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(k1 + k2)F + cḞ = k2k1ξ + k2cξ̇

2αη
ω0

ξ + ξ̈ + 2αω0ξ̇ + ω2
0ξ = 0



ω0 α η

ω0 =

√
k1k2

(k1 + k2)m

α =
k2c

2(k1 + k2)mω0

η =
k1

k1 + k2

k2 → ∞ ω0 →√
k1/m α→ c/2mω0 η → 0

η ≪ 1
1 η

en = exp

[(
− α√

1 − α2
+ ηf1(α)

)(
arctan

(
2α
√

1 − α2

2α2 − 1

)
+ ηf2(α)

)]

f1(α) = α− α3/2 + O(α5) f2(α) = 2α− 3α3 + O(α5)
η

η = 0



0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

0 0.2 0.4 0.6 0.8 1.0 1.2
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1.0

F

ξ

η = 0.05
η = 0.2
η = 0.4

ω0 = 1
α = 0.1 ν = 0.1



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

en

α ν

η = 0.05
η = 0.2
η = 0.4



ξ

F = −c|ξ|ξ̇ − kξ

(1 − en) ∝ v−1
n

Fn = −k̆nξ
3
2

k̆n

Fn = −c|ξ|nξ̇ − kξn

n = 3
2

Fn = c|ξ|1/2ξ̇ − kξ3/2



(1 − en) ∝ v
− 1

5
n

{
|F | ≤ Fmax, ξ̇ = 0
|F | = Fmax, (F ) = (ξ̇), ξ̇ )= 0,

Fn =

{
k1ξ ξ̇ ≥ 0,

k2(ξ − ξ0) , ξ̇ < 0.

ξ0

en =
√

k1

k2

k2 = k1 + sF max
n s

(1 − en) ∝ sv
− 1

2
n



k1

k2

ξ0 ξ

F







•
•
•

O C z
x y

1 0

z1 = A1x
2 + B1y

2 + C1xy + · · · ,

z1 =
1

2R′
1
x2

1 +
1

2R′′
1
y2
1 ,

R′
1 R′′

1 1

2

−z2 =
1

2R′
2

x2
2 +

1
2R′′

2

y2
2 ,

h = z1 − z2

C



z

xO

δ1

δ1

δ2

δ2

δ

a
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R Tw

Tw ≈ 4R/co

co

co =

√
E

ρ
.



Tc

Tc ≈ 5.6(R5/(c4
0 ∗ Vz)1/5).

Tw

Tc
≈
(

Vz

co

)1/5

(Vz/c0)1/5

(
Vz

co

)1/5

- 1

c0 5200m/s

µs



2a

p
q
∫ a

−a

p(s)
x − s

ds − πβq(x) = π
E∗x

2R
,−a ≥ x ≥ a

β

β =
1
2

[
(1 − 2ν1)/G1 − (1 − 2ν2)/G2

(1 − ν1)/G1 + (1 − ν2)/G2

]

ν1 = 0.5
G1 ≪ G2 β ≈ 0

0.6



r−2 r

r−1

r−1

ln(r)

δ P



P

p =
2P

πa1

(
1 − x2

a2
1

) 1
2

a2
1 =

4PR

πE∗
1

σx = σz =
P

πR

A
C 01

O2

A

σx =
P

π

[
1
R

− 2(a2
1 + 2z2)

a2
1(a

2
1 + z2)

1
2

+
4z

a2
1

]

σz =
P

π

[
1
R

− 2
(a2

1 + z2)
1
2

+
2

2R − z

]

z

εz =
1 − ν2

πE
(σz − ν

1 − ν
σx)



C

O1

02

A

P

P

z

x

R

R1

R − z

z

z

R2

2a1

2a2

E, ν

E1, ν1

E2, ν2



z = 0 z = R

δ1 = P
1 − ν2

πE

(
2 ln

(
4R

a1

)
− 1
)

δ = 2P
1 − ν2

πE

(
ln
(

4R

a1

)
+ ln

(
4R

a2

)
− 1
)

d

δ = P
1 − ν2

πE

[
2 ln

2d

a
− ν

1 − ν

]

d R

P

ε
(x∗, y∗)

z∗ = x∗ + i y∗



F∗

F∗

R

R′

R′′

x∗

y∗

z∗l

λ∗



z∗ = i R R′ R′′

F ∗

u∗ v∗ x∗

y∗

w∗ = u∗ + i v∗

λ∗ R′

l F ∗

ε

ε =
l

R

ε′ =
l

R′

y∗(x∗) = R −
√

R2 − x∗2,

O(ε) |x∗| ≤ l/2

y∗(x∗) ≈ x∗2

2R
, |x∗| ≤ l/2

y∗(x∗) ≈ −x∗2

2R′ , |x∗| ≤ l/2

O(ε)

v∗(x∗) = −1
2

(
1
R

+
1
R′

)
x∗2 + const., |x∗| ≤ l/2



O(ε)

Z =
z∗

l
, W =

w∗

l
, Λ =

λ∗

l
, F =

F ∗

µl
, P =

p∗

l
,

µ p∗

ε → 0 Z l

z =
z∗

R
, w =

w∗

R
, λ =

λ∗

R
, f =

F ∗

µR
, p =

p∗

R
,

ε → 0 z
R

z = εZ, w = εW, λ = εΛ, f = εF, p = P

Vi(X) =
1
2
(ε+ ε′)X2 + const.

4πWi(Z) = C − i F
[
κ [2ZQ(Z)− ln(Q(Z))] + 2Z̄Q(Z̄) − ln(Q(Z̄)) + 4(Z − Z̄)Q(Z̄)

]

C κ
ν

κ = 3 − 4ν

κ =
3 − ν

1 + ν



O(1)
Q

Q(Z) = 2Z − i
√

1 − 4Z2

√
1 − 4Z2 Z [−1

2
,
1
2
]

√
1 − 4Z2 = −2i Z

(
1 − 1

4Z2

)1
2 ≈ −2i Z

(
1 − 1

8Z2

)
, |Z| → ∞

ln

ln Q = ln |Q| + i argQ

F = π
ε+ ε′

2(κ+ 1)

z = 0 z = i
O(1)

4πwo(z) = −i f

[
κ ln (

2z

2 + i z
) + ln (

2z̄

2 + i z̄
) +

z

z̄
+

2 + i z

2 − i z̄
+ (κ− 1)(1 + iz) − κ

]
+ C′

C′

l R

R l 0



O(∆) O(δ)
O(δ) O(∆)

wi]o = wo]i

O(1)
wi]o

ε O(1)
O(1) O(1)

4πwi]o = εC + i f(κ+ 1) ln ε− i f

[
κ ln z + ln z̄ +

z

z̄
+ 2(κ+ 1) ln 2 +

1
2
(κ− 1)

]
, ε→ 0

4πWi]o = C − i F

[
κ ln Z + ln Z̄ +

Z

Z̄
+ 2(κ+ 1) ln 2 +

1
2
(κ− 1)

]
, |Z| → ∞

wo]i
O(1)

4πWo]i =
C′

ε
− i F

[
(κ+ 1) ln ε+ κ ln Z + ln Z̄ +

Z

Z̄

]
, ε→ 0

4πwo]i = C′ − i f
[
κ ln z + ln z̄ +

z

z̄

]
, |z| → ∞

εC − C ′ = i f

[
(κ+ 1)(2 ln 2 − ln ε) +

1
2
(κ− 1)

]



Z = 0

4πλ = −κ+ 1
2

f ln
(

eε2

64

)

e

λ̃ = −f̃ ln(f̃)

λ̃ =
eλ∗

4R (1 + R/R′)

f̃ = e(κ+ 1)
F ∗

32πµR (1 + R/R′)

λ̃ =
η1

η1 + η2
f̃ ln

(
R2

R1
f̃

)
− η2
η1 + η2

f̃ ln
(

R1

R2
f̃

)

λ̃ =
e(λ∗1 + λ∗2)
4(R1 + R2)

f̃ =
eF ∗(η1 + η2)
32π(R1 + R2)

ηi =
κi + 1

µi

O(1)

wc = wi + wo − wi]o



C′ C

4πwc = −i fκ

[
2
z

ε
Q
(z

ε

)
− ln

(
1
ε
Q
(z

ε

))
− ln(2 + i z)

]

−i f

[
2
z̄

ε
Q
( z̄

ε

)
− ln

(
1
ε
Q
( z̄

ε

))
− ln(2 − i z̄)

]

−i f

[
+4
(

z − z̄

ε

)
+

2 + i z

2 − i z
+ i (κ− 1)z +

1
2
(κ− 1)(1 − i π) − 2(κ+ 1) ln 2

]

O(1)

t
d = t

δ = P
1 − ν2

πE

[
2 ln

2t

a
− ν

1 − ν

]

t

t ≫ a







2∆
δr δ



2∆ =
4P (1 − ν2)

πE

[
1
2
− ln(

a

2
)
]

2a

2∆ =
4P (1 − ν2)

πE

[
1
2
− ln(

a

2l
)
]

l

δ =
4P (1 − ν2)

πE

(
1
3

+ ln
2D

a

)

δ =
2P (1 − ν2)

πE

(
2
3

+ ln
2D1

a
+ ln

2D2

a

)

D1 D2

2∆ =
4P (1 − ν2)

πE

[
1
2

+ ln 2 + ln
(

Q

a

)]

2a
2c (xr, zr)

Q =
√

2(x2
r + z2

r)
1 +

√
1 + (xr/c)2 + (zr/c)2

exp

(
−z2

r

2(1 − ν)(x2
r + z2

r)
√

1 + (xr/c)2 + (zr/c)2

)



u(x, y), v(x, y), w(x, y)
S

u(x(, y) =
1

2πE

∫

S
X(ξ, η)

[
1 − ν

r
+
ν(x − ξ)2

r3

]
dξdη

+
1

2πE

∫

S
Y (ξ, η)

[
ν(x − ξ)(yη)

r3

]
dξdη

− 1 − 2ν
4πE

∫

S
Z(ξ, η)

x − ν

r2 dξdη

v(x(, y) =
1

2πE

∫

S
X(ξ, η)

[
ν(x − ξ)(yη)

r3

]
dξdη

+
1

2πE

∫

S
Y (ξ, η)

[
1 − ν

r
+
ν(x − ξ)2

r3

]
dξdη

− 1 − 2ν
4πE

∫

S
Z(ξ, η)

x − ν

r2 dξdη

w(x(, y) =
1 − 2ν
4πE

∫

S
X(ξ, η)

x − ν

r2 dξdη

+
1 − 2ν
4πE

∫

S
Y (ξ, η)

x − ν

r2 dξdη

− 1 − ν

2πE

∫

S
Z(ξ, η)

Z(ξ, η)
r

dξdη

X, Y, Z

X(x, y) = −τxz(x, y)
Y (x, y) = −τyz(x, y)
Z(x, y) = −σz(x, y)

r

r =
√

(x − ξ)2 + (y − η)2



6
f(ξ, η)

I1(f, x, y) =
∫

S

f(ξ, η)
r

dξdη

I2(f, x, y) =
∫

S
f(ξ, η)

(y − η)2

r3 dξdη

I3(f, x, y) =
∫

S
f(ξ, η)

(x − ξ)2

r3 dξdη = I1 − I2

I4(f, x, y) =
∫

S
f(ξ, η)

(x − ξ)(yη)
r3 dξdη

I5(f, x, y) =
∫

S
f(ξ, η)

(x − ξ)
r2 dξdη

I6(f, x, y) =
∫

S
f(ξ, η)

(y − η)
r2 dξdη

I =
∫

S
K(x, y, ξ, η)f(ξ, η) dξdη

S l
L R

l ≪ L ≪ R

ξ = n a(m) + b(m), |n| ≥ 1

m =
η

L
,

ŷ =
y

L

dξdη = La(m) dndm

a(m)
ξ = b(m) L

a(m) b(m) |m| > 1



I =
∫ 1

−1

∫ 1

−1
LK(x, Lŷ, ξ(n, m), Lm)f(ξ(n, m), Lm)a(m) dmdn

f(ξ(n, m), Lm)a(m)

f(ξ(n, m), Lm)a(m) = s(n)g(n, m)

g s

g(n, m) ∈ C2, |n| ≥ 1, |m| < 1
|g(n, m)| < G(m), G(m) ∈ L1, |m| < 1
∫ 1

−1
|s(n)| dn < +∞

∫ 1

−1
|s(n) ln |x − n|| dn < +∞, ∀x ∈ IR

f(ξ, η) =

(
1 −

(
ξ

l

)2

−
( η

L

)2
) 1

2

a(m) = l
√

1 − m2

a(m)f(n, m) = l(1 − n2)−
1
2

s(n) = (1 − n2)−
1
2

g(n, m) = l

I =
∫ 1

−1
s(n) dn

∫ 1

−1
LK(x, Lŷ, ξ(n, m), Lm)g(n, m) dndm

L → +∞

ξ = ξ(n, m), ξ̂ = (n, ŷ)

ξ = ξ̂ + (m − ŷ)ξ̂′ + O((m − ŷ)2)



′ m
ε

ε =
ξ̂′(ξ̂ − x)

L2

1

(ξ − x)2 + (η − y)2 = (ξ̂ − x)2 + 2(ξ − ξ̂)(ξ̂ − x) + (ξ − ξ̂)2 + L2(m − ŷ)2

= (ξ̂ − x)2 + L2(m − ŷ + ε)2

I1

I1(f, x, y) =
∫

S

f(ξ, η)√
(x − ξ)2 + (y − η)2

dξdη

= J1(sg, x, y)

=
∫ 1

−1
s(n) dn

∫ 1

−1

Lg(n, m) dm√
(x − ξ)2 + L2(ŷ − m)2

A1 =
∫ 1

−1
s(n) dn

∫ 1

−1

Lg(n, ŷ) dm√
(x − ξ̂)2 + L2(ŷ − m − ε)2

=
∫ 1

−1
s(n)g(n, ŷ)

[
arcsh

L(ŷ − m − ε)
|x − ξ̂|

]1

m=−1

dn

arcsh z

arcsh z = (z)
[
ln(2z) + O(1/z2)

]

|y| < 1 ε = O(1/L2) A1

A1 =
∫ 1

−1
s(n)g(n, ŷ)

[
ln
(
4L2(1 − ŷ2)

)
− 2 ln |x − ξ̂|

]
dn

A2

A2 =
∫ 1

−1
s(n) dn

∫ 1

−1

g(n, m) − g(n, ŷ)
|m − y| dm



J1−A1−A2 =
∫ 1

−1
s(n) dn

∫ 1

−1
L(g(n, m)−g(n, ŷ))



 1√
(x − ξ̂)2 + L2(ŷ − m − ε)2

− 1
L|m − ŷ|



 dm

J1 − A1 − A2 = O
(

ln L

L2

)
, L → ∞

I1 = Ff (y) ln(4(L2 − y2) − 2
∫

C(y)
f(ξ, y) ln |x − ξ| dξ

+
∫ L

L

Ff (η) − Ff (y)
|η − y| dη + O

(
ln L

L2

)

Ff (y) =
∫

C(y)
f(ξ, y) dξ

C(y) = {x, b(ŷ) − a(ŷ) ≥ x ≥ b(ŷ) + a(ŷ)}

I2(f, x, y) = −2Ff(y) + I1(f, x, y) + O
(

ln L

L2

)

I3(f, x, y) = I1(f, x, y) − I2(f, x, y) = 2Ff (y) + O
(

ln L

L2

)

I4(f, x, y) = O
(

ln L

L2

)

I5(f, x, y) = π

∫

C(y)
f(ξ, η) (x − ξ) dξ + O

(
1
L

)

I6(f, x, y) = −
∫ L

−L
Ff (η)

dη

y − η
+ O

(
1
L2

)

−
∫



2πEu(x, y) = FX(y)
(
(1 − ν) ln(4(L2 − y2)) + 2ν

)

− 2(1 − ν)
∫

C(y)
X(ξ, y) ln |ξ − x| dξ

+ (1 − ν)
∫ L

−L

FX(η) − FX(y)
|η − y| dη

+
1
2
(1 − 2ν)π

∫

C(y)
Z(ξ, y) (ξ − x) dξ

+ O
(
|X | lnL

L2

)
+ O

(
ν|Y | ln L

L

)
+ O

(
(1 − 2ν)

|Z|
L

)

2πEv(x, y) = FY (y)
(
(1 − ν) ln(4(L2 − y2)) − 2ν

)

− 2(1 − ν)
∫

C(y)
Y (ξ, y) ln |ξ − x| dξ

+
∫ L

−L

FY (η) − FY (y)
|η − y| dη

+
1
2
(1 − 2ν)π−

∫ L

−L
FZ(η)

dη

η − y

+ O
(
|Y | ln L

L2

)
+ O

(
ν|X | ln L

L

)
+ O

(
(1 − 2ν)

|Z|
L

)

2πEw(x, y) = FZ(y)
(
(1 − ν) ln(4(L2 − y2))

)

− 2(1 − ν)
∫

C(y)
Z(ξ, y) ln |ξ − x| dξ

+ (1 − ν)
∫ L

−L

FZ(η) − FZ(y)
|η − y| dη

− 1
2
(1 − 2ν)π

∫

C(y)
X(ξ, y) (ξ − x) dξ

− 1
2
(1 − 2ν)−

∫ L

−L
FY (η)

dη

η − y

+ O
(

(1 − 2ν)
|X |
L

)
+ O

(
(1 − 2ν)

|Y |
L

)



f(x) =
∫ b

a
ϕ(ξ) ln |ξ − x|, dξ

f ′(x) = −−
∫ b

a

ϕ(ξ)
ξ − x

dξ

ϕ(x) =
1
π2

∫ b

a

√
(ξ − a)(b − ξ)
(x − a)(b − x)

f ′(ξ)
ξ − x

dξ +
C√

(x − a)(b − x)

C

C =
(
π2 ln

(
b − a

4

))−1 ∫ b

a

f(x)
(x − a)(b − x)

dx =
1
π

∫ b

a
ϕ(x) dx

ϕ
f

ϕ(x) =
√

a2 − x2

Fϕ =
∫ a

−a
ϕ(x) dx =

1
2
πa2

f(x) =
∫ a

−a

√
a2 − ξ2 ln |ξ − x| dξ

=
1
2
π ln

(
a2

4

)

w(x, y) = −Ax2 + δ, A

x
Z

Z(x, y) =
2AE

(1 − ν)
√

a2(y) − x2

FZ =
πAEa2

1 − ν



w(x, y) = −Ax2 +
1
2
Aa2

[
ln
(

16(L2 − y2)
a2

)
+ 1
]

+
1
2

∫ L

−L

Aa2(η) − Aa2(y)
|η − y| dη

δ = w(0, y) =
1
2
Aa2

[
ln
(

16(L2 − y2)
a2

)
+ 1
]

+
1
2

∫ L

−L

Aa2(η) − Aa2(y)
|η − y| dη

y = 0

a2(y) = B2a0(y)
(

1 +
1
Λ

a1(y) + . . .

)
, a0(0) = 1

Λ

Λ = ln
(

16
L2

B2

)
+ 1

δ =
1
2
AB2a0(y)

(
1 +

1
Λ

a1(y) + . . .

)

×
[
Λ + ln

(
1 − y2

L2

)
− ln

(
1 +

1
Λ

a1(y) + . . .

)]

+
1
2
AB2

∫ L

−L

[
a0(η)

(
1 +

1
Λ

a1(η) + . . .

)
− a0(η)

(
1 +

1
Λ

a1(η) + . . .

)]
dη

|η − y|

1 ln
(

1 − y2

L2

)
−∞

y → L
|y| ≥ 0.9L

δ =
1
2
AB2a0(y)Λ ⇒ a0(y) = 1

a1(y) = − ln
(

1 − y2

L2

)

a(y) = B

√

1 − 1
Λ

ln
(

1 − y2

L2

)



∫ L

−L
FZ dy =

πAEB2

1 − ν

∫ L

−L
1 − 1

Λ
ln
(

1 − y2

L2

)
dy

=
πAEB2L

1 − ν

[
2 +

0.614
Λ

]

δ =
1
2
AB2Λ

0.614

∫ L

−L
ln
(

1 − y2

L2

)
dy = L

∫ +1

−1
ln
(
1 − x2

)
dx

ln(1 − x2)

∫
ln
(
1 − x2

)
dx = x ln(1 − x2) − 2x + 2 argth(x), −1 < x < 1

−1

lim
x→−1

x ln(1−x2)−2x+2 argth(x) = lim
x→−1

(1+x) ln(1+x)+(x−1) ln(1−x)−2x = −2 ln(2)+2

1

lim
x→1

x ln(1−x2)−2x+2 argth(x) = lim
x→1

(1+x) ln(1+x)+ (x−1) ln(1−x)−2x = 2 ln(2)−2

2 ln(2) − 2 = −0.6137056

❏



y



σy = ν(σx + σy)

εy = 0

σy = 0

δ =
a2

2R
2 ln

(
4R

a

)
− 1

y a
a p0

a = 2p0R
1 − ν2

E

a = 2p′0
R

E

p′0 ≈ (1 − ν2)p0



2a

x

y

z

p0

p′0
p0(y)

2a
x

y

z

p0

p′0
p0(y)

q

2a

x

yy

z

p0

p′0

p0(y)

2a

x

y
y

z
p0

p′0

p0(y)



p0(y) ∝ y−0.23

Anx2n

h = z1 + z2 = A1x
2 + A2x

4 + . . . + Anx2n + . . .

h = z1 + z2 = A1r
2 + A2r

4 + . . . + Anr2n + . . .

An



R1

R2

∆R

φ

ψ

Q

(r,φ)(R2,ψ)

Ẽi =
Ei

1 − ν2
i

, ν̃i =
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+
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+
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Ẽi∆R

Q

k =
π

2
2(1 + η) − λ

1 + η

∫ b

−b
q(t)

1 − t2

(1 + t2)2
dt =
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+
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c Cij
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∂
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γ δ̇β
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δ(0) = 0, δ̇(0) = v0
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δ
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=
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+
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ẋ2 +

1
2
x

5
2 ) = −f(v0)x

1
2 ẋ
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∂x
+
∂uy

∂y
+
∂uz

∂z
=

1 − 2ν
2πG

∂ψ

∂z
,



σx =
1
2π

[
2ν
∂ψ

∂z
− z

∂2ψ

∂x2
− (1 − 2ν)

∂2ψ1

∂x2

]

σy =
1
2π

[
2ν
∂ψ

∂z
− z

∂2ψ

∂y2
− (1 − 2ν)

∂2ψ1

∂y2

]

σz =
1
2π

[
∂ψ

∂z
− z

∂2ψ

∂z2

]

τxy = − 1
2π

[
(1 − 2ν)

∂2ψ1

∂x∂y
+ 2

∂2ψ

∂x∂y

]

τyz = − 1
2π

z
∂2ψ

∂y∂z

τzx = − 1
2π

z
∂2ψ

∂x∂z

S

σ̄z =
1
2π

[
∂ψ

∂z

]

z=0

=

{
−p(ξ, η) ,

0 .

z = 0

ūx = −1 − 2ν
4πG

[
∂ψ1

∂x

]

z=0

ūy = −1 − 2ν
4πG

[
∂ψ1

∂y

]

z=0

ūz =
1 − ν

2πG
[ψ]z=0

ψ z
ψ z = 0

❏



ρ = (x2 + y2 + z2)
1
2

P =
∫

S
p(ξ, η) dξdη

ψ1 =
∂H1

∂z
= H = P ln(ρ+ z)

ψ =
∂H

∂z
=

P

ρ

ux = − P

4πG

[
xz

ρ3 − (1 − 2ν)
x

ρ(ρ+ z)
)
]

uy = − P

4πG

[
yz

ρ3 − (1 − 2ν)
y

ρ(ρ+ z)

]

uz =
P

4πG

[
z2

ρ3 +
2(1 − ν)

ρ

]

σx =
P

2π

[
1 − 2ν

r2

[(
1 − z

ρ

)
x2 − y2

r2 +
zy2

ρ3

]
− 3zx2

ρ5

]

σy =
P

2π

[
1 − 2ν

r2

[(
1 − z

ρ

)
y2 − x2

r2 +
zx2

ρ3

]
− 3zy2

ρ5

]

σz = −3P

2π
z3

ρ5

τxy =
P

2π

[
1 − 2ν

r2

[(
1 − z

ρ

)
xy

r2 +
xyz

ρ3

]
− 3xyz

ρ5

]

τxz = −3P

2π
xz2

ρ5

τyz = −3P

2π
yz2

ρ5

r2 = x2 + y2



σr =
P

2π

[
(1 − 2ν)

(
1
r2 − z

ρr2

)
− 3zr2

ρ5

]

σθ = − P

2π
(1 − 2ν)

(
1
r2 − z

ρr2 − z

ρ3

)

σz = −3P

2π
z3

ρ5

τrz = −3P

2π
rz2

ρ5

ur =
P

4πG

[
rz

ρ3 − (1 − 2ν)
ρ− z

ρr

]

uz =
P

4πG

[
z2

ρ3 +
2(1 − ν)

ρ

]
,

ūr =
1 − 2ν
4πG

P

r

ūz =
1 − ν

2πG

P

r

B(x, y)
A(x, y, z) p(x, y)

p(s,φ) B
dsdφ C

ps dsdφ B
r = BC = s

ūz =
1 − ν2

πE

∫

S
p(s,φ) dsdφ

A

G E G = E/(2(1 + ν))



p(s,φ) S

a

p = p0

(
1 − r2

a2

)n

n

• n = 0
• n = −1/2

• n = 1/2

n = 0
n = −1/2

p
s dsdφ

ūz =
1 − ν2

πE

∫

S
p(s,φ) dsdφ

B(r, 0)

C(s,φ) OC t

t2 = r2 + s2 + 2rs cos(φ)

C

p(s,φ) =
p0

a
(α2 − 2βs − s2)

1
2

α2 = a2 − r2, β = r cos(φ).



a

C(s,φ)

B(r, 0)

t s

rO

s1

s2

θ φ

φ1

−φ1

λ

a

C(s,φ)

B(r, 0)

t

s

r O

s1

s2

θ

φφ1

−φ1

λ



ūz

ūz =
1 − ν2

πE

p0

a

∫ 2π

0
dφ

∫ s1

0
(α2 − 2βs − s2)

1
2 ds

s1

α2 − 2βs − s2 = 0

s
∫ s1

0
(α2 − 2βs − s2)

1
2 ds =

1
2
αβ +

1
2
(α2 + β2)

[
π

2
− tan−1(

β

α
)
]

βα tan−1(
β

α
) φ

ūz(r) =
1 − ν2

πE

p0

a

∫ 2π

0

π

4
(a2 − r2 + r2 cos2 φ)

1
2 dφ

=
1 − ν2

πE

πp0

4a
(2a2 − r2), r ≤ a

B
p dsdφ C

(1 − 2ν)(1 + ν)
2πE

p dsdφ

− (1 − 2ν)(1 + ν)
2πE

p cosφ dsdφ

ūr(r) =
(1 − 2ν)(1 + ν)

2πE

p0

a

∫ 2π

0
cosφ dφ

∫ s1

0
(α2 − 2βs − s2)

1
2 ds

ūr(r) = − (1 − 2ν)(1 + ν)
3E

a2

r
p0

[
1 − (1 − r2

a2 )
3
2

]
, r ≤ a

B

ūz(r) =
1 − ν2

E

p0

2a

[
(2a2 − r2) sin−1(

a

r
) + r2 a

r
(1 − a2

r2 )
1
2

]
, r ≥ a

ūr(r) = − (1 − 2ν)(1 + ν)
3E

a2

r
p0, r ≥ a



σ̄r

p0
=

1 − 2ν
3

a2

r2

(
1 −

(
1 − r2

a2

)3/2
)

− (1 − r2

a2 )1/2

σ̄θ

p0
= −1 − 2ν

3
a2

r2

(
1 −

(
1 − r2

a2

)3/2
)

− 2ν(1 − r2

a2 )1/2

σ̄z

p0
= −

(
1 − r2

a2

)1/2

σ̄r

p0
=
σ̄θ

p0
= (1 − 2ν)

a2

3r2

r = a

z

σr

p0
=

σθ

p0
= −(1 + ν)

(
1 − z

a
tan−1(

a

z
)
)

+
1
2

(
1 +

z2

a2

)−1

σz

p0
= −

(
1 +

z2

a2

)−1

p(x, y) = p0

(
1 −

(x

a

)2
−
(y

b

)2
)n

(x

a

)2
+
(y

b

)2
− 1 = 0

ψ(x, y) =
∫

S
p0

(
1 −

(x

a

)2
−
(y

b

)2
)n

ρ−1 dξdη



ρ = [(ξ − x)2 + (η − y)2 + z2]
1
2

ūz =
1 − ν

2πG
[ψ]z=0

ψ(x, y, z) =
Γ(n + 1)Γ(

1
2
)

Γ(n +
3
2
)

p0ab

∫ ∞

λ1

(
1 − x2

a2 + w
− y2

b2 + w
− z2

w

)n+ 1
2 dw
(
(a2 + w)(b2 + w)w

) 1
2

Γ λ1

1 − x2

a2 + λ
− y2

b2 + λ
− z2

λ
= 0

λ1

(x, y, z)
Ψ λ1 = 0

n = −1
2

Ψ n = −1
2

ψ(x, y, z) = πp0ab

∫ ∞

λ1

dw
(
(a2 + w)(b2 + w)w

) 1
2

z = 0

ψ(x, y, 0) = πp0ab

∫ ∞

0

dw
(
(a2 + w)(b2 + w)w

) 1
2

x y
e = (1 − (b/a)2) 1

2

w = b2.t2 dw/w
1
2 = 2bdt

∫ ∞

0

dw
(
(a2 + w)(b2 + w)w

) 1
2

=
2
a

∫ ∞

0

dw
(
(1 + k2t2)(1 + t2)

) 1
2



k = b/a
t = tanφ dt = dφ/ cos2 φ

∫ ∞

0

dw
(
(1 + k2t2)(1 + t2)

) 1
2

=
∫ π/2

0

dφ√
1 − (1 − k2) sin2 φ

=
∫ π/2

0

dφ√
1 − e2 sin2 φ

= K(e)

ūz =
1 − ν2

E
2p0bK(e)

n =
1
2

ψ(x, y, z) =
1
2
πp0ab

∫ ∞

λ1

(
1 − x2

a2 + w
− y2

b2 + w
− z2

w

)
dw

(
(a2 + w)(b2 + w)w

) 1
2

ψ(x, y, 0) =
1
2
πp0ab

∫ ∞

0

(
1 − x2

a2 + w
− y2

b2 + w

)
dw

(
(a2 + w)(b2 + w)w

) 1
2

ūz =
1 − ν2

πE
(L − Mx2 − Ny2)

M =
πp0ab

2

∫ ∞

0

dw
(
(a2 + w)3(b2 + w)w

) 1
2

=
πp0b

e2a2 (K(e) − E(e))

N =
πp0ab

2

∫ ∞

0

dw
(
(a2 + w)(b2 + w)3w

) 1
2

=
πp0b

e2a2

(
a2

b2 E(e) − K(e)
)

L =
πp0ab

2

∫ ∞

0

dw
(
(a2 + w)(b2 + w)w

) 1
2

= πp0bK(e)

E(e)

E(e) =
∫ π/2

0

√
1 − e2 sin2 φ dφ



λ1

3
Ψ1 =

∫∞
z Ψ dz

z λ1 = z2

Ψ z
z

σx

p0
=

2b

e2a
(Ωx + νΩ′

x)

σy

p0
=

2b

e2a
(Ωy + νΩ′

y)

σz

p0
= − b

e2a

1 − T 2

T

Ωx =
1
2
(1 − T ) + ζ(F (φ, e) − E(φ, e))

Ω′
x = 1 − a2T

b2 + ζ(
a2

b2 E(φ, e) − F (φ, e))

Ωy =
1
2

+
1

2T
− Ta2

b2 + ζ(
a2

b2 E(φ, e) − F (φ, e))

Ω′
y = −1 + T + ζ(F (φ, e) − E(φ, e))

T =
(

b2 + z2

a2 + z2

) 1
2

, ζ =
z

a
= cotφ

F (φ, e) E(φ, e)

F (φ, e) =
∫ φ

0

dφ√
1 − e2 sin2 φ

E(φ, e) =
∫ φ

0

√
1 − e2 sin2 φ dφ

❏



a + b

(x, y) z

y

x

z

b a

q(x)
p(x)

O

σx

σz

τxz

σθ

σr

τrθ

θ

r

p(x) q(x)
(ux, uz) σx,σz , τxz

ūz



(σx,σz , τxz)

∂σx

∂x
+
∂τxz

∂z
= 0

∂σz

∂z
+
∂τxz

∂x
= 0

(εx, εz, γxz)

∂2εx
∂z2

+
∂2εz
∂x2

=
∂2γxz

∂x∂z

εx =
∂ux

∂x
, εz =

∂uz

∂z
, γxz =

∂ux

∂z
+
∂uz

∂x

εy = 0
σy = ν(σx + σz)

εx =
1
E

[
(1 − ν2)σx − ν(1 + ν)σz

]

εz =
1
E

[
(1 − ν2)σz − ν(1 + ν)σx

]

γxz =
1
G
τxz =

2(1 + ν)
E

τxz

φ(x, z)

σx =
∂2φ

∂z2
, σz =

∂φ

∂x
, τxz =

∂2φ

∂x∂z

φ
[
∂

∂x
+

∂

∂z

] [
∂φ

∂x
+
∂φ

∂z

]
= 0



σ̄z = τ̄xz = 0, x < −b, x > a

σ̄z = −p(x)
τ̄xz = −q(x)

(x, z) → 0 =⇒ (σx,σz , τxz) → 0

φ(r, θ)
[
∂2

∂r2
+

1
r

∂

∂r
+

1
r

2 ∂2

∂θ2

][
∂2φ

∂r2
+

1
r

∂φ

∂r
+

1
r

2 ∂2φ

∂θ2

]
= 0

σr =
1
r

∂φ

∂r
+

1
r

2 ∂2φ

∂θ22

σθ =
∂2φ

∂r2

τrθ = − ∂

∂r

(
1
r

∂φ

∂θ

)

εr =
∂ur

∂r

εθ =
ur

r
+

1
r

∂uθ

∂θ

γrθ =
1
r

∂ur

∂θ
+
∂uθ

∂r
− uθ

r

P
O

φ(r, θ) = Arθ sin θ



σr = 2A
cos θ

r
σθ = τrθ = 0

1/r

A
r

−P =
∫ π

2

−π
2

σr cos θ rdθ =
∫ π

2

0
2A cos2 θ dθ = Aπ

σr = −2P

π

cos θ
r

σr −2P/πd
d O τrθ = 0 σr σθ

σx = σr sin2 θ = −2P

π

x2z

(x2 + z2)2

σz = σr cos2 θ = −2P

π

z3

(x2 + z2)2

τxz = σr sin θ cos θ = −2P

π

xz2

(x2 + z2)2

∂ur

∂r
= εr = −1 − ν2

E

2P

π

cos θ
r

ur

r
+

1
r

∂uθ

∂θ
= εθ =

ν(1 + ν)
E

2P

π

cos θ
r

1
r

∂ur

∂θ
+
∂uθ

∂r
− uθ

r
= γrθ =

τrθ

G



ur =
1 − ν2

πE
2P cos θ ln r − (1 − 2ν)(1 + ν)

πE
Pθ sin θ + C1 sin θ + C2 cos θ

uθ =
1 − ν2

πE
2P sin θ ln r +

ν(1 + ν)
πE

2P sin θ

− (1 − 2ν)(1 + ν)
πE

Pθ cos θ +
(1 − 2ν)(1 + ν)

πE
P sin θ + C1 cos θ − C2 sin θ + C3r

θ = ± π/2

ūr|θ=π/2 = ūr|θ=−π/2 = − (1 − 2ν)(1 + ν)P
2E

ūθ|θ=π/2 = −ūθ|θ=−π/2 = − (1 − ν2)
πE

2P ln r + C

C r0

ūθ|θ=π/2 = −ūθ|θ=−π/2 = − (1 − ν2)
πE

2P ln(r0/r)

ūθ ln r

❏

Q

σr = −2Q

π

cos θ
r

σθ = τrθ = 0



0

σx = −2Q

π

x3

(x2 + z2)2

σz = −2Q

π

xz2

(x2 + z2)2

τxz = −2Q

π

x2

(x2 + z2)2

− ūr|θ=π = ūr|θ=0 = − (1 − ν2)
πE

2Q ln r + C

ūθ|θ=π = ūθ|θ=0 = − (1 − 2ν)(1 + ν)Q
πE

p(x)
q(x) a + b

x

z

b a

q(x)

p(x)

O

r

A(x, z)

B C(x, 0)

ds

s



ūx = − (1 − 2ν)(1 + ν)
2E

[∫ x

−b
p(s) ds −

∫ a

x
p(s) ds

]

−2(1 − ν2)
πE

∫ a

−b
q(s) ln |x − s| ds + C1

ūz = −2(1 − ν2)
πE

∫ a

−b
p(s) ln |x − s|ds

− (1 − 2ν)(1 + ν)
2E

[∫ x

−b
q(s) ds −

∫ a

x
q(s) ds

]
+ C2

∂ūx

∂x

∂ūz

∂x
C1 C2

∂ūx

∂x
= − (1 − 2ν)(1 + ν)

2E
p(x) − 2(1 − ν2)

πE

∫ a

−b

q(s)
x − s

ds

∂ūz

∂x
= −2(1 − ν2)

πE

∫ a

−b

p(s)
x − s

ds − (1 − 2ν)(1 + ν)
2E

q(x)

∂ūz

∂x
ε̄x

∂ūz

∂x

B
ds

A(x, z)



σx = −2z

π

∫ a

−b

p(s)(x − s)2

((x − s)2 + z2)2
ds + − 2

π

∫ a

−b

q(s)(x − s)3

((x − s)2 + z2)2
ds

σz = −2z3

π

∫ a

−b

p(s)
((x − s)2 + z2)2

ds + −2z2

π

∫ a

−b

q(s)(x − s)
((x − s)2 + z2)2

ds

τxz = −2z2

π

∫ a

−b

p(s)(x − s)
((x − s)2 + z2)2

ds + −2z

π

∫ a

−b

q(s)(x − s)2

((x − s)2 + z2)2
ds

ε̄x = − (1 − 2ν)(1 + ν)
2E

p(x)

ε̄x =
1
E

[
(1 − ν2)σ̄x − ν(1 − ν)σ̄z

]

σ̄z = −p(x)

σ̄x = σ̄z = −p(x)

ln(r)
❏
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