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W X�2�!�2 2� Y Z$� &'()*+ 2� ![\�$� ]2^ _�$�#$_Z]2^ [�Z_ 2^ ! `"�2 ^$Y"]Z�$ � ^ "^ &'()*+
W 1[�$\2� _Z� ] `2a_ [�$Y 2��Z�$ � �"Y[�$b"2 ]2^ _�$�#$_Z]2^ _� _�$[�[^ !2^ [b"Z�$ �^ 2]]$_�$b"2^ c

d e fghijklmn op qmlrrmn ris tp o lrhip inlkg
u "^ Z]] �^ # �^$![�2� ] `[b"Z�$ � !2 X $^^ � _ ^[2 ^"� ]2 !$^b"2 "�$�[ !" _]Z� v

∆u(x, y) = f(x, y),∀x ∈ Ω, Ω = {(x, y) ∈ IR2, x2 + y2 ≤ 1} wxy
zZ ^$Y"]Z�$ � �"Y[�$b"2 !2 #2��2 [b"Z�$ � ^2�Z �[Z]$^[2 2� "�$]$^Z�� ]2 Y  !2 {|} ~ ���� � ���������

{|}� !2 &'()*+ c
��� ���� ���� �� � �������� ��������

X "� # YY2�#2� � # �^$![� �^ !2^ # �!$�$ � ^ !2 � $�$#�]2� 2� "� _� � ]�Y2 � Y  ��2 c ¡� 2^� # �!"$� %
^$Y"]2� ]2 _� �]�Y 2 #]Z^^$b"2 !2 �$�$#�]2� � Y  ��2 v

{

∆u(x, y) = 0,∀x ∈ Ω

u(x, y) = 0,∀x ∈ ∂Ω
w¢y

xc 5[Z]$^2� ]Z ^$Y"]Z�$ � # Y_]��2 !2 #2 _� �]�Y 2 ^ "^ &'()*+ 2� $!2��$\Z�� ]2^ _�$�#$_Z]2^ [�Z_ 2^ !2 ]Z
Y ![]$^Z�$ � 2� !2 ]Z ^$Y"]Z�$ �

¢ c £�Z#2� ]2^ ^ ]"�$ �^  ��2�"2^ _Z� "�2 $^ # "]2"� c
¤ c 4 Y_Z�2� % ]Z ^ ]"�$ � Z�Z]¥�$b"2 ¦¦

��§ ���� ���� �� � �������� ��� ��������
4 �^$![� �^ Y Z$��2�Z�� ]2 _� �]�Y 2 !2 � $�$#�]2� � � � Y  ��2 v

{

∆u(x, y) = f(x, y),∀x ∈ Ω

u(x, y) = 0,∀x ∈ ∂Ω
w¤y

xc 5[Z]$^2� ]Z ^$Y"]Z�$ � # Y_]��2 !2 #2 _� �]�Y 2 ^ "^ &'()*+ 2� #� $^$^^Z�� "�2 ¨Z]2"� # �^�Z��2 _ "�
f ≡ 1

c
¢ c £�Z#2� ]2^ ^ ]"�$ �^  ��2�"2^ _Z� "�2 $^ # "]2"�
¤ c 1[�$\2� b"2 ]Z © �#�$ � �

u(x, y) =
1 − x2 − y2

4
wª y

2^� ]Z ^ ]"�$ � !" _� �]�Y 2 2� # Y_Z�2� ]Z Z"a �[^"]�Z�^  ��2�"^ c
��« ���� ���� � �¬�� �� � ��������­®�¯�°�� ��������

4 �^$![� �^ Y Z$��2�Z�� ]2 _� �]�Y 2 Y $a�2 !2 �$�$#�]2�Wu2"Y Z�� � Y  ��2 v














∆u(x, y) = 0,∀x ∈ Ω

u(x, y) = 0,∀x ∈ ∂Ω1

∂u(x, y)

∂±x

= 1,∀x ∈ ∂Ω2

w²y
Z¨2#

{

∂Ω1 = {(x, y) ∈ IR2, x2 + y2 = 1, y ≥ 0}

∂Ω2 = {(x, y) ∈ IR2, x2 + y2 = 1, y < 0}
w³y

xc 5[Z]$^2� ]Z ^$Y"]Z�$ � # Y_]��2 !2 #2 _� �]�Y 2 ^ "^ &'()*+
¢ c £2��2� ]2 _� �]�Y 2 !2 u2"Y Z�� _"� ccc

£X x ´ 12�^$ � !" ¢ª  #� ��2 ¢µµ² x´¤
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¶ · fjikspr ¸gm¹gkslpr rl¹ºtpr
¡� _ "��Z # �^$![�2� ]2^  [ Y [��$2^ ^" $¨Z��2^ c

§ �� »� �°¼ � ½¯� °���°¯
¡� # �^$!��2 "� Z��2Z" ![\�$ _Z� v

Ω = {(x, y) ∈ IR2, x2 + y2 ≤ 1} \ {(x, y) ∈ IR2, x2 + y2 < 1/2} w¾y
¡� _ "��Z �2��2� !2 ©Z$�2 ¨Z�$2� ]2^ # �!$�$ �^ ^"� ]2 � �! $��[�$2"� wu2"YZ��  " � $�$#�]2� y
§ �§ »� �°¼ �¯ �°��¿ ¯���¿

Ω = {(x, y) ∈ IR2, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} wÀy¡� _ "��Z #� $^$� !2 �[^ "!�2 ]2 _� � ]�Y2 !2 � $�$#�]2�
{

∆u(x, y) = f(x, y),∀x ∈ Ω

u(x, y) = 0,∀x ∈ ∂Ω
wÁy

Z¨2#
f(x, y) = −2π2 cos(2πx) sin2(πy) − 2π2 sin2(πx) cos(2πy) wxµy¡� # Y_Z�2�Z Z] �^ Z¨2# ]Z ^ ]"�$ � Z�Z]¥�$b"2 v

u(x, y) = sin2(πx) sin2(πy) wxxy
§ �« »� �°¼ �� ��¯¬ ���°���¼

¡� # �^$!��2 !2"a ! Y Z$�2^ v
Ω1 = {(x, y) ∈ IR2, 0 < x < 1, 0 < y < 1},Γ1 = {(x, y) ∈ IR2, x = 0, 0 < y < 1} wx¢y
Ω2 = {(x, y) ∈ IR2, 1 < x < 2, 0 < y < 1},Γ2 = {(x, y) ∈ IR2, x = 2, 0 < y < 1} wx¤y

wxªy
^"� ]2^b"2]^  � _ ^2 ]2^ [b"Z�$ �^ ^" $¨Z��2^ v

{

∇(c1.∇u(x, y)) = 1,∀x ∈ Ω1, u(x, y) = 0,∀x ∈ Γ1,

∇(c2.∇u(x, y)) = 1,∀x ∈ Ω2, u(x, y) = 0,∀x ∈ Γ2,
wx²y

¡� $Y_ ^2 !2 _]" ^ ]Z # ��$�"$�[ !2 ]Z ^ ]"�$ � ^"� ]2 ©� ��$��2 # YY"�2
Γ = {(x, y) ∈ IR2, x = 1, 0 < y < 1}

xc 5[Z]$^2� ]Z ^$Y"]Z�$ � # Y_]��2 !2 #2 _� �]�Y 2 ^ "^ &'()*+
¢ c � ��2� "�2 $��2�_�[�Z�$ � !2^ #�ZY_^ !2 ¨2#�2"�^

c1

2�
c2

!Z�^ ]2 #Z^ !2^ Y 2Y��Z�2^ 2� !2^ [b"$]$��2^
��2�Y $b"2^ c

Â Ãn ºsmÄtÅ¹p o fgtpÆksmrkjklhip
¡� # �^$![�2�Z ]2 _� �]�Y 2 !2 #�ZY_ []2#��$b"2 �

E
 [�[�[ _Z� !2"a # �!"#�2"�^ !Z�^ ]2 ¨$!2 c ¡� �Z__2]]2

b"2 ]2 #�ZY_ []2#��$b"2 2^� ! ��[ _Z� v
E(x) = −∇V (x) wx³y Ç

V (x)
2^� ]2 _ �2��$2] []2#��$b"2 c ¡� Z 2� _Z��$#"]$2� b"2

rotE(x) = 0
c z `[b"Z�$ � !2 X $^^ � _ "� "�2

!2�^$�[ !2 #�Z� 2^
ρ

^ `[#�$� b"Z�� % 2]]2 v
∇E =

ρ

ε0

wx¾y
 Ç

ε0

2^� ]Z _ 2�Y $��$¨ $�[ !" ¨$!2 c
z2 _� � ]�Y2 !" #�ZY_ []2#��$b"2 �2¨$2�� ! �# % �[^ "!�2 !2 ] `[b"Z�$ � !2 X $^^ � _ "� ]2 _ �2��$2]

[]2#��$b"2
V (x)

_ "�
ρ = 0

c
¡� # �^$![�2�Z ]Z  [ Y [��$2 �2_�[^2��[2 ^"� ]Z \ "�2 x 2�  � !$^#"�2�Z !2 ] `$Y _ ��Z�#2 !" �Z__ ��

R/L^$  � ^ "�Z$�2 2È2#�"2� #2��2 ^$Y"]Z�$ � !Z�^ "� 2^_Z#2 $�\�$ c

£X x ´ 12�^$ � !" ¢ª  #� ��2 ¢µµ² ¢´¤
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+10V−10 V

R
R

&ÉÊ Ë x Ì Í ÎÏÐÑÒÓÔ ÕÖ × ÓÒØØÓÔ ÖÔ ÙÚÖÛÑÜÓØÑÐÑÒÎÏÖ

£X x ´ 12�^$ � !" ¢ª  #� ��2 ¢µµ² ¤´¤


