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P������	 
 �����
 9 R��W 9 5 EU�SV0 N/ 30N61/\38 ;0 2/1 5/8762;C638 H G<D;/76:0 4A5 38B :C6D;3 5 :;8
D+ = (Ω ⊂ IR) × IR+ /N32

Ω
B :80< O

1

c2
utt − uxx = 0, ∀(x, t) ∈ D+ PQ EZ ERS

5 :;8 C/D;3CC3 :0 N/ 24382438 ;03 1:C;76:0 5/8 1<5/8/76:0 H31 N/86/BC31 O

u(x, t) = X(x)T (t) PQ EZ EUS
V0 :B76307 /61<M 307 C G<\/C67< 1;6N/073 16

u 6= 0
O

T ′′(t)

c2T (t)
=

X ′′(t)

X(t)
= λ PQ EZ EWS

1:67






T ′′(t) − c2λT (t) = 0

X ′′(x) − λX(x) = 0
=⇒







T (t) = Cec
√

λt + De−c
√

λx

X(x) = C ′e
√

λx + D′e−
√

λx
PQ EZ EZ S

V0 :B76307 H:02 ;03 1:C;76:0 \<0<8/C3 ;03 <D;/76:0 H3 C/ K:8M 3 O

u(x, t) =
(

Cec
√

λt + De−c
√

λt
)(

C ′e
√

λx + D′e−
√

λx
) PQ EZ E�S

�L0 H3 58<26138 C31 1:C;76:01 H3 C G>?@ 4A5 38B :C6D;3 PQ EZ ERS 9 6C 2:0N6307 H G30N61/\38 H31 2:0H676:01 /;=C6M 6731 E � :;1 /CC:01 30N61/\38 ;0 H:M /603 B :80<
D+ H3 C/ K:8M 3

D+ = {(x, t) ∈ IR2, 0 < x < 1, 0 < t < ∞} PQ EZ EQS

vwx�~}~wxy �z � ~{~	� �z} T31 2:0H676:01 /;= C6M 6731 H3 .68624C37 1 G<286N307 O

u(0, t) = 0, u(1, t) = 0, ∀t ≥ 0 PQ EZ E�S
�:02380/07 C/ 2:0H676:0 60676/C3 9 6C 2:0N6307 H G6M5 :138 J C/ K:61

u(x, 0)
M/61 /;116

ut(x, 0)

u(x, 0) = u0(x), ut(x, 0) = v0(x), ∀x ∈]0, 1[ PQ EZ E�S
�:MM3 5 :;8 C3 2/1 H3 C G<D;/76:0 H3 C/ 24/C3;8 9 C31 2:0H676:01 /;= C6M 6731 6M5:1307 C/ 2:0H676:0 1;6N/073

1;8
λ
O

λ = −n2π2, n ∈ IN PQ EZ E�S
. /01 0:783 2/1 9 C/ K/M 6CC3 H3 1:C;76:0 13 8<H;67 H:02 J O

u(x, t) = (A cos(nπct) + B sin(nπct)) sin(nπx) PQ EZ ER�S
37 1:;1 83138N3 H3 2:0N38\3023 H3 C/ 1<863 9 :0 5 3;7 30N61/\38 ;03 1:C;76:0 \<0<8/C3 H3 C/ K:8M 3 O

u(x, t) =

+∞
∑

n=1

(An cos(nπct) + Bn sin(nπct)) sin(nπx) PQ EZ ERRS
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�C 2:0N6307 H31 C:81 H3 8315 32738 C31 2:0H676:01 60 676/C31 E �03 K:61 H3 5C;1 9 :0 2:016HI83 ;0 H<N3C:55 3M 307

30 1<863 H3 �:;8638 H31 2:0H676:01 60 676/C31 O

u0(x) =

+∞
∑

k=1

ak sin kπx, ak = 2

∫ 1

0
u(s) sin(kπs) ds PQ EZ ERUS

v0(x) =

+∞
∑

k=1

bk sin kπx, bk = 2

∫ 1

0
v(s) sin(kπs) ds PQ EZ ERWS

PQ EZ ERZ S
�:;8 3Y327;38 C G6H3076L2/76:0 H31 2:017/0731

An
37

Bn
9 0:;1 5 :;N:01 3Y327;38 C/ H<86N/76:0 H3 PQ EU ERQS37 /55C6D;38 C31 H<N3C:55 3M 3071 E �:;8 C/ 2:0H676:0 60676/C3
u(x, 0) = u0(x)

9 :0 :B76307 O

u(x, 0) = u0(x) →
+∞
∑

n=1

An sin(nπx) =

+∞
∑

k=1

ak sin kπx → An = an PQ EZ ER�S

�0 1;55 :1/07 D;3 C/ 1<863 317 H<86N/BC3 738M 3 J 738M 3 � 9 :0 <2867

ut(x, 0) = v0(x) →
+∞
∑

n=1

nπcBn sin(nπx) =

+∞
∑

k=1

bk sin kπx → Bn =
bn

nπc
PQ EZ ERQS

V0 :B76307 H:02 ;03 1:C;76:0 H3 C/ K:8M 3 O

u(x, t) =

+∞
∑

n=1

sin(nπx)

[

an cos(nπct) +
bn

nπc
sin(nπct)

]

PQ EZ ER�S

� ~yz zx �u{�z � 
w{�{z �u}���u}~��z T/ 8<1:C;76:0 D;6 / <7< K/673 5/8 1<5/8/76:01 H:67 [783 ;76C61<31
/N32 58<2/;76:0 E �0 3Y37 9 5 :;8 5 :;N:68 ;76C613 C/ 1<863 H3 160;1 P:; H3 2:160;1S H31 4A5 :74I131 1;8 C/ 5/867< H3C/ K:0276:0 37 :0 2:016HI83 30 8</C67< ;03 K:0276:0 5 <86:H6D;3

ǔ
D;6 58:C:0\3

u
1;8

IR
E �3773 K:0276:0 8315 3273

C G<D;/76:0 H31 :0H31 5 :;8
x ∈ IR

E . /01 0:783 2/1 9 :0 6M5 :13 ;06D;3M 307 H31 2:0H676:01 H3 . 68624C37 1;8
u
9

D;6 H:6N307 [783 1/761K/673 5/8 C/ 2:0H676:0 60676/C3 E T/ K:0276:0
ǔ
5 3;7 /C:81 /N:68 H31 H612:0760;67<1 D;6 N:07

13 58:5/\38 1;6N/07 C31 H8:6731 2/8/27<86176D;31 Px−ct =
�173 37

x+ct =
�173S <M /0/07 H31 5 :6071 H G/B126113

n
E �31 C6\031 H3 H612:0760;67<1 0:;1 H3

ǔ
37 H:02 H3

u
03 5 3;N307 5/1 [783 58613 30 2:M573 H683273M 307 5/8

H31 1:C;76:01 1:;1 K:8M 3 H3 1<863 E �C K/;7 30N61/\38 ;0 /;783 2:02357 H3 1:C;76:01 O 1:C;76:01 K/6B C31 E
. /01 C3 2/1 :X :0 6M5 :13 ;03 8<\;C/867< 5C;1 K:873 /;= 2:0H676:01 60 676/C31 37 J C3;8 58:C:0\3M 307 9 C/

1:C;76:0 5/8 1<5/8/76:0 H31 N/86/BC31 5 3;7 [783 30N61/\38 E F60:0 9 23773 1:C;76:0 317 ;03 1:C;76:0 K:873 30783
C31 H8:6731

x ± ct =
�173 E

� 	� 	� ��
� �� �����
 ���
��� �����
��
 ��� ��� �� ���� �����
 � ��������

�� ���� ���� ��� �� �

��� ������������� �� ���� ��� ����� �����

� 
u{}~{ �z �u yw ��}~wx �z � 
� �z�� z{} �03 /;783 1:C;76:0 9 5C;1 <C<\/073 2:016173 J 13 138N68 H3 C/
1:C;76:0 H3 . G� C3MB 387 PQ EW E�S� E �:;8 23C/ 9 :0 ;76C613 C/ K:8M;C3 786\:0:M <786D;3 9

sin p + sin q = 2 sin

(

p + q

2

)

cos

(

p − q

2

)

PQ EZ ER�S
	!%&'(#(%& '" '*+(4,#(%& /%0/ ." /(1&"
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D;6 H:003 /N32 PQ EU ER�S O

1

2

[

u0(x + ct) + u0(x − ct)
]

=

+∞
∑

k=1

ak sin(kπx) cos(kπct) PQ EZ ER�S

. 3 C/ M [M 3 M /06I83 9 0:;1 H<H;61:01 D;3

1

2c

∫ x+ct

x−ct
v0(ξ) dξ =

1

2c

+∞
∑

k=1

− bk

kπ
[cos(kπ(x + ct)) − cos(kπ(x − ct))] PQ EZ EU�S

=

+∞
∑

k=1

bk

kπc
sin(kπx) sin(kπct) PQ EZ EU RS

�0 835 :87/07 H/01 PQ EW E�S C31 H3;= 3=583116:01 9 :0 :B76307 O

u(x, t) =
+∞
∑

k=1

sin(kπx)

[

ak cos(kπct) +
bk

kπc
sin(kπct)

]

PQ EZ EUUS

vwx�~}~wxy �z � z��uxx T31 2:0H676:01 /;= C6M 6731 H3 � 3;M /00 1 G<286N307 O
∂u(0, t)

∂x
= 0,

∂u(1, t)

∂x
= 0, ∀t > 0 PQ EZ EUWS

�:02380/07 C/ 2:0H676:0 60676/C3 9 ;03 K:61 H3 5C;1 9 6C 2:0N6307 H G6M5:138 9 J C/ K:61
u(x, 0)

M/61 /;116
ut(x, 0)

u(x, 0) = u0(x), ut(x, 0) = v0(x), ∀x ∈]0, 1[ PQ EZ EUZ S
V0 5 3;7 M :07838 K/26C3M 307 D;3 C/ 1:C;76:0 D;6 8315 327307 C31 2:0H676:01 H3 � 3;M /00 5 3;7 1 G<28683 O

u(x, t) =
+∞
∑

n=0

cos(nπx)

[

an cos(nπct) +
bn

nπc
sin(nπct)

]

PQ EZ EU�S

:X C31
an

37
bn

2:88315 :0H307 J C/ H<2:M5 :1676:0 30 2:160;1 H3 �:;8638 H31 2:0H676:01 60 676/C31 E
�x}z{
{�}u}~wx � �w�zy 
{w
{zy T31 738M 31 1;223116K1 H3 C/ 1<863 PQ EW EUS 1:07 /55 3C<1 � 
��	 � �
� ��	 H;
H:M /603 2:016H<8< E T31 N/C3;81 H6128I731

ωk = kπc
5 :;8 C31D;3CC31 C3 58:BCIM 3 / ;03 1:C;76:0 D;6 8<5 :0H1

/;= 2:0H676:01 /;= C6M 6731 1:07 /55 3CC31 � ��	�
�
�	 � �
� ��	 E V0 H<L067 0/7;83CC3M 307 C31 K8<D;30231 58:5831
5/8

fk = 1
2kc

37 C31 5 <86:H31 58:5831 5/8
Tk = 2/kc

E
T/ K:8M;C3 PQ EW EUS 3=586M 3 D;3 C/ 1:C;76:0 5 3;7 [783 H:00<3 5/8 ;03 1:MM3 60L063 H3 M :H31 58:5831 E

�3773 /558: 243 317 /; 2�;8 H3 C G��� ��	 � � 
�� �� :; ��� ��	� ���� 
�����E V0 5/8C3 /;116 5 :;8 PQ EW EUS H3H<2:M5:1676:0 M :H/C3 E
� ���y}{u}~wx y�{ �zy �w�zy 
{w
{zy �z 
w�}{z zx	uy}{�z �~�{z �:016H<8:01 J 0:;N3/; C G3D;/76:0 H3
5 :;783 30 78/276:0 �2:M583116:0 PQ EU EQS

� 	� 	
 ��
� �� �����
 ���
	����
��
 ��� ����� ������� �� 
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��� �� 
���
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- e� e� � ,"io�k %j )&p �) o%&,j *,"*,%j e � "'%j *,"*,%j %$ )#) o�j% k "') o%

V0 58<13073 H/01 23773 5/8763 ;03 M <74:H3 H3 8<1:C;76:0 H31 <D;/76:01 4A5 38B :C6D;31 30 H:M /603 B :80<
/55 3C<3 C G/0/CA13 M :H/C3 :; 302:83 C/ M <74:H3 H31 4/8M :06D;31 E �3773 /558:243 \<0<8/C613 C/ M <74:H3 H3
1<5/8/76:0 H3 N/86/BC31 58<1307<3 H/01 C/ 5/8763 Q EZ ER 5 :;8 ;0 H:M /603 9

Ω ⊂ IRd, d = 1, 2, 3
B :80< 37 C6M 67<

5/8 ;03 1;8K/23
Γ = ∂Ω

K38M <3 37 1;� 1/MM 307 8<\;C6I83 E
V0 /55 3CC3 ;03 1:C;76:0 17/76:00/683 H3 C G<D;/76:0 4A5 38B :C6D;3 1;6N/073 9

1

c2
utt − ∆xu = 0, ∀(x, t) ∈ Ω × [0, T ] PQ EZ EUQS

;03 1:C;76:0 H3 C/ K:8M 3
u(x, t) = U(x)V (t), ∀(x, t) ∈ Ω × [0, T ] PQ EZ EU�S

�:;8 ;03 73CC3 K:8M 3 H3 1:C;76:0 9 C G<D;/76:0 PQ EZ EUQS H3N6307

∆xU

U
=

V ′′(t)

V
= λ ∈ IR PQ EZ EU�S

1:67






∆xU(x) − λU(x) = 0

V ′′(t) − λc2V (t) = 0
PQ EZ EU�S

V0 832:00/�7 626 C3 M [M 3 7A5 3 H3 58:BCIM 3 D;3 23C; 6 8<1:C; 5/8 C/ M <74:H3 H3 1<5/8/76:0 H31 N/86/BC31 E
V0 H<L067 M /60730/07 H31 2:0H676:01 . 68624C37 4:M :\I031 1;8 C3 B :8H H; H:M /603 1:;1 C/ K:8M 3

u(x, t) = 0, x ∈ Γ, t ∈ [0, T ] PQ EZ EW�S
D;6 13 78/H;61307 5/8

U(x) = 0 , x ∈ Γ PQ EZ EW RS
5 :;8 ;03 1:C;76:0 0:0 786N 6/C3 9

V (t) 6= 0
E

�:MM3 5:;8 C3 58:BCIM 3 ;06H6M 3016:003C 9 231 2:0H676:01 /;= C6M 6731 0 G/;7:861307 D;3 H31 N/C3;81 3=235 �
76:003CC31 5 :;8

λ
E �3 8<1;C7/7 317 58<261< H/01 C3 74<:8IM 3 1;6N/07 H67 C3 74<:8IM 3 H3 .68624C37 E

���w{��z q r	 rt ����w{z�z �z � ~{~	� �z} � T3 58:BCIM 3 1;6N/07






∆xU(x) − λU(x) = 0 xΩ

U(x) = 0 x ∈ Γ
PQ EZ EWUS

0 G/HM 37 D;3 C/ 1:C;76:0 0;CC3 1/;K 5 :;8 ;0 3013MBC3 H<0:MB8/BC3 H3 N/C3;81 H3
λ
1786273M 307 0<\/76N31 9

λk = −ω2
k, k ∈ IN PQ EZ EWWS

�:;8 24/2;03 H3 231 N/C3;81 9
λk
9 C3 58:BCIM 3 PQ EZ EWUS /HM 37 ;03 0:MB83 L06 9

p(k) ∈ IN∗ H3 1:C;76:01
C60</683M 307 60H<5 30H/0731 9 0:7<3

Uk,p(k)
D;6 /55/876300307 J L2(Ω)

E

❏
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� w�zy z} 
��yu}~wx 
{w
{zy
� ��x~}~wx q r	 rt V0 H<16\03 5/8 M :H31 58:5831 C31 1:C;76:01

Uk,p(k)
H3 0:8M 3

1
H/01 L2(Ω)

2:88315 :0H/071
�

λk = −ω2
k

73CC3 D;3 C31
Upk

5:;8
k =∈ IN

37
j = 1, . . . , p(k)

1:6307 H3;= J H3;= :874:\:0/C31 H/01 L2(Ω)
E

T31 M :H31 58:5831 K:8M 307 /C:81 ;03 B/13 46CB 38763003 H31 K:0276:01 H3 L2(Ω)
E T31 N/C3;81

ωk
1:07 /55 3C<31

C31 5;C1/76:01 58:5831 H; 1A17IM 3 E

❏

V0 8/55 3CC3 D;3 C G315/23 L2(Ω)
317 C G315/23 H31 2C/1131 H3 K:0276:01

f
H3 2/88< 1:MM /BC3 9 2 G317 � H683

M 31;8/BC31 37 73CC31 D;3
∫

Ω
|f(x)|2 dx < +infty. PQ EZ EWZ S

T G315/23 L2(Ω)
317 ;0 315/23 46CB 387630 5 :;8 C3 58:H;67 12/C/683

〈f, g〉 =

∫

Ω
f(x)g(x) dx PQ EZ EW�S

T/ 0:8M 3 /11:26<3 317 H:00<3 5/8
‖f‖L2(Ω) =

(
∫

Ω
f(x)2 dx

)1/2 PQ EZ EWQS
T31 M :H31 58:5831 2:01767;307 H:02 ;03 B/13 :874:0:8M <3 D;6 N<86L3 9
RE C/ 0:8M /C67<

‖Uk,j‖L2(Ω) = 1 k =∈ IN, j = 1, . . . , p(k) PQ EZ EW�S
U E 37 C G:874:\:0/C67<

〈Uk,j, Ul,i〉 = 0, ∀i, j, k, l, i 6= j, k 6= l PQ EZ EW�S
T/ 8<1:C;76:0 H3 C G<D;/76:0 4/8M :06D;3

V ′′(t) + ω2
kc

2V (t) = 0 PQ EZ EW�S
2:0H;67 / H31 1:C;76:01 H3 C/ K:8M 3

Vk(t) = a cos(cωkt) + b sin(cωkt). PQ EZ EZ�S
T/ K:8M 3 C/ 5C;1 \<0<8/C3 H3 1:C;76:01 17/76:00/6831 317 H:02 H:00<3 5/8 O

uk(x, t) =

p(k)
∑

j=1

Uk,j(x)(ak,j cos(cωkt) + bk,j sin(cωkt)). PQ EZ EZ RS

� �	w�
wy~}~wx �w�u�z F6 :0 2:016HI83 C/ H:00<3 H31 2:0H676:01 60 676/C31 9






u(x, t) = uo(x), x ∈ Ω

∂u(x, t)

∂t
= vo(x), x ∈ Ω

PQ EZ EZUS

;03 M <74:H3 2:016173 � 8324382438 C31 1:C;76:01 H3 C G<D;/76:0 PQ EZ EUQS 1:;1 C/ K:8M 3

u(x, t) =

+∞
∑

k=1

uk(x, t) PQ EZ EZWS
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30 H<2:M5 :1/07 C31 2:0H676:01 60 676/C31 1;8 C/ B/13 H31 M :H31 58:5831 9



























u0(x) =

+∞
∑

k=1

p(k)
∑

j=1

Uk,j(x)ak,j

v0(x) =

+∞
∑

k=1

p(k)
∑

j=1

Uk,j(x)bk,jcωk

PQ EZ EZZ S

�:;8 2/C2;C38 C31 58:H;671 12/C/6831 0<2311/6831 � C/ H<738M 60/76:0 H31 2: 3� 263071
ak,j

37
bk,j

C31 2:0H676:01
60 676/C31 H:6N307 /55/873068 / L2(Ω)

E

 z�u{��z T31 N/C3;81 H3

λ
H:6N307 [783 0<2311/683M 307 0<\/76N31 E �0 3Y37 9 C/ K:8M;C3 H3 � 8330 0:;1

H:003
∫

Ω
(∇U)2 dx = −

∫

Ω
∇U.U dx = −λ

∫

Ω
U2 dx PQ EZ EZ�S
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