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+,-. /0 /1,23450 6 -78. -78. 3-4950..7-. ,8: ;<= 2,5,> 7?3@80. ?3-9,350. A B3 ? C7- /7-.3DE50 ?0 /,. ./,?,350
>3D3F 0-.37-0? 6 / C0.4 G D350 6 8-0 H7-/437- 3-/7--80

u
D9I-30 .85 8- D7F ,3-0 78J054

D ⊂ IR2 04 G J,?085.
590??0. 6 8-0 ;<= 2,5,> 7?3@80 ?3-9,350 .0 F 04 .78. ?, H75F 0 .83J,-40 K

a(x, y)uxx(x, y) + b(x, y)uy(x, y) + c(x, y)ux(x, y) + d(x, y)u(x, y) = f(x, y) LM ANANO
P0 2?8. .78J0-4 D,-. ?0. ,22?3/,437-. ?, J,53,>?0

y
50259.0-40 ?0 40F2. 04 -78. ?, -74057-.

t
A P0 D7F ,3-0

D250-D ,?75. ?, H75F 0 .83J,-40
D = (Ω ⊂ IR) × [0, T ]

A P C9@8,437- LM ANAQO 0.4 ,?75. ,D3F 0-.37--,?3.90 04 F 3.0
.78. ?, H75F 0 /?,..3@80 .83J,-40 K

−ut(x, t) + a(x, y)uxx(x, t) + c(x, t)ux(x, t) + d(x, t)u(x, t) = f(x, t), ∀x ∈ Ω,∀t ∈]0, T [ LM ANAQO
R- 2,5?0 ,8..3 D0 257>?EF 0 8-3D3F 0-.37--0? 0- 0.2,/0 A

B3 ?, H7-/437-
u

0.4 D9I-30 .85
(Ω ⊂ IRn) × [0, T ]

6 7- D9I-34 8-0 ;<= 2,5,> 7?3@80 ?3-9,350 2,5

Lu(x) = f(x), ∀x ∈ Ω LM ANASO
7T ? C72 95,4085 D3U950-430? L 0.4 D9I-3 2,5 K

Lu = −∂u(x, t)

∂t
+

n∑

i=1,j=1

aij(x, t)uxixj
(x, t) +

n∑

i=1

bi(x, t)uxi
(x, t) + c(x, t)u(x, t) LM ANAV O

R- .822 7.0 ?0 2?8. .78J0-4 @80 ?0. J,?085. 257250. D0 ?, F ,453/0
A = aij

@83 .7-4 47840. -7- -8??0. 04
D0 F WF 0 .3X-0 A R- 5,22 0??0 @80 ?0 F ,453/0

A
2 084 478Y 785. W450 /173.30 .ZF 9453@80 D8 H,34 D0 ?, .ZF 94530

uxixj
= uxjxi

04 D7-/ @80 ?0. J,?085. .7-4 590??0. A

# $[ \' ] !^ (^" _` a b�'�c �d e)^"
f- X83.0 D C3-457D8/437- 6 7- J, 3??8.4505 /7FF 0-4 ?0. ?73. D0 /7-.05J,437-. 9/5340. .85 D0. F 3?308: /7-43-8.

3FF7>3?0. 04 /782?90. G D0. ?73. /7-.434843J0. ?3-9,350. 50?3,-4 ?0 X5,D30-4 D C8- X5,-D085 G .7- g8: /7-D83.0-4
-,4850??0F 0-4 G D0. ;<= 2,5,> 7?3@80. A
* hi hj k l�)" $"m n�(m $" l� m")o&!(� m

p02?,q7-. D,-. ?0 /,D50 D C9/534850 D0. ?73. D0 /7-.05J,437-. 04 50250-7-. ?0. /,?/8?. .85 r V AQ K
s P73 D0 /7-.05J,437- D C8-0 X5,-D085 A(t) =

∫

ω(t)
ρ(x, t)A(x, t) dx

04 843?3.,-4 ?, /7-.05J,437- D0 ?,
F ,..0 K

ρ
DA

Dt
= ϕA − D3J

xjA. LM AQ ANO
s B3 ?0 F 3?308 0.4 3FF7>3?0 6 ?, J340..0 08?9530--0 0.4 ,?75. -8??0 04 D7-/ ? C9@8,437- D0 /7-.05J,437- D7--0

D7-/ K
ρ
∂A

∂t
= ϕA − D3J

xjA. LM AQ AQO
s B3 ?, ?73 /7-.434843J0 D8 F 3?308 L?73 D0 /7F2 7540F 0-4O 0.4 8-0 50?,437- ?3-9,350 0-450 ?0 g8: 04 ?0 X5,D30-4

.734 K
jA(x, t) = −K(x, t).∇xA(x, t) LM AQ ASO
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f- 502 754,-4 D,-. ? C9@8,437- M AQ AQ 6 7- 7>430-4 K

ρ
∂A

∂t
− D3J

xK(x, t).∇xA(x, t) = ϕA LM AQ AV O
.734

ρ
∂A

∂t
− K∆xA −∇xK.∇xA = ϕA LM AQ AMO

+ ,-. ?0 /,. 78 ? C72 95,4085
K

27..ED0 D0 > 7--0. 257253949. D0 2 7.343J349 6 7- 7>430-4 8-0 ;<= D0 4Z2 0
2,5,> 7?3@80 A
* hi hi � �"�"�' n" $" n ��	#&!(� $" $(
#m(� $" n& l%& n"#) h

+ ,-. /0 2,5,X5,210 6 7- D7--0 ? C0:0F2?0 ?0 2?8. /?,..3@80 D0 ?73 D0 D3U8.37- K ? C9@8,437- D0 ?, /1,?085 A
P, J,53,>?0

u(x, t)
0.4 ,?75. ?, 40F2 95,4850 @80 -78. -74057-.

T (x, t)
A R- /7-.3DE50 8- F 3?308 3FF7>3?0

ΩD0 H57-43E50
∂Ω

A R- -740
q(x, t)

?, D0-.349 D0 g8: D0 /1,?085 G 45,J05. 8-0 .85H,/0
S

D0 -75F ,?0
nx

A P0 g8:
474,? G 45,J05. /0440 .85H,/0 G ? C3-.4,-4

t
J,84 K

∫

S
q(x, t).nx ds LM AQ A�O

D0 .7540 @80 ? C9/1,-X0 ,J0/ ? C0:4953085 . C0:253F 0 2,5 K

−
∫

∂Ω
q(x, t).nx ds LM AQ A�O

R- -740
Q(x, t)

? C,22 754 J7?8F 3@80 D0 /1,?085 A P C,22 754 474,? D0 /1,?085 G ? C3-.4,-4
t

. C0:253F 0 D7-/ 2,5 K
∫

Ω
Q(x, t) dx LM AQ A
O

f- /7-.3D95,-4 @80 ?0 F 3?308 , 8-0 F ,..0 J7?8F 3@80
ρ(x), [kg.m−3]

04 8-0 /1,?085 .2 9/3I@80
C(x) [J.kg−1.K−1]

6
?, @8,-4349 474,?0 D0 /1,?085 0FF ,X,.3-90 G ? C3-.4,-4

t
2,5 ?0 F 3?308 2 084 . C9/5350 K

∫

Ω
ρCT dx LM AQ A�O

04 ., J,53,437-
D

Dt

∫

Ω
ρCT dx LM AQ AN�O

P C9@8,437- D0 /7-.05J,437- 2 785 8- F 3?308 -78. /7-D834 D7-/ G
D

Dt

∫

Ω
ρCT dx =

∫

Ω
Q(x, t) dx −

∫

∂Ω
q(x, t).nx ds LM AQ ANNO

D

Dt

∫

Ω
ρCT dx =

∫

Ω
Q(x, t) − divx q(x, t) dx LM AQ ANQO

.734 ?7 /,?0F 0-4 6 .3 /0440 D05-3E50 9@8,437- 0.4 J,?,>?0 @80?@80 .734 ?0 J7?8F 0 D C3-49X5,437- K

ρC
DT

Dt
= Q − divx q, LP73 D0 /7-.05J,437- D0 ?, �1,?085O LM AQ ANSO

R- .822 7.0 @80 ?, ?73 /7-.434843J0 D8 F ,4953,8 .83J0 ?, ��� �� ������� K
q(x, t) = −k(x, t)∇xT (x, t) LM AQ ANV O

7T
k(x, t) [J.m−1.K−1]

0.4 ?, /7-D8/43J 349 A f- .8>.4348,-4 /0440 9@8,437- /7-.434843J0 D,-. ?, ?73 D0 /7-.05�
J,437- LM AQ ANSO 6 7- 7>430-4 ? C�������� �� ��� � ��� �� �� !"����� K

ρC
DT

Dt
− divx k(x, t)∇xT (x, t) = Q LM AQ ANMO

tuv wxyz { |} ~� �{{�����{� �{ �{�
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�785 8- F ,4953,8 17F 7XE-0 04 .,-. .785/0 J7?8F 3@80 6 7- 9/534 K

DT

Dt
=

k

ρC
∆T = D∆T, D =

k

ρC
> 0 LM AQ AN�O

7 �8
D [m2.s−1]

0.4 ?, D3U8.3J 349 4105F 3@80 A f-I- 6 .3 ?0 F 3?308 0.4 3FF7>3?0 6 ?, D953J90 2,543/8?,350 .0 /7-H7-D
,J0/ ?, D953J90 2,5430??0 2,5 5,22 754 ,8 40F2. 6 .734 K

∂T

∂t
− D∆T = 0, D > 0 LM AQ AN�O

���������	�
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�
��
 	�� �
� 
��
 P0. /7-D3437-. ,8: ?3F 340. 2 08J0-4 . C3-405259405 D0 ?, F ,�
-3E50 .83J,-40 K

s P0. ��������� �� � ����"��� /7550.2 7-D0-4 G 3F2 7.05 8-0 40F295,4850 /7-.4,-40 .85 ?0. > 75D. D8 F 3?308
Ω

s P0. ��������� �� � ��� ��� /7550.2 7-D0-4 G 3F2 7.05 8- g8: D0 /1,?085 .85 ?0. > 75D. D8 F 3?308
Ω

A B3
7- J084 3.7?05 ?0 F 3?308 6 3? .8� 4 D C3F27.05 8- g8: -8? A

s P0. ��������� � �� �� �� ����� 2 08J0-4 W450 843?3.90. 6 2,5 0:0F2?0 6 2 785 F 7D9?3.05 X57..3E50F 0-4 8-
257 /0..8. D0 5,D3,437- ?3-9,350 A
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�
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� � �! "y#u ~u $%~&'# xyz

(z )y# w�v ~ *&�#vuw #+,uw ~u ~ x--�wxyz �
. /&v '+
. 0x'1
. / x--� wxyz ~u ,&v# x'�2uw u# ) y�3u) uz# 4vy5z xuz | 6v&3&�7 ~ *8 xzw#uxz |

9##, �::uz |5 x1 x,u~ x& |yv;:5 x1 x:<u&#=u>�&# xyz

� �	����
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��

� � � "y#u ~u $%~&'# xyz

69u 9u&# u>�&# xyz &v xwuw xz #9u )y~u2xz; y- & z�)?uv y- ,9uzy)uz& &z~ xw y-#uz � wu~ xz - xz&z 'x&2
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'2ywu~ -yv) wy2�# xyz w &z~ #9�w )�w# ?u wy23u~ z�)uv x'&22+ #y y?#&xz & )y~u2u~ y,# xyz ,v x'u |
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# $� � '�b' ���" (^" _ ` a b�'�c �d e)^"
* h� hj �� $(!(� m &#� n(� (!"m  &!#)" nn"m "! 	#"m!(� m $ �# (l (!�

�7-.3D957-. @80 ?0 257>?EF 0 0.4 2 7.9 .85 8- /Z?3-D50 0- 0.2,/0s40F2. K {(x, t),Ω × IR+} A �7FF0 7-
? C, J8 D,-. ?0 2,5,X5,210 259/9D0-4 6 ?0. /7-D3437-. D0 + 353/1?04 04 � 08F ,-- 7-4 8- .0-. 2 785 ?0. ;<=
2,5,> 7?3@80. A � ?, D3U950-/0 D0. ;<= 0??3243@80. LJ735 �1,23450 MO 6 /0. /7-D3437-. 0- 0.2,/0 D73J0-4 W450
D9I-30. 2 785 4784

t ∈ IR+ 6 .734
s P0. ��������� �� � ����"��� 50J30--0-4 G 3F2 7.05 K

u(x, t) = g(x, t),∀x ∈ Γ ⊂ ∂Ω,∀t ∈ IR+ LM AS ANO
s P0. ��������� �� � ��� ��� 50J30--0-4 G 3F2 7.05 K

∇u(x, t).nx =
∂u(x, t)

∂nx
= h(x, t),∀x ∈ Γ ⊂ ∂Ω,∀t ∈ IR+ LM AS AQO

�,5 /7-450 6 8-0 /7-D3437- .822?9F 0-4,350 D734 W450 ,Y 78490 .85 4784 ?0 D7F ,3-0
Ω

@83 0.4 8-0 /7-D3437-
3-343,?0 0- 40F2. 6 .734 K

u(x, t = t0) = u0(x),∀x ∈ Ω, t0 ∈ IR LM AS ASO
+ ,-. ?0 .8340 6 7- /173.35, ?0 2?8. .78J0-4

t0 = 0
2,5 .78/3. D0 .3F2?3/349 A

	��
�
��
 � ���
�
�� +0 ?, F WF 0 F ,-3E50 @80 2 785 ?0. 9@8,437-. 0??3243@80. 6 7- 2 084 F 7-4505 @80 ?, /7-D3�
437- ,8: ?3F 340. D0 +353/1?04 /7-D83.0-4 G ? C8-3/349 D0 ?, .7?8437- A �7-45,350F 0-4 ,8: 9@8,437-. 0??3243@80. 6
-78. J0557-. D0 2?8. @80 ?, /7-D3437- D0 � 08F ,-- /7-D834 0??0 ,8..3 G 8- 59.8?4,4 D C8-3/349 A 
-457D83.7-.
8-0 -78J0??0 H73. 4573. 257>?EF 0. ,/,D9F 3@80. K

NA P0 � ������ � �� � ����"��� .85 8- D7F ,3-0
Ω ∈ IRn . C9-7-/0 ,3-.3 K 4578J05 8-0 H7-/437- ./,?,350

u : Ω ∈
IRn 7→ IR

40??0 @80 K




ut − ∆u = f, x ∈ Ω,

u(x, t) = g(x), x ∈ ∂Ω, t ≥ 0

u(x, t) = u0(x), x ∈ Ω

LM AS AV O

Q A P0 � ������ � �� � ��� ��� .85 8- D7F ,3-0
Ω ∈ IRn . C9-7-/0 ,3-.3 K 4578J05 8-0 H7-/437- ./,?,350

u : Ω ∈ IRn 7→ IR
40??0 @80 K





ut − ∆u = f, x ∈ Ω,

∇u(x).nx =
∂u(x)

∂nx
= h(x), x ∈ ∂Ω, t ≥ 0

u(x, t) = u0(x), x ∈ Ω

LM AS AMO

S A P0 � ������ � � �� �� �� � ����"���
� ��� ��� .85 8- D7F ,3-0
Ω ∈ IRn . C9-7-/0 ,3-.3 K 4578J05 8-0 H7-/437-

./,?,350
u : Ω ∈ IRn 7→ IR

40??0 @80 K




ut − ∆u = f, x ∈ Ω,

u(x) = g(x), x ∈ ∂Ω1, t ≥ 0

∂u(x)

∂nx
= h(x), x ∈ ∂Ω2, t ≥ 0

u(x, t) = u0(x), x ∈ Ω

LM AS A�O

,J0/




∂Ω1 ∪ ∂Ω1 = ∂Ω

∂Ω1 ∩ ∂Ω1 = ∅
LM AS A�O

tuv wxyz { |} ~� �{{�����{� �{ �{�
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�I- D0 D7--05 8-0 2508J0 D C8-3/349 .3F2?0 6 7- /7-.3DE50 8- 0-.0F>?0

Ω
3-/?8 D,-.

IR
D7--9 2,5 ?0

.0XF 0-4
]a, b[

A �7-.3D957-. F ,3-40-,-4 D08: .7?8437-.
u1

04
u2

G 8- D0 /0. 257>?EF 0. A P, D3U 950-/0 D0
/0. D08: .7?8437-.

v = u2 − u1
0.4 D7-/ D7--90 2,5 8- D0 /0. 257>?EF 0. ,J0/ D0. /7-D3437-. ,8: ?3F 340.

17F 7XE-0. A + 9I-3..7-. F ,3-40-,-4 8-0 9-05X30 ,..7 /390 ,8 .Z.4EF 0 2,5

E(t) =
1

2

∫ b

a
v2(x, t)dx LM AS A
O

P, D953J90 2,5 5,22 754 ,8 40F2. D0 /0440 9-05X30 0.4 K
dE(t)

d t
=

1

2

∫ b

a

∂v2(x, t)

∂t
dx =

∫ b

a
v
∂v(x, t)

∂t
dx =

∫ b

a
v
∂2v(x, t)

∂x2
dx LM AS A�O

P, D953J,437- .78. ?0 .3X-0 3-49X5,? 2 084 .0 Y 8.43I05 2 785
t ≥ 0

H,/3?0F 0-4 � A P, D05-3E50 0:250..37- 0.4 D7--90
2,5 ? C9@8,437- 2,5,> 7?3@80 A B3 7- 59,?3.0 F ,3-40-,-4 8-0 3-49X5,437- 2,5 2,5430. 6 7- 7>430-4 K

dE(t)

d t
=

[
v
∂v

∂x

]b

x=a

−
∫ b

a

(
∂v(x, t)

∂t

)2

dx = −
∫ b

a

(
∂v(x, t)

∂t

)2

dx ≤ 0 LM AS AN�O
D8 H,34 D0. /7-D3437-. ,8: ?3F 340. A

� 78. 2 78J7-. D7-/ /7-/?850 @80 ? C9-05X30 D9/57�4 ,8 /785. D8 40F2. A �0 59.8?4,4 2 05F 04 D0 /7-/?850 G
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û(ξ, 0) = û0(ξ)
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∂k(ξ, t)
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0
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