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Motivations

Motivations

> Simulation of the mechanical behavior (statics and dynamics) of large collection
of bodies in interaction through:

» contact and impact,

> Coulomb dry friction,

> cohesive interfaces with damage and plasticity.
> Nonsmooth mechanics modeling framework:

> dedicated time—integration schemes,

> numerical optimization solvers for SOCCP.
> Applications in mining and geotechnical engineering.

> granular flows,
> fracture processes,
> rock stability.

Motivations
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L\t h deling of hanical systems

Smooth multibody dynamics

Equations of motion
dv
M(q)— + F(t =0
(a)5; +Ft,a,v) =0,

v=g

q(to) = qo € R",  v(to) = vo € R",
where
> F(t7 q, V) = N(qv V) + ,:int(t7 q, V) - FeXt(t)

of
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Nonsmooth modeling of mechanical systems

Unilateral contact and impact
Body B

> Unilateral contact (Signorini condition)
0<gn(q) LRv=0

Complementarity condition

> Local relative velocity at contact

_|Un| _ T

U= |:UT:| =G'(q)v

> Impact Law (Newton Impact law)
Ul =—elUy

e is the coefficient of restitution.

8N

()

®3)

(4)
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Nonsmooth modeling of mechanical systems

Coulomb’s friction

Coulomb's friction
Coulomb’s friction says the following:
If gn(g) = 0 then: & N

IfUr=0 thenRe K
If Ur #0 then ||Rr(t)|| = u|Rn| and there exists a scalar a > 0
such that Rr = —aUr
(5)
where K = {R,||Rr|| < u|Rn| } is the Coulomb friction cone

Maximum dissipation principle in the tangent plane [Moreau, 1974].

max —UIR 6
RreD(uRy) ' ©®
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L\t h deling of hanical systems

Coulomb’s friction as a Second—Order Cone Complementarity Problem
(SOCCP)

Let us introduce the modified velocity U defined by
U=[Un+pllUr], Un]". (7
This notation provides us with a synthetic form of the Coulomb friction as
—U € Ng(R), (8)

or .
K*>ULReK. 9)

where K* = {v € R" | rTv > 0,Vr € K} is the dual cone.
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L\t h deling of hanical systems

Nonsmooth cohesive zone model

Ry
0<pf<1
c g
0 g |
1
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Stored Energy
N ® (080) by the surface bond
1
A

(a) Rate independent law
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L\t h deling of hanical systems

Nonsmooth cohesive zone model

Ry
c E &
0 @ ;
® : ® :
Dissipated Energy
B : @ ©ng) by damage
: Stored Energy
/ D @ (080) by the surface bond
0<p<t Dissipated Ei
issipated Energy
/ @ (ABD) by viscosity
B=1 A B BCED) Additional Energy
@ (BCED) stored by viscosity

(b) Rate dependent law (viscosity)
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Nonsmooth modeling of mechanical systems

Nonsmooth Lagrangian Dynamics

Fundamental assumptions.

> The velocity v = g is assumed to of Bounded Variations (B.V) and
right—continuous
vt =gt (10)

> q is an absolutely continuous function such that
t
a(t) = qlto) + [ vi(e)dt (1)
to

> The acceleration (g in the usual sense) is hence a differential measure dv
associated with v such that

dv((a, b]) =/( RATAORA0 (12)
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Nonsmooth modeling of mechanical systems

Nonsmooth Lagrangian Dynamics

Definition 1 (Nonsmooth Lagrangian Dynamics)

M(q)dv + F(t,q,v*)dt = di

v+:c'7+

where di is the reaction measure and dt is the Lebesgue measure.

Remarks

>

The nonsmooth Dynamics contains the impact equations and the smooth
evolution in a single equation.

The formulation allows one to take into account very complex behaviors,
especially, finite accumulation (Zeno-state).

This formulation is sound from a mathematical Analysis point of view.

References
[Schatzman, 1973, 1978, Moreau, 1983, 1988]

(13)
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Nonsmooth modeling of mechanical systems

Nonsmooth Lagrangian Dynamics

Measures Decomposition (for dummies)

{ dv. = ~dt+ (vi—v7)dv+ dv_S (14)
di= fdt+ pdv+  dis

where
» ~ = § is the acceleration defined in the usual sense.
> f is the Lebesgue measurable force,

» vt — v~ is the difference between the right continuous and the left continuous
functions associated with the B.V. function v = g,

> dv is a purely atomic measure concentrated at the time t; of discontinuities of v,
i.e. where (vt —v7) #0ie. dv =36y

> p is the purely atomic impact percussions such that pdv = =, p;idy;

v

dvs and dis are singular measures with the respect to dt + dn.
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L\t h deling of hanical systems

Impact equations and Smooth Lagrangian dynamics

Substituting the decomposition of measures into the nonsmooth Lagrangian
Dynamics, one obtains

Impact equations

M(q)(v* — v™)dv = pdv, (15)

or
M(q(t)) (vt () — v (&) = pi, (16)

Smooth Dynamics between impacts

M(q)vydt + F(t,q, v)dt = fdt (17)

or

Mgyt + F(t,q,vT) = T [dt—a.e] (18)
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Nonsmooth modeling of mechanical systems

The Moreau's sweeping process of second order
Moreau [1983, 1988]

A key stone of this formulation is the inclusion in terms of velocity.

M(q)dv + F(t,q,v")dt = di = G(q)d/
vt = (',-%—
(19)
Ut =GT(q)v"
an(q) <0 = 0< Ut +eU~ Ldl >0
Comments
—dl € NTR+(gN(Q))(U+) (20)

This formulation provides a common framework for the nonsmooth dynamics
containing inelastic impacts without decomposition.

=» Foundation of the time—stepping approaches.
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Numerical methods for the simulation

DAy
of hanical systems 16/49




The nonsmooth contact dynamics method for the simulation of granular matter flows and fracture in mining applications
Numerical methods for the simulation

Principle of nonsmooth event capturing methods (Time—stepping schemes)

1. A unique formulation of the dynamics is considered. For instance, a dynamics in
terms of measures.
—mdv = di

0<diLvt>0ifg<go

2. The time-integration is based on a consistent approximation of the equations in
terms of measures. For instance,

/ dv = / dv = (v (tern) — v () ~ (Viss — ve)  (22)
Ttk tkral Ttk trqal

3. Consistent approximation of measure inclusion.

Pk+1 & di
—di € Nren(vi(2))  (23) = Tttt (24)

Prr1 € Ni(ey(Vier1)
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

For sake of simplicity, the linear time invariant case is only considered.

Mdv + (Kq + Cvt) dt = Fext dt + di.
ot (25)
vt =4
Integrating both sides of this equation over a time step ]tx, tx+1] of length h,
tey1 tet1
/ Mdv+/ Cv++qut:/ Fext dt + di,
Ttic tiera] tc ty Ttis oyl
(26)
tht1 .
alten) =a(s) + [ v,
tk
By definition of the differential measure dv,
/ Mdv =M dv =M (v (trs1) — v (%)) - (27)
Ttistheyal Ttk eyl

Note that the right velocities are involved in this formulation.
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

The equation of the nonsmooth motion can be written under an integral form as:

M b)) = [

ty

—Cv+—Kq+Fextdt+/ di,
Ttk tryal

(28)
tet1 .

alten) =a(s) + [ v,
ty

The following notations will be used:

> gk ~ q(tk) and ger1 = q(teta),
> v & v (t) and v & v (teg),
Impulse as primary unknown
The impulse di of the reaction on the time interval ]ty, tx11] emerges as a
Ttistieyal
natural unknown. we denote

Pk+1 R di
Ttk tosal

Numerical methods for the simulation — 19/49
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

Interpretation
The measure di may be decomposed as follows :

di = f dt + pdv

where
> f dt is the abs. continuous part of the measure di, and
> pdv the atomic part.

Two particular cases:

> Impact at t. €]ty, tyy1] : If f =0 and pdv = pdy, ., then
Pk+1 =P

» Continuous force over |ty, txi1] @ If di = fdt and p = 0 then

ter1
Prk+1 = / f(t) dt
tk

Numerical methods for the simulation — 20/49
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

Remark

» A pointwise evaluation of a (Dirac) measure is a non sense. It practice using the
value

frr1 & f(tet1)

yield severe numerical inconsistencies, since
lim fy41 = +o0
h—0

> Since discontinuities of the derivative v are to be expected if some shocks are
occurring, i.e. di has some Dirac atoms within the interval Jt, tx11], it is not
relevant to use high order approximations integration schemes for di. It may be
shown on some examples that, on the contrary, such high order schemes may
generate artefact numerical oscillations.

Numerical methods for the simulation — 20/49
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

Discretization of smooth terms
0-method is used for the term supposed to be sufficiently smooth,

tet1
/ Cv + Kqdt

tk

tht1
/ Fext(t) dt

t

Q

h[0(Cvis1 + K1) + (1 — 0)(Cvk + Kax)]

Q

h[0(Fext) k1 + (1 — 0)(Fext)]

The displacement, assumed to be absolutely continuous is approximated by:

Qk+1 = Gk + h [Ovips + (1 = 0)vi] -

Numerical methods for the simulation — 21/49
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Numerical methods for the simulation

Time Discretization of the nonsmooth dynamics

Finally, introducing the expression of qgx11 in the first equation of (27), one obtains:

[M + hOC + h?62K] (viy1 — vk) = —hCvy — hKqx — h?0Kv
+h [0(Fext)k+1) + (1 — 0)(Fext)&] + Pr1 (29)

which can be written :
Vi1 = Viee + M7 ppin (30)

where,
> the matrix M = [M + hoC + h202K] is usually called the iteration matrix and,

» The vector

Viee = Vk+ M1 = hCv — hKqi — h20Kv,
+h[0(Fext)kr1) + (1 — 0)(Fext )] ]

is the so-called “free” velocity, i.e. the velocity of the system when reaction
forces are null.

Numerical methods for the simulation — 22/49
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Numerical methods for the simulation

Time Discretization of the kinematics relations

According to the implicit mind, the discretization of kinematic laws is proposed as
follows.
For a constraint «,

Ug., = H* T(qK) vkt1
Py = HY(aqk) PEys  Prs1 =D Peis s
«

where

e~ / dx®.
Ttk teqal

For the unilateral constraints, it is proposed

g1 =8¢ +h {QUI?H +(1- G)Uﬂ

Numerical methods for the simulation — 23/49
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Numerical methods for the simulation

Discretization of the unilateral constraints

Recall that the unilateral constraint is expressed in terms of velocity as
—di € N7 (g)(v") (31)
or in local coordinates as
—dA® € Ny (g(ap (U™) (32)
The time discretization is performed by
—Pi1 € N7 (g2 (@s1)) (Uih) (33)

where i1 is a forecast of the position for the activation of the constraints, for
instance,

. h
qr+1 = gk + 5 vk
In the complementarity formalism, we obtain

if g%(Gks1) <O, then 0< UZ, L PE, >0

Numerical methods for the simulation — 24/49
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Numerical methods for the simulation

Summary of the time discretized equations

= M-t
One step linear problem Vil = Vfree + Pk+1
Gk+1 = Gk + h [Ovicr + (1 = 0)vi]
Ue = HoT
Relations (/1<+1 . (qk)avkﬂ
PR = H¥(qi) P4

e oy s <
Nonsmooth Law { if % (Gk1) < 0, then

0< Uy, LP2, >0

One step LCP

Uk+l = HT(qk)Vfree + HT(qk)M_lH(qk) Pk+1

if g <0, then 0 < Uy L PRy >0

Numerical methods for the simulation — 25/49
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Numerical methods for the simulation

Moreau's Time stepping scheme

M(qks0)(Vir1 — Vi) — hFiso = H(qs0) Piei1, (34a)
Gt1 = Gk + hviyo, (34b)
U1 = H (Gk40) vicrn (34c)
—Pri1 € amerg(hM)(Ukﬂ + eUk), (34d)
ktny =y +hyUx, v €10,1]. (34e)

with 6 € [0,1],7 > 0 and X1 = (1 — @)xk41 + axk and iy~ is a prediction of the
constraints.

Properties

» Convergence results for one constraints
» Convergence results for multiple constraints problems with acute kinetic angles

> No theoretical proof of order

Numerical methods for the simulation — 26/49
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Numerical methods for the simulation

Schatzman—Paoli's Time stepping scheme

M(qk + 1)(qkr1 — 2q + qu—1) — h* F(tks0, Qo> Viesd) = Prs1, (35a)
Ak+1 — Qk—1
= 0 TR 35b
Vik+1 2h P ( )
pesn € Nk (M) (35¢)
l1+e
where Ny defined the normal cone to K.
For K ={q € R",y = g(q) > 0}
Gk+1 + eqr—1 Gk+1 + eqr—1
0< — | 1L V —F— | P, >0 36
g( Tte ) g( Tte )m (36)

Properties

» Convergence results for one constraints
» Convergence results for multiple constraints problems with acute kinetic angles

> No theoretical proof of order

Numerical methods for the simulation — 27/49
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Numerical methods for the simulation

State—of-the—-art

Numerical time—integration methods for Nonsmooth Multibody systems (NSMBS):
Nonsmooth event capturing methods (Time-stepping methods)

@ robust, stable and proof of convergence
@ low kinematic level for the constraints
@ able to deal with finite accumulation

© very low order of accuracy even in free flight motions

Two main implementations

> Moreau—Jean time—stepping scheme

> Schatzman—Paoli time—stepping scheme

Numerical methods for the simulation — 28/49
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Numerical methods for the simulation

Comparison

Shared mathematical properties

» Convergence results for one constraints
» Convergence results for multiple constraints problems with acute kinetic angles

» No theoretical proof of order

Mechanical properties

> Position vs. velocity constraints
> Respect of the impact law in one step (Moreau) vs. Two-steps(Schatzman)

> Linearized constraints rather than nonlinear.

Numerical methods for the simulation — 29/49
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Numerical methods for the simulation

Signorini's condition and Coulomb's friction

Modeling assumption

Let p be the coefficient of friction. Let us define the Coulomb friction cone K which is
chosen as the isotropic second order cone

K={reR||rl < pum}. (37)

The Coulomb friction states

» for the sticking case that
ur=0, rek (38)

> and for the sliding case that

ur 20, reodK,3a>0,r = —aur. (39)

Disjunctive formulation of the frictional contact behavior

r=0 if gy >0 (no contact)
r=0,uy >0 if gy <0 (take—off) (40)
re K,u=0 if gn <O (sticking)
redK,uy =0,3a >0,ur = —arr ifgy<0 (sliding)

Numerical methods for the simulation — 30/49
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Numerical methods for the simulation

Signorini’s condition and Coulomb’s friction

Second Order Cone Complementarity (SOCCP) formulation De Saxcé
[1992]

> Modified relative velocity i € R® defined by
i = u+ pllur|IN. (41)
> Second-Order Cone Complementarity Problem (SOCCP)
K*salrek (42)
if gv < 0 and r = 0 otherwise. The set K* is the dual convex cone to K defined

by
K*={ueR®|rTu>0, forallreK}. (43)

Numerical methods for the simulation — 31/49
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Numerical methods for the simulation

Signorini’s condition and Coulomb’s friction

Figure: Coulomb'’s friction and the modified velocity &. The sliding case.
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Numerical methods for the simulation

3D frictional contact problem

Multiple contact notation
For each contact « € {1,...nc}, we have

> the local velocity : u® € R3, and
u=[u*",a=1...n]"
> the local reaction vector r® € R3
r=[r*]",a=1...n]"
> the local Coulomb cone
K = {r*, Il < p®|r¢ 1} € R?
and the set K is the cartesian product of Coulomb’s friction cone at each

contact, that
K= ] Kk~ (44)
a=1

...ne

and K* is dual.

Numerical methods for the simulation — 33/49
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Numerical methods for the simulation

3D frictional contact problems

Problem 2 (General discrete frictional contact problem)
Given

> a symmetric positive definite matrix M € R"*",

> a vector f € IR",

> a matrix H € R"™™M,

> a vectorw € R™,

> a vector of coefficients of friction u € R,

find three vectors v € R", u € R™ and r € R™, denoted by FC/I(M, H,f,w, u) such

that
Mv = Hr + f
u=HTv+w
(45)
0=u+g(u)
K*sadlrekK
with g(u) = [ |ugIN*] " @ = 1...nc] T 0

Numerical methods for the simulation — 34/49
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Numerical methods for the simulation

3D frictional contact problems

Problem 3 (Reduced discrete frictional contact problem)
Given

> a symmetric positive semi—definite matrix W € IR™*™,
> a vector g € R™,
> a vector u € R" of coefficients of friction,
find two vectors u € R™ and r € R™, denoted by FC/II(W, q, 1) such that

0=u+ g(u) (46)
K*sadlreK
with g(u) = [[u®[|uF[IN*]T,a=1...n]]". O

Relation with the general problem
W=H"M'Hand g=H"M~1f + w.

Numerical methods for the simulation — 35/49
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Numerical methods for the simulation

3D frictional contact problems

Wide range of applications

Origin of the linear relations .

Mv=Hr+f, u=H v+w

> Time—discretization of the discrete dynamical mechanical system

> Event—capturing time—stepping schemes
> Event—detecting time—stepping schemes (event-driven)

» Time—discretization and space discretization of the elasto dynamic problem of
solids

> Space discretization of the quasi—static problem of solids.
with a possible linearization (Newton procedure.)

=» These problems are really representative of a lot of applications.
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Numerical methods for the simulation

From the mathematical programming point of view

Nonmonotone and nonsmooth problem

K*3Wr+q+g(Wr+q) LreK (47)

> if we neglect g(-), (47) is a gentle monotone SOCLCP that is the KKT
conditions of a convex SOCQP.

> otherwise, the problem is nonmonotone and nonsmooth since g() is nonsmooth
=» The problem is very hard to solve efficiently.

Possible reformulation

> Variational inequality or normal cone inclusion

— (Wr+ g+ g(Wr +q)) £ —F(r) € Nk(r). (48)

» Nonsmooth equations G(r) =0

e The natural map F™" associated with the VI (48) F"*(z) = z — Px(z — F(2)).
e Variants of this map (Alart-Curnier formulation, ...)
e one of the SOCCP-functions. (Fisher-Bursmeister function)

> and many other ...

Numerical methods for the simulation — 37/49
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Numerical methods for the simulation

VI based methods

Standard methods
» Basic fixed point iterations with projection
z11 + Px(zx — o F(z4))
> Extragradient method
zk+1 < Px(zk — ok F(Px(z — pkF(z4))))

> Hyperplane projection method

Self-adaptive procedure for py
For instance,
pr = p2k,

my € N such that

Pl F(z0) = FEOI < 126 — 2l (49)

Numerical methods for the simulation — 38/49
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Numerical methods for the simulation

Nonsmooth Equations based methods

Nonsmooth Newton on G(z) =0

Ze1 =z — O H2)(G(z)),  P(zk) € 9G(2)
> Alart—Curnier Formulation Alart and Curnier [1991]

{rN ~PRie(n = pun) =0, (50)

rr— PD(H,,N#)(rT — prur) =0,
> Direct normal map reformulation
r—Pr(r—p(u+g(u)=0
» Extension of Fischer-Burmeister function to SOCCP
¢ra(x,y) =x+y — (C+y*)/?

with Jordan product and square root

Numerical methods for the simulation — 39/49



The nonsmooth contact dynamics method for the simulation of granular matter flows and fracture in mining applications

Numerical methods for the simulation

Matrix block-splitting and projection based algorithms Moreau [1994], Jean
and Touzot [1988]

Block splitting algorithm with W e R®
Uy — WeOPE, = q% + Z Waﬁfiﬁl + Z wesrf
B<a B>
(51)

Uy = [”3,,'4-1 +p ||“$,i+1||, ”?,i+1]

Ke* 5 o2

{87 o
t L €K

foralla € {1...mj}.
One contact point problem

> closed form solutions

> Any solver listed before.

Numerical methods for the simulation — 40/49
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Numerical methods for the simulation

Proximal point technique Moreau [1962, 1965], Rockafellar [1976]
Principle

We want to solve

mxin f(x) (52)
We define the approximation problem for a given xy
min £(x) + pllx — x| (53)
with the optimal point x*.
x* & proxe,(xi) (54)

Proximal point algorithm

Xk+1 = ProxXe . (k)
Special case for solving G(x) =0

f(x) = %GT(X)G(X)

Numerical methods for the simulation — 41/49
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Numerical methods for the simulation

Optimization based methods

> Successive approximation with Tresca friction (Haslinger et al.)
0 = h(m)

min %rT Wr + rTq (55)
st.  reC(u,0)

where C(u, 0) is the cylinder of radius p6.

> Fixed point on the norm of the tangential velocity [A., Cadoux, Lemaréchal,
Malick(2011)] .

s = |lurll

1
min ErT Wr 4 rT (g + as) (56)
s.t. re K

Fixed point or Newton Method on F(s) =s

> Alternating optimization problems (Panagiotopoulos et al.)

Numerical methods for the simulation — 42/49
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Numerical methods for the simulation
Siconos/Numerics

SICONOS
Open source software for modelling and simulation of nonsmooth systems

S1CONOS/NUMERICS
Collection of C routines to solve FC3D problem
> NonSmoothGaussSeidel : VI based projection/splitting algorithm

> TrescaFixedPoint : fixed point algorithm on Tresca fixed point

LocalAlartCurnier : semi—smooth newton method of Alart—Curnier formulation

v

v

ProximalFixedPoint : proximal point algorithm

v

VIFixedPointProjection : VI based fixed-point projection
> VIExtragradient : VI based extra-gradient method

http://siconos.gforge.inria.fr
use and contribute ...
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Applications in mining and geotechnical engineering

Fields of expertise

Mechanical systems with contact, friction, impacts or cohesive interfaces
Modelling and numerical simulations of:

> Granular matter (flows, quasi-static equilibria, dense packing)

> Fracture dynamics.

» Jointed rock mechanics.

v

Fluid/Granular flows (sedimentation).
» Multibody system dynamics.

Numerical methods are a kind of Discrete Element method (DEM), but
» Hard contact laws. (Nonsmooth Dynamics)
> Real Coulomb friction

» Enhanced cohesive zone model (CZM) with elasticity, damage

Applications in mining and geotechnical engineering — 45/49



The nonsmooth contact dynamics method for the simulation of granular matter flows and fracture in mining applications

Applications in mining and geotechnical engineering

Possible applications in mining industry and geotechnical applications.

Mines engineering process of ore

> Ore (granular) transport and transfer chutes (conveyor)

v

Stirred mills, SAG mills, crushers and High Pressure Grinding Rolls

v

Efficient separation, screening performance,

» Surface wear.

v

Fluid flows with grains (sedimentation and transports)

Geotechnical engineering

> Rocky and snow avalanches
> Stability of jointed rock mass

> Earthquake engineering (friction and instability)
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Possible applications in mining industry.

Stability of Rock masses
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Possible applications in mining industry.

Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.
Stability of Rock masses
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Possible applications in mining industry.

Stability of Rock masses
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Starting studies for mines in Chile

Flows and filling process of a hopper

4.250e+02

000e+00

velocy Magnitude
_5.6366+00

000e+00

Acquisition of real geometries and flows data in progress for the “El Teniente” mine
(Codelco)
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Starting studies for mines in Chile

Studies of fracture processes in block caving techniques

EXTRACCION DE AIRE
VENTILACION PRINCIPAL

ZEIQUEE v INYECCION DE AIRE
VENTILACION PRINCIPAL

7RAMPAS N

RAJO CHUQUICAMATA

N

TUNEL CORREA TRANSPORTE PRINCIPAL

llustracion 2.2-1 Disefio de Macro Bloques y Niveles de Explotacion
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Starting studies for mines in Chile

Studies of fracture processes in block caving techniques

The porphyry copper deposit Chuquicamata

[m]

=

DA
Applications in mining and geotechnical engineering — 48/49



The nonsmooth contact dynamics method for the simulation of granular matter flows and fracture in mining applications

Applications in mining and geotechnical engineering

Starting studies for mines in Chile

Studies of fracture processes in block caving techniques

Fault

Open pit

Exploitation levels

Weak rock
Strong Rock

Academic study in progress for the “Chuquicamata” mine (Codelco)
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