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Figure: Schneider Electric C-60 circuit breaker mechanism.
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Objectives & Motivations

Motivations

Main motivations

> Analysis of the influence of the manufacturing tolerances on the functional
conditions of mechanisms.

» Monte-Carlo simulations to analyze the sensitivity

Means/Requirements

> Accurate modeling of rigid body dynamics with large rotations

v

Modeling of clearances as frictional contact interfaces with gaps and restitution

\{

Avoid violation of constraints or penetrations if clearances are tight

v

Efficient and robust numerical simulations to perform sensitivity analysis
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Newton—Euler equations with constraints
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Frictional contact interfaces

Body B

Figure: Contact local frame.
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Newton—Euler equations with constraints
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Frictional contact interfaces

Signorini contact law at the position level

0 < guvlm=>0
Signorini contact law at the velocity level uy = gy

0 < uy 1 w = 07
Newton impact law contact
uy
e, coefficient of restitution

2

= —erty, if gy =0and uy <0,

®3)

=] (=)
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Newton—Euler equations with constraints

Frictional contact interfaces

Coulomb friction law

reK={re R’ |lrll < pm}. 4)
r=0 if gy >0 (no contact)
r=0,uy >0 ifgu=20 (take-off) (5)
re K,u=0 if gn =0 (sticking)
)

redK,uy=0,38>0,ur=—Frr ifgu=0 (sliding

Coulomb friction law as a second order cone complementarity

K*sulrekK. (6)

with the modified relative velocity U := u + p||ur||N and the dual cone of K, i.e.,

K*={zeR®|z"x>0forall x € K}
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Newton—Euler equations with constraints

Frictional contact interfaces
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T

sliding case.

~
U
(a) 3D Coulomb's friction cone, the

Ur

Tt
T
Figure: Coulomb’s Friction law.

(b) Sliding case with modified velocity @, r € 9K.
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Newton—Euler equations with constraints

Newton-Euler formulation of the equation of motion

Coordinates

v

xg € R the position of the center of mass

> vz = Xg € R? the velocity of the center of mass

v

R € SO™(3) the orientation of the body-fixed frame with respect to a given
inertial frame

v

Q € R3 the angular velocity of the body expressed in the body—fixed frame.

Relation between © and R

Q=RTR, (7)

or equivalently, i _
R=RQ, (Lie-type ODE) (8)

where the matrix Q € R3%3 is given by Qx = Q x x for all x € R3.
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Newton—Euler equations with constraints

Newton-Euler formulation of the equation of motion

Newton—Euler equations of motion

_ mvg = f(t,xg v, R, Q)
IN4+Qx1Q = M(t,xg, vg, R, Q) 9
)%g = Vg ©
R = RQ

where
» m > 0 is the mass,

> | € R3%3 is the matrix of moments of inertia around the center of mass and the
axis of the body—fixed frame

> f(-) € R® and M(-) € R? are the total forces and torques applied to the body.
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Newton—Euler equations with constraints

Possible rotation parameterization

Matrix parametrization R € SO(3)
It introduces numerous redundant parameters that are solved by

det(R)=1 and R '=RT

Unit quaternion parametrization p € H;
Quaternion parametrization p € H (isomorphic to R*) with only one redundant

parameter solved by
lpll =1

Representation in R*: p = (po, p1, p2, p3) ||pll?> = p2 + p? + p3 + P3
Representation in R x R3 p = (po, B)
Quaternion product.

—>—>
Podo — P q
P 9= |ppG+ B +P x4 (10)
Adjoint quaternion
p* = (po,—P) (11)
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Newton—Euler equations with constraints

Possible rotation parameterization

Unit quaternion parametrization p € H;

For two vectors x € R3 and x’ € R3, we define the quaternion px = (0,x) € Hp and
px = (0,x”) € Hp. For a given unit quaternion p, the transformation

Py =P px-pP* (12)
defines a rotation R such that x’ = Rx given by
x'=(p5 —p' B)x+2po(B x x) +2(B x)p = Rx (13)
The rotation matrix may be computed as
1—2p3 —2p  2(p1p2 — p3po)  2(p1p3 + P2po0)

R=®(p) = |2(p1p2 + pam0) 1 -2p} —2p5  2(p2ps — p1po) (14)
2(p1p3s — p2p0)  2(p2p3 + p1po) 1 —2p% —2p3
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Newton—Euler equations with constraints

Possible rotation parameterization

Compact form of the coordinates and the body twist

We denote by g the vector of coordinates of the position and the orientation of the
body, and by v the body twist:

-G -]

5 (15)

[m]

=
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Newton—Euler equations with constraints

Possible rotation parameterization

Lie type ode in terms of quaternion

Matrix rotation R = RS}
The time derivative of p,s = p- px - p* yields

P (£) = 3p(t) - (0,92(t)) = - (Lie-type ODE) (16)

where X is the unit quaternion associated with a vector x € R® such that & = (0, x)
In matrix notation, we define p = W(p)Q, the relation between v and the time

derivative of g is _
9= [w(xi)p} = {cl) W?p)] vi= Ty (17

with T(g) € R7*S.
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Newton—Euler equations with constraints

Compact form of the Newton-Euler equation

{ q= T(q)V7 (18)

Mv = F(t7 g, V)

where M € R5%% is the total inertia matrix
M= (’”’3“ ?) : (19)

and F(t,q,v) € RS collects all the forces and torques applied to the body

P f(t7Xg7Vg7R7 Q)
F(t,q,v) = <IQ X Q4 M(t, xg, vg, R, ) ) * (20)
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Newton—Euler equations with constraints

Joints and unilateral constraints

Bilateral constraints

» Coordinate level
h*(q) =0, € E C N,|E| = me, (21)

» Body twist level
I (q) = Vtha(q) the Jacobian matrix of h*(q) with respect to q.
The bilateral constraints at the velocity level can be obtained as:

0= h"(q) = J5(9)g = Sy () T(q)v == H*(q)v, a €& (22)
associated with a Lagrange multiplier A%, a € £ that generates a force applied to

the body
He T (@) (23)
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Newton—Euler equations with constraints

Joints and unilateral constraints

Bilateral constraints

> Coordinate level
&v(q) 20,0 € T C N,|Z| =m;. (24)

> Body twist level
Jg (q) respectively for g{*(q) the Jacobian matrix of g{*(q) with respect to q.

0< g5(q) = o (@)d = S (@ T(q)v, fef(q) =0, aeZ.  (25)

Remark
There is no reason that Ay = r{' and ug = Jg (q) T(q)v if the function g is not
chosen as the signed distance (the gap function)
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Newton—Euler equations with constraints

Joints and unilateral constraints

Unilateral constraints
Body twist level in terms of unknowns in the local frame

ug = GYqv. uf = GR(qv, acl, (26)

or more compactly
u® = G%(q)v (27)

associated with the total force generated by the contact « as

G (q)r® = G& T (@) + G T (q)r (28)
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Newton—Euler equations with constraints

Newton-Euler equations with constraints

Newton—Euler equations

q= T(q)V7
MV = F(t,q,v) + HT (@A + G ()r,
H¥(q)v =0, A~ aefl
re =0, if g¢'(q) >0,
., _ W (a) (29)
Ke*s30*l r* e K*,  if g&(q) =0, a €T,
W= e, i gg(a) =0 and g <O

=] (=)
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Time—integration schemes

Index-2 stabilized formulation

Application of the Gear—Gupta—Leimkuhler (GGL) method to stabilize the constraints
at the coordinate level:

§=T(q)v+ Iy (Q)n+ g ()7,
Mv = F(t,q,v) + H (@) + G " (q)r,

He(q)v =0, A
(a) o
h*(q) =0, p*
re =0, if g¥(q) >0,
Ko 5 5oL r* € K, if g3(q) =0, (130)
acl.
udt = —eud T, if g&(q) =0 and uy"~ <0,

0<gn(q) L7720

In a continuous time setting, we can show that the multipliers p and 7 vanish.
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Time—integration schemes

Principles of the Moreau—Jean scheme

» Reformulation of the dynamics in terms of differential measure.

> Second order sweeping process that includes the complementarity at the velocity
level with the Newton-impact law

> Main unknowns are the velocities and the impulses.

Time—integration schemes — 20/48
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Time—integration schemes

Principles of the Moreau—Jean scheme

Dynamics in terms of measures

{ G=T(qv+Jy (@u+ Iy (a)7,
Mdv = F(t,q,v)dt + H' (q)dix + G (q)dir,

Second order sweeping process
die =0,
[e3

if g¢(q) >0,
Ka* 5 5% 4 e2u® N L di® € K@,

. acl.
if g¢'(q) =0,

(31)

=

PANE
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Time—integration schemes

Principles of the Moreau—Jean scheme

Main unknowns are the velocities and the impulses.

Integration over a time-interval (tx, tx+1] :

[ Mav = M (tra) = v (80) = M = ) (32)
(trstiq1]

>y is a approximation of v (ty)

/ dl)\ ~ Qk+1 / dlr ~ Pk+1 (33)
(thsts1] (tksthta]

“>Qk+1 and Py are direct approximations of the impulses over the time interval

738 tyt1
[ T @uae s [ @t s, (34)
ty ty
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Time—integration schemes

Numerical integration scheme

Standard activation rule

1
Iy ={a €| gyk +vuy < 0} with v € [0, 5] (35)

Direct GGL approach

qk+1 = 9k + hT(CIk+9)Vk+9 + J}T(qk+1)7k+1 + Jé{,(qk+1)5k+17
M(vis1 — vik) — hFiro = HT (qry1) Q1 + G T (Ghs1) Pit1,

H*(qi+1)vk+1 =0 }

ael

ha(Qk+1) =0 (36)
PRy = 0,02, =0, } a & I

Koo* 3 ZJ\kO‘Jrl + ef‘u,‘j"kN 1 P&l c Ko

gl\(lx,k-f—l = 0’ 6/?+1’ if P[‘\ik-{.l > 07 a € Ik~

0 < g¢)1 L 07, > 0 otherwise

The notation xx19 = (1 — 0)xx + Oxky1 is used for 6 € [0, 1].
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Time—integration schemes

Numerical integration scheme
The direct GGL approach yields spurious oscillations when a contact is closing.
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’ \jV o A Y A A A A A A A A A
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(a) Approximate position and velocity for v = 0 (b) Zoom on t € [3,5]for v =0
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Time—integration schemes

Numerical integration scheme

nnnnnnnn

Kinetic ener

iy — | ] T —
|
o
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time (5)

(a) Energy diagram 6 =1/2. v =1

time (5)

(b) Zoom on t € [3,5] Energy diagram 6 = 1/2. v =1

Figure: Energy for the bouncing ball). h =5.1072
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Time—integration schemes

Numerical integration scheme

Energy Balance in Elastic case

Kinetic Eneray Yinetic Energy
al Eneray Potental Energy ——
Total Energy Total Energy ——
n
T T 2 \
\ \ 15
0s
o
/ / 05
T 3 4 T 2 3 4

time (5)

(a) Energy diagram 6 = 1/2 with projection

time (5)

(b) Energy diagram 6 = 1/2 without projection

Figure: Energy in the elastic case (e = 1) for the bouncing ball. h = 5.1072

[m] = = =
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Time—integration schemes

Numerical integration scheme

A combined scheme with a projection step and an activation step
Projection step for a given index set of active constraints Z".

Qi1 = Gk + hT(qrr0)viero + Iy (Gra1)vhr1 + Jgy (qa1)0ka1,
M(Vir1 — Vi) — hFio = HT (Grs1) Quesr + G T (Gur1) Prt1s

H*(qk41) Vi1 =0 }
acé
h*(qk41) =0 (37)
P =00, =0, } ag v

Koox 5 fl\,?‘Jrl + eg”:\ikN 1 PE‘+1 c K»
Bk = 0.0k 1y i P,y >0, ael”.
0 < gy )q1 L 0%y = 0 otherwise

=» we obtain an estimation of the gap at step v : gy kel
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Numerical integration scheme

A combined scheme with a projection step and an activation step
Activation step:
» 70 =0

» Update of the active set of constraints:

" =1"U{aeT| gy, <0}

(38)

=

Da
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Time—integration schemes

Numerical integration scheme

Unit quaternion drift off effect
The integration rule of § = T(q)v as

Gkt1 = Gk + hT(Gk+0) Vito (39)
or most precisely, for p = W(p)Q2 as
Pr+1 = Pk + WY (qrr6) Q0 (40)

does not conserve the unit quaternion constraints.
A possible choice is to project onto the unit quaternion set H;
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Time—integration schemes

Numerical integration scheme

Lie group integration scheme
The Lie ordinary differential equation

p(t) = W(p(1)2 = p(t)-Q,  p(0) = po (41)
has an exact integration rule in Hj given by
p(t) = po expq(2) (42)

where expq is the exponential of a quaternion

expa(@) = (cos(3),sin(5) 5 ). (43)
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Time—integration schemes

Numerical integration scheme

Lie group integration scheme
Similarly [Simo and Wong, 1991, Briils and Cardona, 2010], we proposed the
following integration rule

Prr1 = Pk expq(hQuo) (44)

that ensures the conservation of the constraints ||pxt1] = 1.

A further question is to extend this rule to the GGL approach.
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Improvements of the Moreau—Jean time integration scheme for multi-body systems with clearances and large rotations
Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

r &
NSRS Mechanismneedle

o1 Magnetictrip plunger

Moving contact holder

Fixed contact — e

% \ \,
e -

Contactforce

Moving contact

(a) External view (b) View-1. (c) View-2.

Figure: Schneider Electric C-60 circuit breaker mechanism.
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

4||||ﬁ c2

Magnetic
trip unit

A\

Envelop
Handle
Rod

Hook

Plate

Tripping bar
Moving contact

1111

(a) ON (close) position.

(b) OFF (trip or open) position.

Figure: Kinematic representations of the C-60 mechanism.
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

(a) Cylinder/Cylinder contact with axial (b) Cylinder/plane contact for contact with
mis-alignment flanges.

Figure: Two kinds of contacts in spatial revolute joint with clearances showing contact forces in
siconos.
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

Figure: Two kinds of contacts in spatial revolute joints'with clearances
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

Circular ring 1

Bearing

Vs

Circular ring 2

S

(a) Gap distance are computed between

| —— [~ Journal

the circular rings (in red) and the
journal cylinder (in blue)

39
Bearing Journal
‘ \Bearing
0| Twist
(b) Axial mis-alignment (c) Polarization effect:

out-of-plane motion of the
mechanism due to
clearances.

Figure: Generic representation of a 3D revolute joint with clearance : cylinder/cylinder contact
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

Bearing top
surface

Bearing Bottom

Semi - circular ring
surface

stops.

Figure: Modelling of plane—plane contact between the bearing and the journal flanges or plane
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

Semi - circular ring

Plane Potential contact

point

Y

B )—»X Possible orientation of Plane
Plane z
(a) Plane surface and two semi-circular rings for (b) Plane surface and two semi-circular rings for the
the first plane surface. second plane surface.

Figure: Strategy to model the plane-plane contact.
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Application to the mechanism of a C60 circuit breaker

Application to a mechanism of a circuit breaker

Software

> Siconos is used for the time integration and for solving the discrete frictional
contact problem

> OpenCascade and PythonOCC are used for the CAD modeling and the
computation of contact distance and local frame at contact
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Application to the mechanism of a C60 circuit breaker

Experimental validation
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Application to the mechanism of a C60 circuit breaker

Experimental validation

Contact Force (N)
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00

Bffectof
“polarization

Contact Force (N)
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00

T T T
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. Bffectof..|
polarization”

i i

-40
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-30 -25 -20 -5 -1.0 -05 00
Displacement (mm)

(a) Experimental result.

-40

L
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Displacement (mm)

(b) Simulation result.

Figure: Contact force versus displacement.
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Application to the mechanism of a C60 circuit breaker
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Application to the mechanism of a C60 circuit breaker

Experimental validation

Displacement (mm)

(a) Experimental test

20 [ T " Virtue  —
Experimental test — 2 Virtual test
L — L
16 | /
_ 1s
2 / E
g 12 g
£ 4
g 2 T
Soe Y s
£ 2
Fi \ "
04 05 |-
Dj \ i i i i
005 01 015 02 025 03 035 04 045 05 g
2005 0 005 01 015 02 025 03 035 04 045

Displacement (mm)

(b) Virtual (numerical) test

Figure: Tripping force vs displacement: pin-side.

o F = = £ DA
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Application to the mechanism of a C60 circuit breaker

Sensitivity Analysis

Functional conditions

Table: Output variables of the C-60 breaker.

FC - Name Description of the Functional Conditions (FC)
FC-1 Contact Force (N)
FC-2 Distance between Needle - Tripping bar pin position in X direction (mm)
FC-3 Distance between Needle - Tripping bar pin position in Y direction (mm)
FC-4 Distance between Needle - Lamage in X direction (mm)
FC-5 Distance between Needle - Lamage in Y direction (mm)
FC-6 Distance between Tripping bar - Plunger in X direction (mm)

Application to the mechanism of a C60 circuit breaker — 43/48
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Sensitivity Analysis

\

C Radial Clearance in the - &
b5 revolute joints (mm) Functional conditions ]
= J, FC-1 =0
IS J, FC-2 =
G < J, FC-3 > s S
z J, FC-4 >3
5 J, FC-5 5 g
) s FC-6 g9
— J7 g g

- %

Figure: Variables in the statistical analysis.
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Application to the mechanism of a C60 circuit breaker

Sensitivity Analysis

5
2 T T TMEAN T

201
LSL UsL
0.0 0.13mm
2 15t .
f=
[
3
o
o
w10 ]

0.02 0.04 0.06 0.08 0.10 0.12 0.14
Radial Clearance J; (mm)

(a) Joints Jy, ..., J7, M = 0.07mm, o = 0.0175.

Figure: Generated random numbers for the joints J1, J», J3, Js, J5, Jp and J;.
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Application to the mechanism of a C60 circuit breaker

Sensitivity Analysis

Key numbers
> 30850 simulations

> Avg. simulation time per simulation 810s

o F = = £ DA
Application to the mechanism of a C60 circuit breaker
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Application to the mechanism of a C60 circuit breaker

Sensitivity Analysis

2.0, T T 8 T
7
LSL H i usL usL
15 LON i 16.0 N - 11 04.mm
5
z z
2 g H
g1 12.0N 151N 4 110.51mm 10.94mm
o . 53 ' "
g H 8 : H
uw 1 L [} L]
H i H
. i '
0.5p ' 2
H H
H H
H 1 :
H H
.
0.0 ]
9.0 100 110 120 13.0 140 150 16.0 10.4 106 107 108 109 110
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Figure: Dispersion of the functional conditions: FC-1 and FC-2.
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Thank you for your attention.
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