0(x), x ∈ IRn

/1 \1 \�4

RW[ MS QVM QVTPQM NUZQSTUV
u
WM ^ZRNNM C1(IRn × IR+)

MS PQM ^MSSM NUZQSTUV MNS WUVVOM YRX j

u(t, x) = u0(x − tv) exp

(

−

∫ t

0
c(τ, x − tv + τv) dτ

)

, t ≥ 0

+

∫ t

0
exp

(

−

∫ t

s

c(τ, x − tv + τv) dτ

)

d(s, x − tc + sv) ds, t > 0, x ∈ IRn

/1 \1 \�4

* r* rs � x!%�$"w $"w �&)&�!x)(w!(�#"w '�#) v 	x�#&!(� 
 ��"� � (" !w �&)(&� v"w
]RVN ^M YRXRdXRY}M ` UV ^UVNTW~XM ZM YXU_Z~[ M WM SXRVNY UXS � ^UM� ^TMVSN aRXTR_ZMN j







ut + v(x, t) · ∇xu = 0, t > 0, x ∈ IRn

u(x, 0) = u0(x), x ∈ IRn

/1 \1 \�4

U� ZR cUV^STUV u0(x)
MNS QVM WUVVOM WQ YXU_Z~[ M ` RTVNT PQM ZR WUVVOM WQ �^}R[Y WM aTSMNNM	

v(x, t) : IRn × IR+ 7→ IR
\

f UQN RZZUVN MNNR�MX W bRWRYSMX RQ ^RN � ^U M� ^TMVSN aRXTR_ZMN ZR [ OS}UWM WMN ^RXR^SOXTNSTPQMN
TVSXUWQTSM WRVN ZM � YXO^~WMVS \ ] O
VTNNUVN SUQS W bR_ UXW ZR VUSTUV WM ^UQX_ M ^RXR^SOXTNSTPQM \
� I�J 	� 	�J � 	� 	
 �VM ^UQX_ M ^RXR^SOXTNSTPQM WM Z bOPQRSTUV WM SXRVNY UXS /1 \1 \�4 MNS QVM NUZQSTUV
X

WQ N�NS~[ M WT� OXMVSTMZ UXWTVRTXM j

dX

dt
= v(X(t), t), X(t0) = x0

/1 \1 \�4

❏

�	����� ��� �� �� ������	 � ���
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 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

�MSSM WO
VTSTUV N bM�YZTPQM MV RYYZTPQRVS ZM S}OUX~[ M WM WOXTaRSTUV WMN RYYZT^RSTUVN ^U[Y UNOMN
Y UQX

x
RYYRXSMVRVS � QVM ^UQX_ M ^RXR^SOXTNSTPQM X(t)

j

d

d t
u(X(t), t) = ut(X(t), t) +

dX

dt
· ∇xu(X(t), t)

= ut(X(t), t) + v(x, t) · ∇xu(X(t), t) = 0

/1 \1 \e�4

iV XM[ RXPQM PQM Z bUV OSMVW ZR YXUYXTOSO WQ ^RN � ^UM� ^TMVSN ^UVNSRVSN \ LR NUZQSTUV MNS NSRSTUV

VRTXM ZM ZUVd WMN ^UQX_ MN ^RXR^SOXTNSTPQMN \

|UQX Z bOSQWM WMN OPQRSTUVN WM SXRVNY UXS RaM^ QV �^}R[Y WM aTSMNNM	 aRXTR_ZM ` UV MNS WUV^
R[ MVO � OSQWTMX QVM �� /1 \1 \�4 \ LMN ^UVWTSTUVN W bM� TNSMV^M MS W bQVT^TSO WMN NUZQSTUVN PQT Y UXSMVS
NQX

v(x, t)
NUVS WUVVOMN YRX ZMN S}OUX~[ MN NQX ZMN �� aQN RQ �}RYTSXM 0 /�RQ^}�
LTYN^}TS� 4 \

fUQN cMXUVN Z b}�Y US}~NM WRVN ZR NQTSM PQM ^MN ^UVWTSTUVN NUVS XMNY M^SOMN ` ^ bMNS R WTXM j
v
MS

∇xvNUVS ^UVSTVQMN NQX
[0, T ] × IRn MS PQM

v
aOXT
M ZR ^UVWTSTUV WM ^XUTNNRV^M j

|v(x, t)| ≤ C(1 + |x|), C > 0, ∀(t, x) ∈ [0, T ] × IRn /1 \1 \ee4
LUXNPQ bQVM NUZQSTUV RQ N� NS~[ M /1 \1 \�4 M� TNSM MS MNS QVTPQM ` VUQN ZR VUSMXUVN

X(t, t0, x0)
\ ]M

[ RVT~XM YZQN dOVOXRZM ` UV WO
VTS ZM � �� ��������������� YRX Z bRYYZT^RSTUV NQTaRVSM j

X : (s, t, x) ∈ [0, T ] × [0, T ] × IRn 7→ X(s, t, x) ∈ IRn /1 \1 \e04
iV R aQ RQ YRXRdXRY}M YXO^OWMVS PQM ZM �US XMNY M^SRTS Z bOPQRSTUV WT�OXMVSTMZZM /1 \1 \�4 MV

aRXTR_ZM
s
` T \M j

∂X(s, t, x)

∂s
= v(s,X(s, t, x))

/1 \1 \e14
]UVVUVN ^M ZM[[ M SM^}VTPQM WM ^RZ^QZ j

�G�� G � 	� 	
 �UTMVS
T > 0

`
v
MS

∇xv
NUVS ^UVSTVQMN NQX [0, T ]× IRn MS aOXT
RVS ZR YXUYXTOSO WM

^XUTNNRV^M j /1 \1 \ee4 RZUXN `
∀t1, t2, t3 ∈ [0, T ]

` MS
x ∈ IRN ` UV R j

X(t3, t1, x) = X(t3, t2,X(t2, t1, x))
/1 \1 \e3 4

� ����� � � ZO[ MVSN WM |XMQaM j � OXT
MX PQM ^}RPQM [ M[_XM WM /1 \1 \e3 4 WO
VTS QVM ^UQX_ M ^RXR^

SOXTNSTPQM YRXR[ OSXOM YRX

t3
MS YRNNRVS YRX

X(t2, t1, x)
YUQX

t3 = t2
\ �UV^ZQXM YRX ZR YXUYXTOSO

W bQVT^TSO \
❏

iV Y MQS [ UVSXMX WM YZQN PQM ZM �US MNS QVM NUZQSTUV WM Z bOPQRSTUV WM SXRVNY UXS MV aRXTR_ZMN
(t, x)

\ |UQX ^MZR ` WUVVUVN ZM ZM[[ M NQTaRVS j
�G�� G � 	� 		 LM �US

X
aOXT
M Z bOPQRSTUV WM SXRVNY UXS j

Xt(s, t, x) + v(x, t) · ∇xXt(s, t, x) = 0, 0 < s, t < T, x ∈ IRn /1 \1 \e�4

�	����� ��� �� �� � �����	 � ���
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 � � ��� ��	� �	� ���������� ����	� � �

� ����� � �ZM[ MVSN WM |XMQaM j
2 ]OXTaMX ZR XMZRSTUV /1 \1 \e3 4 YRX XRYY UXS �

t22 �Q_NSTSQMX
t1 = t2 = t

MS
t3 = s

❏

|UQX SMX[ TVMX ` VUQN WUVVUVN ZR NUZQSTUV dOVOXRZM WQ YXU_Z~[ M WM SXRVNY UXS j
��I�F�� G � 	� 		 |UQX SUQSM cUV^STUV ` u0 ∈ C1(IRn)

` ZM YXU_Z~[ M /1 \1 \�4 RW[ MS QVM QVTPQM
NUZQSTUV

u ∈ C1(IRn × [0, T ])
5 ^MSSM NUZQSTUV MNS WUVVOM YRX ZR cUX[QZM

u(x, t) = u0(X(0, t, x)),∀t ∈ [0, T ], x ∈ IRn /1 \1 \e�4

U�
X

MNS ZM �US ^RXR^SOXTNSTPQM RNNU ^TO � Z bOPQRSTUV WM SXRVNY UXS \

❏

� ����� � �U[[M ZR cUV^STUV t 7→ u(X(t, 0, x), t)
MNS ^UVNSRVSM W bRYX~N ZM ZM[[ M 1 \1 \0 ` UV R

u(X(t, 0, x), t) = u(X(0, 0, x), 0) = u0(x),∀t ∈ [0, T ], x ∈ IRn /1 \1 \e�4

�V Y UNRVS
y = X(t, 0, x)

` W bRYX~N ZM ZM[[ M 1 \1 \e` UV R
x = X(0, t, y)

WM NUXSM PQM /1 \1 \e�4 MNS
OPQTaRZMVS � /1 \1 \e�4 \ LR XO^TYXUPQM N bRYYQTM NQX ZM ZM[[ M 1 \1 \0 \

❏

� F�� K�� G J�J ��� �H�JG �J G�GF� 	�G�� �UTS
c ≡ c(x, t)

MS
d ≡ d(x, t)

WMQ� cUV^STUVN WM
^ZRNNM C1(IRn × [0, T ])

\ iV Y MQS [ UVSXMX PQM Y UQX SUQS
u0 ∈ C1(IRn)

` ZM YXU_Z~[ M






ut + v(x, t) · ∇xu + cu = d, t > 0, x ∈ IRn

u(x, 0) = u0(x), x ∈ IRn

/1 \1 \e�4

RW[ MS QVM QVTPQM NUZQSTUV
u
WM ^ZRNNM C1(IRn × [0, T ])

MS PQM ^MSSM NUZQSTUV MNS WUVVOM YRX j

u(t, x) = u0(X(0, t, x)) exp

(

−

∫ t

0
c(τ,X(τ, t, x)) dτ

)

, t ≥ 0

+

∫ t

0
exp

(

−

∫ t

s

c(τ,X(τ, t, x)) dτ

)

d(s,X(s, t, x)) ds, t ∈ [0, T ], x ∈ IRn

/1 \1 \e�4

* r* r* � xw� v#!(� ')&!(�#" '&) v& yx!%�$" $"w �&)&�!x)(w!(�#"w
iV WUVVM WRVN ^M YRXRdXRY}M QVM [ OS}UWM WM XONUZQSTUV WMN �� WQ YXM[ TMX UXWXM PQT

N bRYYQTM NQX ZR [ OS}UWM WMN ^RXR^SOXTNSTPQMN \ iV ^UVNTW~XM WRVN ^M YRXRdXRY}M WTXM^SM[ MVS ZM
^RN PQRNT
ZTVORTXM MS YRN VO^MNNRTXM[ MVS }U[ Ud~VM Y UQX

(x, y) ∈ IR2 \
�UVNTWOXUVN QVM NUZQSTUV

z = u(x, y)
WM Z bOPQRSTUV WM SXRVNY UXS PQRNT
ZTVORTXM NQTaRVSM j

a(x, y, u)ux(x, y) + b(x, y, u)ux(x, y) = c(x, y, u)
/1 \1 \0�4

�	����� ��� �� �� ������	 � ���
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 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

�VM VUX[ RZM `
n

� ^MSSM NQXcR^M NUZQSTUV MNS ^UZTVORTXM � j

∇(u(x, y) − z) =







ux

uy

−1







/1 \1 \0 e4

L bOPQRSTUV /1 \1 \0�4 Y MQS WUV^ N bO^XTXM j






a

b

c






.n = 0

/1 \1 \004

^M PQT T[YZTPQM PQM ZM aM^SMQX [a, b, c]T
MNS YRXSUQS SRVdMVS RQ� NQXcR^MN NUZQSTUVN \ �M^T VUQN

R[ ~VM � ^UVNSXQTXM ZMN ^UQX_ MN ^RXR^SOXTNSTPQMN MV ^}MX^}RVS ZR NUZQSTUV WQ N� NS~[ M W b��
NQTaRVS j















































dx

d τ
= a(x, y, u)

d y

d τ
= b(x, y, u)

du

d τ
= c(x, y, u)

/1 \1 \014

�������� � �� ��
e\ LMN ^UQX_ MN ^RXR^SOXTNSTPQMN ` NUZQSTUVN WM ^M N� NS~[ M ` ^U	V^TWMVS RaM^ ZR WO
VTSTUV WQ YRXR


dXRY}M YXO^OWMVS Y UQX ZM ^RN YRXST^QZTMX ZTVORTXM }U[ Ud~VM MS RaM^ y = t
`
a(x, y, u) = v(x, t)

`
MS

c(x, y, u) = 0
5 ZR WMXVT~XM ^UVWTSTUV XMaMVRVS � ^M PQM ZMN NUZQSTUVN NUTMVS ^UVNSRVSMN NQX

ZMN ^UQX_ MN ^RXR^SOXTNSTPQM YRXR[ OSXOM YRX
τ

0 \ ] RVN ZM ^RN WMN OPQRSTUVN ZTVORTXMN ` ZM N� NS~[ M W b�� MNS WO^UQYZO \

❏

C�JE 	� 	�J� D
� K	� 	�G� 	 �VM cUTN ^UVVQM ZR NUZQSTUV dOVOXRZM
(x(τ), y(τ), u(τ))

WQ N�NS~[ M
/1 \1 \014 ` TZ ^UVaTMVS W bRYYZTPQMX ZMN ^UVWTSTUVN RQ� ZT[ TSMN \ iV NQYY UNM Y UQX ^MZR PQM ZR NUZQSTUV
u(x, y)

MNS NY O^T
OM NQX QVM ^UQX_ M Γ
\ �MZR XMaTMVS � WUVVMX

u = u0(s)
YUQX

(x0(s), y0(s)) ∈ Γ
/
sYRXR[ OSXTNM ZR ^UQX_ M Γ

4 NUTS j

x = x0(s), y = y0(s), u = u0(s)
YUQX

τ = 0
/1 \1 \03 4

|UQX QV M�M[YZM ` aUTX Z bM�MX^T^M e\

�� K
� 	�J DK�GFJD� 	�G LM N�NS~[ M W b�� /1 \1 \014 Y MQS gSXM XORXXRVdMX NUQN ZR cUX[ M NQTaRVSM j

dx

a(x, y, u)
=

dy

b(x, y, u)
=

du

c(x, y, u)

/1 \1 \0�4

�	����� ��� �� �� � �����	 � ���
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 �� � � 	 � ������ 	 �	� ��� �� ����� ��� ��� � �	� ��

�T UV MNS ^RYR_ZM WM SXUQaMX WMQ� TVSOdXRZMN ZTVORTXM[ MVS TVWOY MVWRVSMN WM ^M YXU_Z~[ M `
WTNUVN

f(x, y, u) = C1
MS

g(x, y, u) = C2
RZUXN ZR NUZQSTUV NUQN ZR cUX[ M T[YZT^TSM j

f(x, y, u) = F (g(x, y, u))
/1 \1 \0�4

RaM^ F
QVM cUV^STUV RX_TSXRTXM \

|UQX QV M�M[YZM ` aUTX Z bM�MX^T^M 1 \

; <� �m n?����� m @m B��@����� �A	 ��� ��m 

* r
 rt ��"y' v"w "! '�w(!(� $# ')�� vzy "
]RVN ^MSSM YRXSTM ` VUQN ^UVNTWOXUVN ZM YXU_Z~[ M RQ� ZT[ TSMN Y UQX Z bOPQRSTUV WM SXRVNY UXS \

] RVN ZM YRXRdXRY}M YXO^OWMVS ` ZM YXU_Z~[ M OSRTS Y UNO Y UQX
(t, x)

RYYRXSMVRVS � QV WU[ RTVM
I × IRn ` U� I

MNS TVSMXaRZZM WM
IR

\ iV U_SMVRTS RZUXN QV YXU_Z~[ M RQ� aRZMQXN TV TSTRZMN PQM Z bUV
Y MQS RQNNT RYY MZOM YXU_Z~[ M WM �RQ^}�\

iV NUQ}RTSM WONUX[ RTN TVSXUWQTXM WMN ^UVWTSTUVN RQ� ZT[ TSMN MV MNYR^M ` MS Y UQX ^MZR UV ^UVNT

W~XM QV UQaMXS

Ω ⊂ IRn � _ UXW
∂Ω C1 YRX [ UX^MRQ� \

|UQX XONUQWXM ZM YXU_Z~[ M j






ut(x, t) + v(x) · ∇xu(x, t) = 0, t > 0, x ∈ Ω,

u(x, 0) = u0(x), x ∈ Ω,

/1 \3 \e4

UV Y MQS R�UQSMX WMN ^UVWTSTUVN RQ� ZT[ TSMN NQX QVM YRXSTM WQ _ UXW
Γ ⊂ ∂Ω

WM ZR cUX[ M j

u(x, t) = ub(t), x ∈ Γ t > 0.
/1 \3 \04

�UVNTWOXUVN ZMN M�M[YZMN NQTaRVSN R
V WM NM cRTXM QVM TWOM WQ S�Y M WM ^UVWTSTUVN RQ� ZT[ TSMN
PQM Z bUV Y MQS T[Y UNMX \

��G�� KG 
 iV NM YZR^M WRVN ZM ^RN QVTWT[ MVNTUVVMZ `
n = 1

` RaM^ Ω =] − 1, 1[⊂ IR
MS RaM^ QV

^}R[Y ^UVNSRVS Y UNTSTc `
v(x, t) = v0 > 0

\ �UVNTWOXUVN ZMN ^UVWTSTUVN RQ� ZT[ TSMN NQTaRVSMN j






ut + v0ux = 0, t > 0, x ∈ Ω,

u(x, t = 0) = u0(x), u(−1, t) = u(1, t) = 0

/1 \3 \14

LM YXU_Z~[ M WO
VT RTVNT V bR ` MV dOVOXRZ ` YRN WM NUZQSTUV \ �V M�MS ` Z bOPQRSTUV WM SXRVNY UXS T[YZTPQM
PQM

u(x, x + v0t) = u0(x),∀x ∈] − 1, 1[
MS Y UQX SUQS

t ∈ [0, (1 − x)/v0]
\ |UQX

t = (1 − x)/v0
` UV

SXUQaM MV YRXST^QZTMX PQM u0(x) = 0
\ LM YXU_Z~[ M V bR WUV^ YRN WM NUZQSTUV � [ UTVN PQM

u0(x)
NUTS

TWMVSTPQM[ MVS VQZZM \
�������� � � ��
fUQN ^UVNSRSUVN � SXRaMXN ^MSSM XM[ RXPQM PQM ZMN ^UVWTSTUVN RQ� ZT[ TSMN Y UQX XONUQWXM QVM ��
WOY MVWMVS cUXSM[ MVS WM Z bUY OXRSMQX WT� OXMVSTMZ PQT TVSMXaTMVS WRVN ^MSSM �� \ fUQN aMXXUVN YRX

�	����� ��� �� �� ������	 � ���
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 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

M�M[YZM WRVN ZM �}RYTSXM � PQM ZM YXU_Z~[ M WM ] TXT^}ZMS Y UQX Z bUY OXRSMQX WM LRYZR^M RW[ MS QVM
NUZQSTUV QVTPQM Y UQX SUQSMN ^UVWTSTUVN RQ� ZT[ TSMN NQ� NR[[MVS XOdQZT~XMN \

❏

��G�� KG 	 iV ^UVNTW~XM ` � VUQaMRQ ZM YXU_Z~[ M WM Z bM�M[YZM
1
` [ RTN ZOd~XM[ MVS [ UWT
O j







ut + v0ux = 0, t > 0, x ∈ Ω,

u(x, t = 0) = u0(x), u(−1, t) = 0

/1 \3 \3 4

�U[[M YUQX Z bM�M[YZM YXO^~WMVS ` Z bOPQRSTUV WM SXRVNY UXS T[YZTPQM ZR NUZQSTUV j

u(x, t) = u0(x − v0t),
NT

x − v0t > −1
/1 \3 \�4

u(x, t) = 0,
NT

x − v0t < −1
/1 \3 \�4

�������� � � ��
]RVN ^M ^RN ` TZ M� TNSM QVM NUZQSTUV RQ YXU_Z~[ M \ |RX ^UVSXM ` UV ^UVNSRSM ` MV YRXST^QZTMX ` PQM [ RZdXO
QVM dXRVWM XOdQZRXTSO WMN WUVVOMN `

u0 ∈ C∞([−1, 1])
MS QVM cUV^STUV VQZZM ^U[[ M ^UVWTSTUV RQ�

ZT[ TSMN ` ZR NUZQSTUV MNS WTN^UVSTVQM MV SUQS Y UTVS WM ZR cUX[ M
(t, x = −1 + tv0)

\
❏

� �� �� ��#' �' �$�"	# &�

���#'% 
' &(( �#%"# &�
 '# 	���'
#'% (" 
�# &�
 �' ��
' � �&
�('
 	' �' (" 	�
�&# &�

"� (&� &#'� '# �' (" 	�
�&# &�
 &
 &# &"(' �

* r
 rs �"w w� v#!(� w $& w v"w {)& $"w v({ "w
iV ^UVNSRSM PQM [ RZdXO Z bM�SXg[ M NT[YZT^TSO RYYRXMVSM WM Z bOPQRSTUV WM SXRVNY UXS ` ZMN YXU


_Z~[ MN WM ^UVWTSTUVN RQ� ZT[ TSMN NUVS WMN YXU_Z~[ MN WOZT^RSN WRVN ZM ^RN dOVOXRZ \ ]M VU[_XMQ�
XONQZSRSN UVS OSO WUVVON WRVN ZR ZTSSOXRSQXM NQX ^M NQ� MS \ |UQX V bMV ^TSMX PQ bQV ` UV XMVaUTM �
/�96�+- ` e���4 \

�UVNTWOXUVN ZM YXU_Z~[ M WO^XTS YRX /1 \3 \e4 ` MS WO
VTNNUVN ZR YRXSTSTUV NQTaRVSM WQ _ UXW j

Γ+ = {x ∈ ∂Ω | v(x) · nx > 0}
/1 \3 \�4

Γ− = {x ∈ ∂Ω | v(x) · nx < 0}
/1 \3 \�4

Γ0 = {x ∈ ∂Ω | v(x) · nx = 0}
/1 \3 \�4

/1 \3 \e�4
LMN MVNM[_ZMN

Γ+,Γ−
MS

Γ0
WONTdVMVS XMNY M^STaM[ MVS ZMN YRXSTMN WQ _ UXW U� ZM ^}R[Y WM aM^SMQX

v(x)
MNS NUXSRVS ` XMVSXRVS UQ SRVdMVS \

�U[[M ZMN M�M[YZMN YXO^OWMVSN ZM ZRTNNMVS MVaTNRdMX ` ZMN ^UVWTSTUVN RQ� ZT[ TSMN Y UQX Z bOPQRSTUV
WM SXRVNY UXS /1 \3 \e4 Y UNOMN QVTPQM[ MVS NQX

Γ−
^UVWQTNMVS � QV YXU_Z~[ M _TMV Y UNO /M� TNSMV^M MS

QVT^TSO4 \ iV VUSM QNQMZZM[ MVS WUV^ ^MSSM ^UVWTSTUV RQ� ZT[ TSMN WM ZR [ RVT~XM NQTaRVSM j

u|Γ
−

(x, t) = ub(x, t)
/1 \3 \ee4
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; <� ���B o � ��m��m m�  � �A���� �����m 

� �� �� ��#' �' �$�"	# &�

�%�� (�
	 ��% 	' 	
"� &#%' � �'# �#%' %'�%'
�%' �& �
 (' #'�� � �"
 � (' 	
"� &#%' �%
('� ��#�� '� 
�'%��(&�'� 
�
 (&
$"&%'� �

� � ��'��(' �&��(' "�'	 
' �&�	�
# &
 &#'� �+� .,, ����� � � �.�96�� � �+�.6-
������

� �  
#%�� 	# &�
 �'� �&�#% &�# &�
 �
� � !�(# &�
� �"&�('�
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�0 ���� � �� 	 
 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

; <� ��� @m B�� m?p����� m� � �B����Am @m � ���mA	 B�����A 

fUQN XRYY MZUVN WRVN ^MSSM YRXSTM ZMN _RNMN W bQV [ UW~ZM PQT Y MX[ MS WM SXRWQTXM QV YXTV^TY M
cUVWR[ MVSRZ MV Y}�NTPQM j ZM YXTV^TY M WM ^UVNMXaRSTUV \ fUQN Z bTZZQNSXUVN WTXM^SM[ MVS MV � O^R

VTPQM WMN � TZTMQ� �UVSTVQN MV XMVaU�RVS RQ� UQaXRdMN ^ZRNNTPQMN NQX ^M NQ� MS /*.6:9 � ` e��1 5
�9,.��+� ` e���4 Y UQX YZQN WM WOSRTZN \ �V SX~N _ UV ^UQXN WM � O^RVTPQM WMN [ TZTMQ� ^UVSTVQN
YRX *966 ��.- /0��04 Y MQS RQNNT gSXM SOZO^}RXdO \

* r� rt � "w�)('!(� "# vx)("  " "! $"w�)('!(� v&{)& { ("  "
�UVNTWOXUVN QV [ TZTMQ ^UVSTVQ M

` T \M ` QV [ TZTMQ ^UVSTVQ WM YRXST^QZMN [ RSOXTMZZMN VUV TNUZOMN \
 SUQS TVNSRVS

t ∈ [O,T ]
` UV RYY MZZM ZR ���� ��������

Ω
t ZR YRXSTM WM

IR3 U ^^QY OM YRX ZMN YRXST^QZMN
^UVNSTSQRVSN M

\ iV VUSM
Ωt Z bTVSOXTMQX WM ^MS MVNM[_ZM MS

Γt NR cXUVST~XM \ LR ^UV
dQXRSTUV �
Z bTVNSRVS TV TSTRZ

Ω
0 NMXR RYY MZOM ZR ���� �������� �� ��	 ���� �� \

] O
VTNNUVN QV XMY ~XM RSSR^}O � ZR ^UV
dQXRSTUV WM XOcOXMV^M PQM VUQN VU[[MXUVN ��� 
��
�� ��	 ������ WO
VTM YRX SXUTN R�MN UXS}UdUVRQ�

X1
`
X2

MS
X3

[QVTN WM ZMQXN aM^SMQXN QVTSRTXMN
E1

`
E2

MS
E3

MS NUV UXTdTVM
O
\ LMN YRXST^QZMN [ RSOXTMZZMN NMXUVS WONTdVOMN YRX ZMQX Y UNTSTUV `

X
`

WRVN ^M XMY ~XM j

X =
[

X1 X2 X3

]T

{Ei}
= X1E2 + X2E2 + X3E3.

/1 \� \e4

iV WO
VTS [ RTVSMVRVS ZR 	 �� ����� ��������
χ

YRX j

χ : Ω
0
× [0, T ] −→ IR3,

/1 \� \04

(X, t) −→ x = χ(X, t).

�MSSM cUV^STUV cUQXVTS � Z bTVNSRVS
t
ZR Y UNTSTUV WM ZR YRXST^QZM WM

M
PQT U ^^QYRTS ZR Y UNTSTUV

X
�

Z bTVNSRVS TV TSTRZ \ �MSSM Y UNTSTUV MNS XMY OXOM � Z bTVNSRVS
t
YRX NMN ^U[YUNRVSMN j

x = [x1 x2 x3]
T
{Ei}

= x1E2 + x2E2 + x3E3.
/1 \� \14

|RX R_QN WM VUSRSTUV ` ZR cUV^STUV Y UNTSTUV MNS NUQaMVS ^UVcUVWQM RaM^ ZR cUV^STUV SXRVNcUX[ RSTUV \
iV RYY MZZM 	 ������� ��� ����� ���

u
ZR cUV^STUV WO
VTM YRX XRYY UXS � ZR ^UV
dQXRSTUV WM

XOcOXMV^M NQTaRVSM j

u : Ω
0
× [0, T ] −→ IR3 /1 \� \3 4

(X, t) −→ u(X, t) = χ(X, t) − X.

� G��F 	�� 	�J KDHFDJH 	GJJG G� EG��F 	�� 	�J G
 KIF 	GJJG 	 iV YRXZM Y UQX
X

WM ��������� ��� ��� �
� ������ UQ aRXTR_ZMN [ RSOXTMZZMN ` UQ MV^UXM TVMXSTMZZMN \ � bMNS ZM Y UTVS WM aQM ^UQXRVS MV [ O^RVTPQM
WQ NUZTWM ` U� TZ MNS � � ����� cR^TZM WM NQTaXM QVM YRXST^QZM WRVN NUV [ UQaM[ MVS \ LR ^UV
dQXR

STUV WM XOcOXMV^M MNS RZUXN YXTa TZOdTOM Y UQX Z bOSQWM WQ [ UQaM[ MVS \ LUXNPQM ZMN WTaMXNMN dXRVWMQXN
WO^XTaRVS QV N�NS~[ M [ O^RVTPQM NUVS M�YXT[ OMN YRX XRYY UXS � ZR ^UV
dQXRSTUV WM XOcOXMV^M MV

�	����� ��� �� �� � �����	 � ���
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NQTaRVS ZMN YRXST^QZMN WRVN ZMQX [ UQaM[ MVS ` UV YRXZM WM WMN^XTYSTUV ZRdXRVdTMVVM \ LMN aRXTR_ZMN
TVWOY MVWRVSMN NUVS WUV^ ZMN ^U[YUNRVSMN WM

X
` PQT WOY MVWMVS MZZMN
[g[ MN WQ SM[YN `

t
\

LR aTSMNNM NM WO
VTS WM ZR [ RVT~XM NQTaRVSM MV WMN^XTYSTUV ZRdXRVdTMVVM j

V (X, t) =
dχ(X, t)

dt
.

/1 \� \�4
kZ N bRdTS WM ZR WOXTaOM SUSRZM WM ZR Y UNTSTUV

χ
YRX XRYY UXS RQ SM[YN \ LR aRXTR_ZM

X
MNS NQYY UNOM

TVWOY MVWRVSM WM
t
\|RX ^UVSXM ` ZR Y UNTSTUV ^UQXRVSM x = χ(X, t)

MNS QVM cUV^STUV WQ SM[YN \
L bR^^OZOXRSTUV NM WO
VTS W~N ZUXN WM ZR cRhUV NQTaRVSM j

Γ(X, t) =
d2χ(X, t)

dt2
.

/1 \� \�4
LUXNPQM Z bUV NUQ}RTSM PQM ZR WMN^XTYSTUV NUTS TVWOY MVWRVSM W bQVM ^UV
dQXRSTUV WM XOcOXMV^M

MS PQM Z bUV OSQWTM ZMN ^}R[YN [ O^RVTPQMN MV QV YUTVS dOU[ OSXTPQM WUVVO YRX
x
` UV QSTZTNM QVM

WMN^XTYSTUV MQZOXTMVVM _RNOM NQX ZMN aRXTR_ZMN TVWOY MVWRVSMN `
x

MS
t
` WTSMN ��������� �����������

UQ MV^UXM dOU[ OSXTPQMN UQ NYRSTRZMN \ iV VM ^UVNTW~XM YZQN ZR Y UNTSTUV
x ^U[[M QVM aRXTR_ZM WM

X
MS WQ SM[YN

t
\ LR ^UV
dQXRSTUV R^SQMZZM MNS RZUXN YXTaTZOdTOM MS SUQSM ZR ^TVO[ RSTPQM WM ZR

SXRVNcUX[ RSTUV MNS WO^XTSM YRX ZR aTSMNNM MQZOXTMVVM `
v(x, t)

\ f RSQXMZZM[ MVS ` ZR aTSMNNM MQZOXTMVVM
MS ZR aTSMNNM ZRdXRVdTMVVM NUVS WMQ� M�YXMNNTUVN WT� OXMVSMN WM ZR [ g[ M dXRVWMQX Y}�NTPQM \

L bR^^OZOXRSTUV MQZOXTMVVM WUTS SMVTX ^U[YSM WM Z bTVWOY MVWRV^M WMN aRXTR_ZMN WM WMN^XTYSTUV MS
^UVWQTS � ZR cUX[QZRSTUV NQTaRVSM j

γ(x, t) =
dv(x, t)

dt
=

∂v(x, t)

∂t
+ ∇xv(x, t) ⊗̄ v(x, t).

/1 \� \�4
� TMV N�X ` ^MN WMQ� WMN^XTYSTUVN NUVS OPQTaRZMVSMN Y UQX Y MQ PQM Z bUV YQTNNM WO
VTX QVM ^UV
 


dQXRSTUV WM XOcOXMV^M \ |UQX XONQ[ MX ` ZR WMN^XTYSTUV ZRdXRVdTMVVM ` PQT NQTS QVM YRXST^QZM WRVN NUV
[ UQaM[ MVS � YRXSTX WM NR ^UV
dQXRSTUV WM XOcOXMV^M MNS YRXST^QZT~XM[ MVS _TMV RWRYSOM RQ� YXU

_Z~[ MN WM [ O^RVTPQM WMN NUZTWMN \ � bMNS QVM WMN^XTYSTUV MV SXR� M^SUTXMN ` PQT NUVS WO
VTMN ^U[[M
ZR Y UNTSTUV WMN Y UTVSN WM ZR ^UV
dQXRSTUV ZUXNPQM ZM SM[YN aRXTM \ LR WMN^XTYSTUV MQZOXTMVVM ` PQRVS
� MZZM ` WO^XTS ZMN YRXST^QZMN PQT YRNNM MV QV Y UTVS dOU[ OSXTPQM WUVVO RQ ^UQXN WQ SM[YN \ � bMNS
QVM WMN^XTYSTUV MV ZTdVMN WM ^UQXRVS YRXST^QZT~XM[ MVS _TMV RWRYSOM RQ� YXU_Z~[ MN WM [ O^RVTPQM
WMN �QTWMN \ iV XRYY MZZM PQM ZMN ZTdVMN WM ^UQXRVS NUVS WO
VTMN � TVNSRVS

t
WUVVO ^U[[M ZMN ZTdVMN

WQ ^}R[Y WM aTSMNNMN MQZOXTMVVMN ` ^ bMNS � WTXM ` ZMN ZTdVMN PQT MV ^}R^QV WM NMN Y UTVSN UVS QVM
SRVdMVSM YRXRZZ~ZM RQ aM^SMQX aTSMNNM \ ]RVN

IR3 ` ^MN ZTdVMN NUVS WUV^ WMN TVSOdXRZMN WQ N�NS~[ M
WT�OXMVSTMZ NQ TaRVS j

dx1

v1(x, t)
=

dx1

v2(x, t)
=

dx1

v3(x, t)

/1 \� \�4

* r� rs ��#&!(� w $" �� w")�&!(� 
kVSXUWQTNUVN WRVN ^MSSM YRXSTM PQMZPQMN XONQZSRSN ^ZRNNTPQMN XMZRSTcN � ZR ^UVNMXaRSTUV W bQVM

dXRVWMQX [ O^RVTPQM \ �UTS F QVM dXRVWMQX ZRdXRVdTMVVM WONTdVOM YRX
F(X, t)

` NR ^UVNMXaRSTUV RQ
^UQXN WQ SM[YN N bM�YXT[ M YRX j

dF(X, t)

dt
= 0.

/1 \� \�4
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 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

�T
F

MNS QVM dXRVWMQX MQZOXTMVVM ` NUTS
F(x, t) = F(χ(X, t), t)

NR ^UVNMXaRSTUV RQ ^UQXN WQ SM[YN
N bM�YXT[ M YRX j

dF(x, t)

dt
=

∂F(x, t)

∂t
+ ∇xF(x, t).

∂χ(X, t)

∂t
= 0.

/1 \� \e�4
�XRWTSTUVVMZZM[ MVS ` ^MSSM WOXTaOM MNS RYY MZOM WOXTaOM YRXST^QZRTXM UQ ^UVaM^STaM \ |UQX OaTSMX SUQSM
R[_TdQ 	SO ` UV ZR VUSMXR WRVN ZR NQTSM WM ZR [ RVT~XM NQTaRVSM j

DF(x, t)

Dt
=

∂F(x, t)

∂t
+ ∇xF(x, t).

∂χ(X, t)

∂t
,

=
∂F(x, t)

∂t
+ ∇xF(x, t).v(x, t).

�T
F

MNS QVM dXRVWMQX TVSOdXRZM NQX QV OZO[ MVS WM aUZQ[ M
Ω(t)

NQTaT WRVN NUV [ UQaM[ MVS ` T \M j

F(t) =

∫

Ω(t)
f(x, t) dx.

/1 \� \ee4

UV Y MQS N bRYYQ�MX NQX ZR cUX[QZM WTaMXdMV^M
�Q� Y UQX O^XTXM ^MSSM ^UVNMXaRSTUV NUQN ZR cUX[ M
W bQVM OPQRSTUV RQ� WOXTaOMN YRXSTMZZMN ZU ^RZMN j

DF(t)

Dt
=

∫

Ω(t)

∂f(x, t)

∂t
dx +

∫

∂Ω(t)
f(x, t)v.n ds,

=

∫

Ω(t)

∂f(x, t)

∂t
+

WTa
x(f(x, t).v) dx,

=

∫

Ω(t)

Df(x, t)

Dt
+ f(x, t).

WTa
xv dx.

�TSUVN MV
V ZM ZM[[ M cUVWR[ MVSRZ WM �9��8� PQT aR VUQN Y MX[ MSSXM WM XMZTMX ZMN NUQX^MN
aUZQ[ TPQMN MS ZMN �Q� NQXcR^TPQMN M� SOXTMQXN � ZR aRXTRSTUV WM

A(t)
NQX QV NUQN WU[ RTVM

ω(t) ⊂

Ω(t)
\ iV aR ^UVNTWOXMX PQM ZMN NUQX^MN aUZQ[ TPQMN WM

A(t)
NUVS WO
VTMN YRX j

∫

ω(t)
ϕA dx

/1 \� \e04

MS QV RYYUXS NQXcR^TPQM NQX ZR cXUVSTMXM � WM
ω
j

−

∫

∂ω(t)
JA ds,

/1 \� \e14

�G�� G � 	� 	
 ��JED� GJ�DK EG CD
��� � �UVNTWOXUVN QVM dXRVWMQX
A(t)

WO
VTM � YRXSTX WM
NM WMVNTSO NY O^T
PQM A(t)

j

∀ω(t) ⊂ Ω(t), A(t) =

∫

ω(t)
ρ(x, t)A(x, t) dx

/1 \� \e3 4

U�
ρ

MNS ZR [ RNNM aUZQ[ TPQM \ �T UV Y MQS M�YXT[ MX QVM ZUT WM ^UVNMXaRSTUV WM
A

NUQN ZR cUX[ M
NQTaRVSM j

DA(t)

Dt
=

∫

ω(t)
ϕA dx −

∫

∂ω(t)
JA ds, ∀ω(t) ⊂ Ω(t),

/1 \� \e�4

� � �
� ��	�� ��� ��� 
��������� ��� ���� ���  �
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RZUXN j
1) ∃ jA, JA = jA.n,

/1 \� \e�4

2)
∂

∂t
(ρA) +

WTa
x(ρAv) = ϕA −

WTa
xjA,

/1 \� \e�4
U�

n
MNS ZR VUX[ RZM � ZR NQXcR^M ∂ω(t)

NUXSRVSM WM
ω(t)

\

* r� r* ��( $" �� w")�&!(� $" v& y &ww"
�UVNTWOXUVN ZR [ RNNM W bQVM YRXSTM

ω(t) ⊂ Ω(t)
cMX[ OM 5 NR ^UVNMXaRSTUV RQ ^UQXN WQ SM[YN

N bM�YXT[ M YRX j
DM(t)

Dt
=

D

Dt

(

∫

ω(t)
ρ(x, t)x

)

= 0.
/1 \� \e�4

�V RYYZTPQRVS ZM ZM[[ M WM �9��8� ` UV U_STMVS Z bOPQRSTUV ZU ^RZM WM ZR ^UVNMXaRSTUV WM ZR [ RNNM j

∂ρ

∂t
+

WTa
x(ρv) = 0,

/1 \� \e�4

UQ WM [ RVT~XM OPQTaRZMVSM j

Dρ

Dt
+ ρ

WTa
x(v) = 0.

/1 \� \0�4

� G��
F �
F KG KG�� G ��JED� GJ�DK EG CD
��� �V QSTZTNRVS ZR cUX[QZM WM ZR WTaMXdMV^M
W bQV YXUWQTS `

WTa
x(ρAv) = A

WTa
x(ρv) + ρv∇xA,

/1 \� \0 e4
ZR WMQ� T~[ M RNNMXSTUV Y MQS gSXM XMcUX[QZOM � NUQN QVM cUX[ M YZQN SXRWTSTUVVMZZM � Z bRTWM WM Z bOPQR

STUV WM ^UVNMXaRSTUV WM ZR [ RNNM j

ρ
DA

Dt
= ϕA −

WTa
xjA.

/1 \� \004

* r� r
 ��( $" �� w")�&!(� $" v& �#& !(!x $" y �#�"y " !
�UTS

Text

` ZM SUXNMQX WMN M�UXSN M� SOXTMQXN RYYZTPQON RQ N�NS~[ M ` WO
VTNNUVN ZM SUXNMQX ^TVOSTPQM
VUSO

Tcin

YRX j

Tcin =















Rcin =

∫

ω(t)
ρv dx,

Mcin =

∫

ω(t)
x × ρv dx.

/1 \� \014

LM _TZRV WM PQRVSTSO WM [ UQaM[ MVS N bRYYQTM NQX ZM |XTV^TY M �UVWR[ MVSRZ WM ZR ]�VR[ TPQM PQT
Y MQS gSXM OVUV^O RTVNT j

�UTS
Ω(t)

ZR ^UV
dQXRSTUV W bQV N� NS~[ M YZUVdO WRVN QV XOcOXMVSTMZ dRZTZOMV `
∀ω(t) ∈ Ω(t)

`

DTcin(t)

Dt
= Text(t).

/1 \� \03 4
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 � �� ��� ���� 	 �� � �	� �	� ���� 	 � � ����� ���� �	 ������ �� �

�V TVSXUWQTNRVS ZMN cUX^MN aUZQ[ TPQMN
f(x, t)

N bRYYZTPQRVS NQX ZMN YRXST^QZMN WM
ω(t)

MS
t(x, t)ZMN cUX^MN NQXcR^TPQMN N bRYYZTPQRVS RQ� cXUVST~XMN WM

ω(t)
` UV U_STMVS j

DRcin(t)

Dt
=

∫

ω(t)
f(x, t) dx +

∫

∂ω(t)
t(x, t) ds,

/1 \� \0�4

DMcin(t)

Dt
=

∫

ω(t)
x × f(x, t) dx +

∫

∂ω(t)
x × t(x, t) ds.

/1 \� \0�4

�V RYYZTPQRVS ZM ZM[[ M WM �9��8� ` UV U_STMVS W bQVM YRXS Z bM� TNSMV^M W bQV SMVNMQX WQ NM^UVW
UXWXM /SMVNMQX WM ^UVSXRTVSMN WM �9��8� 4 SMZ PQM j

∃σ, t = σ.n = σ� ,
/1 \� \0�4

W bRQSXM YRXS ` Z bOPQRSTUV WQ [UQaM[ MVS � j

∂ρv

∂t
= f +

WTa
x(σ − ρv ⊗ v).

/1 \� \0�4

�V QSTZTNRVS ZR NM^UVWM cUX[QZRSTUV /1 \� \004 ` UV U_STMVS Z bM�YXMNNTUV SXRWTSTUVVMZZM WM Z bOPQRSTUV
WQ [UQaM[ MVS j

ρ
Dv(x, t)

Dt
= ργ(x, t) = f +

WTa
x σ.

/1 \� \0�4
�T Z bUV ^UVNTW~XM ` ^U[[ M ^MZR R OSO cRTS T[YZT^TSM[ MVS T^T ` PQM ZR WMVNTSO WM ^UQYZM RYYZTPQOM

� ^}RPQM YRXST^QZM MNS VQZZM ` Z bOPQRSTUV /1 \� \0�4 Y UXSRVS NQX ZMN [ U[ MVSN RYY UXSM ZR YXMQaM WM ZR
N�[OSXTM WQ SMVNMQX WMN ^UVSXRTVSMN WM �RQ^}�\

� �
⊗ ���  � ��� ���� �������� ��� � �
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iV WUVVM WRVN ^M YRXRdXRY}M WMN RYYZT^RSTUVN PQT NUXSMVS QV Y MQ WQ ^RWXM ^ZRNNTPQM WMN
�� YUQX ZMN N^TMV^MN WM Z bTVdOVTMQX \ �MN M�M[YZMN NUVS M[YXQVSON � /�.6789:. ` 0��120��3 4

* r� rt � �$zv" $" $xy �{)&'%("�� " �#�" vv"y " ! �" vv# v&()"
iV NQYYUNM PQM ZR aRXTR_ZM

u(x, t)
XMYXONMVSM ZR WMVNTSO W bTVWTa TWQN W b�dM

x
� Z bTVNSRVS

t
\ LM

SRQ� WM VRTNNRV^M /�
x = 0

4 MNS VUSO
b(x)

MS ZM SRQ� WM WO^~N W /� 4 \ �V [UW~ZM WM WO[ UdXRY}TM
Y MQS RZUXN N bO^XTXM j







ut(x, t) + ux(x, t) + d(x)u(x, t) = 0

u(t, x = 0) =
∫ +∞
0 b(x)u(t, x) dx

/1 \� \e4

] RVN ZM ^RN WM ZR [ TSUNM ^MZZQ ZRTXM ` UV ^}UTNTS Y UQX
d(x)

ZM VU[_XM WM ^MZZQ ZMN R�RVS RSSMTVS
Z b�dM

x? WM NM WTaTNMX \ |UQX
b(x)

MNS RZUXN OdRZ �
2d(x)

\

* r� rs � �$zv" $" ��yy# (�&!(� ���
LM YXUSU^UZM WM ^U[[QVT^RSTUV ��| MNS QV YXUSU ^UZM WM ^U[[QVT^RSTUV XONMRQ MVSXM WMQ�

[R^}TVMN TVcUX[ RSTPQMN \ ] RVN ^M YXUSU ^UZM ` ZMN [ MNNRdMN MVaU�ON YRX QVM [ R^}TVM � QVM RQSXM `
RYY MZZON cMVgSXMN ` NUVS WM SRTZZM aRXTR_ZM NQTaRVS Z bMV^U[_XM[ MVS WQ XONMRQ \ �UTS

u(x, t)
ZR WMVNTSO

WM cMVgSXMN WM SRTZZM
x
� Z bTVNSRVS

t
MVaU�ON YRX ZMN QSTZTNRSMQXN � QV NMXaMQX ^MVSXRZ \

LM YXTV^TY M WM cUV^STUVVM[ MVS WQ YXUSU ^UZM MNS ZM NQTaRVS j ZR SRTZZM WMN cMVgSXMN RQd[ MVSM
^UVSTV�[MVS /W bQVM QVTSO WM [ MNQXM4 �QNPQ b� ZR NRSQXRSTUV WQ NMXaMQX \ ] RVN ^M ^RN ` ZM NMXaMQX
MVaUTM QVM XMPQgSM WM[ RVWRVS WM XOWQTXM ZR SRTZZM WMN cMVgSXMN W bQV cR^SMQX WUVVO /

2
YRX M�M[YZM4 \

iV RXXTaM RZUXN RQ [ UW~ZM NQTaRVS j






















ut(x, t) + (1 − k(t))ux(x, t) = k(t) [4u(2x, t) − u(x, t)]

k(t) = F (q(t))

qt(t) =

∫ +∞

0
xu(t, x) dx

/1 \� \04

LR dXRVWMQX
q(t)

WONTdVM ZR dXRVWMQX WM ZR 
 ZM W bRSSMVSM WQ NMXaMQX MS ZR cUV^STUV WM ^U[[ RVWM
F

MNS SMZZM PQM
F (0) = 0

MS
F (q) = 1

Y UQX
q

�QdO dXRVW MS
F

MNS ^XUTNNRVSM \

* r� r* �"w x�#&!(� w � ( x!(�#"w
LMN OPQRSTUVN WM ZR Y}� NTPQM ^TVOSTPQM WO^XTaMVS ZR Y}� NTPQM WMN YZRN[ RN UQ WMN dR�N WTZQON

MS cUQXVTS QV M�M[YZM T[Y UXSRVS W bOPQRSTUV WM SXRVNY UXS \ LR Y UNTSTUV W bQVM YRXST^QZM MNS VUSOM
x

MS NR aTSMNNM
v
\ L bOPQRSTUV WTSM WM �N^RSSMXTVd	 WO^XTS Z bOaUZQSTUV W bQVM WMVNTSO WM YRXST^QZMN

f(t, x, v)
WM ZR cRhUV NQTaRVSM j







ft(t, x, v) + v.∇xf(t, x, v) = K[f ]

f(t = 0, x, v) = f0(x, v)
WUVVOM /1 \� \14
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MS Z bUY OXRSMQX
K

MNS WUVVOM YRX QVM cUX[QZM WQ S�Y M j

K[f ] =

∫

Ω
k(v, v′)f(t, x, v′)dv′ −

∫

Ω
k(v′, v)f(t, x, v)dv

/1 \� \3 4

U�
k(v, v′)

MNS ZR YXU_R_TZTSO Y UQX QVM YRXST^QZM WM YRNNMX WM ZR aTSMNNM
v
�

v′
\
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��GF� 	�G 
 � ��� K	JID 	FG 	 ONUQWXM Z b�� ZTVORTXM WQ YXM[ TMX UXWXM NQTaRVSM j






ux + uy = 1,∀t > 0,∀x ∈ IR

u(x, y) = 0,
Y UQX

x + y = 0

/1 \� \e4

YRX ZR [ OS}UWM WMN ^RXR^SOXTNSTPQMN \
�������� �

u(x, y) =
x + y

2

/1 \� \04

��GF� 	�G 	 � ��� �
D�		 K	JID 	FG 	 ONUQWXM Z b�� PQRNT
ZTVORTXM WQ YXM[ TMX UXWXM NQTaRVSM j






ut + uux = 1,∀t > 0,∀x ∈ IR

u(x, t = 0) = x

/1 \� \14

YRX ZR [ OS}UWM WMN ^RXR^SOXTNSTPQMN \
�������� �

u(x, t) =
x + t +

1

2
t2

1 + t

/1 \� \3 4

��GF� 	�G � � 
�� K	�D� 	�J � 
JG ��� �
D�		 K	JID 	FG �XUQaMX ZR NUZQSTUV dOVOXRZM WM Z b��
PQRNT
ZTVORTXM WQ YXM[ TMX UXWXM NQTaRVSM j

yuux − xuuy = x − y
/1 \� \�4

YRX ZR [ OS}UWM WMN ^RXR^SOXTNSTPQMN \ ���� ���� �

u2 = −2x − 2y + F (x2 + y2), F
���������� /1 \� \�4

��GF� 	�G � � � G��F 	�� 	�J G
 KIF 	GJJG G� KDHFDJH 	GJJG 	 �FD� G��� 	FG� G� K	HJG� EG ��
FDJ�
�UVNTWOXUVN ZR WMN^XTYSTUV ZRdXRVdTMVVM WQ [UQaM[ MVS W bQVM YRXST^QZM WM �QTWM MV O^UQZM[ MVS
WUVVOM YRX j



















x1(X, t) = X1 cos(ω(R)t) − X2 sin(ω(R)t)

x2(X, t) = X1 sin(ω(R)t) − X2 cos(ω(R)t)

x3(X, t) = X3

/1 \� \�4

e\ ]UVVMX ZR WMN^XTYSTUV MQZOXTMVVM WQ [ UQaM[ MVS
0 \ ] OSMX[ TVMX

ω(R)
Y UQX ZM ^}R[Y WM aTSMNNM MQZOXTMVVM NUTS TXXUSRSTUVVMZ /

rot v(x, t) = 0
4

1 \ ] OSMX[ TVMX Z bR^^OZOXRSTUV Γ(x, t)3 \ QMZZMN NUVS ZMN SXR� M^SUTXMN MS ZMN ZTdVMN WM ^UQXRVS WM ^MS O^UQZM[ MVS
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